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ABSTRACT. In previous work we determined automorphism groups of cyclic
algebraic curves defined over fields of any odd characteristic. In this paper we
determine parametric equations of families of curves for each automorphism
group for such curves.

1. INTRODUCTION

Let X, be an algebraic curve of genus g > 2 defined over a algebraically closed
field of characteristic p # 2. If an automorphism group of a algebraic curve has nor-
mal cyclic subgroup such that the quotient space has genus zero, then such a curve
is called a cyclic curve. We have studied automorphism groups of cyclic curves
in [29], where we have listed all automorphism groups as well as ramification sig-
natures of corresponding covers. In this paper we give a corresponding parametric
equation for each family in [29].

In the second section we briefly introduce basic facts on cyclic curves and their
automorphism. Let G = Aut(&}) automorphism group of given cyclic curve A},
the reduced automorphism group is G := Aut(X,)/(w), where C,, = (w) such that
g(X€n) = 0. This group G is embedded in PG Lo (k) and therefore is isomorphic to
one of Cy,, D, Ay, Sy, As, a semi direct product of elementary Abelian group with
cyclic group, PSL(2,q), or PGL(2,q). Then, G acts on a genus 0 field k(z). We
determine a rational function ¢(z) that generates the fixed field k(x) in all cases
cf. Lemma Il

In section three, we determine the ramification signature o of the cover ®(x) :
X, — P! with monodromy group G := Aut(X,). Moduli spaces of covers ® are
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200 EQUATIONS OF CYCLIC CURVES

Hurwitz spaces, which we denoted by H,. There is a map ®, : H, — M, where
My, is the moduli space of genus g algebraic curves. The image of this map is
a subvariety of M,, which we denoted by H(G, o). The dimension of H(G, o) is
determined. Hence, we have

x, Snpt G, pt

We list all possible automorphism groups, their signatures, and dimension of the
loci H(G, o).

In the last section, we determine the equations of families of curves for a given
group. Using the rational function ¢(z) we are able to determine parametric equa-
tion of each family H(G, o). Since we know ¢(x), we can find the branch points
and then determine the equation of the curve from these branch points. We list
corresponding equations of families of curves which we have listed in section three.

Throughout this paper we let g > 2 be a fixed integer, X' a genus g cyclic curve,
G = Aut(X) and C, < G such that g(X") = 0.

2. PRELIMINARIES

Let X, be genus g > 2 cyclic curve defined over an algebraically closed field
k of characteristic p # 2. We take the equation of X to be y” = F(z), where
deg(F) =2g+ 2. Let K := k(x,y) be the function field of X,;. Then K is a degree
n extension field of k(z) ramified exactly at d = 2g + 2 places aq, ..., aq of k(x).

Let G = Aut(K/k). Since k(x) is the only genus 0 subfield of degree n of K, then
G fixes k(z). Thus Gal(K/k(x)) = (w), with w™ = 1. Then the group G := G/ (w)
is called reduced automorphism group. By the theorem of Dickson, G is isomorphic
to one of the following: C,, Dy, A4, S4, As, PSL(2,q) and PGL(2,q), or a semi
direct product of elementary Abelian group with cyclic group, defined as

pt—171
m

Ko o= ({0a,tla € Un}), where Up :={ackl(a ] (a™—b;)) =0}

=0

and t(z) = &2z, o04(x) =2 +a, for each a € U, b; € k* and £ is a primitive 2m-th
root of unity; see [10]. U, is a subgroup of the additive group of k.

The group G acts on k() via the natural way. The fixed field is a genus 0 field,
say k(z). Thus z is a degree |G| rational function in x, say z = ¢(x). The following
lemma determines rational functions for all G; see [29).

Let ¢ : X; — P! and ¢ : P! — P! be covers which correspond to the extensions
K/k(z) and k(x)/k respectively. Then, ¢ := ¢ o ¢g has monodromy group G :=
Aut(Xy). By basic covering theory, the group G is embedded in the group S5j,
where | = deg(¢)). There is an r-tuple 7 := (o1, ...,0,), where o; € S; such that
01, ...,0p generate G and o7...0, = 1. The signature of ® is an r-tuple of conjugacy
classes C := (C1,...,C,) in S; such that C; is the conjugacy class of o;. We can
find the signature of ¢y : X; — P! by using the signature of ¢ : P — P! and
Riemann-Hurwitz formula.

Moduli spaces of covers ¥ are Hurwitz space, which we denoted by H,. There is
a map ®, : Hy — Mg, where M, is the moduli space of genus g algebraic curves.
The image of this map is a subvariety of M, which we denoted by H(G, o). Using
the signature of 1) and Riemann-Hurwitz formula, one can find out dimension of

H(G, o), which we denoted by 6.
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We summarize all in the following Lemma:

Lemma 1. Let k be an algebraically closed field of characteristic p, Hy a subgroup
of the additive group of k with |H;| = p* and b; € k*, and G be a finite subgroup of
PGLy(k) acting on the field k(z). Then, G is isomorphic to one of the following
groups Cr, Dy, Ay, Sa, As, U = C}, Ky, PSLa(q) and PGLy(q), where g =p/

and (m,p) = 1. Moreover, the fived subfield k(z)¢ = k(z) is given by Table
where o = LD 3 = %1

Case G z Rami fication
1 Cpm, (Mm,p) =1 ™ (m,m)
2 Do,y (myp) =1 ™+ w% (2,2,m)
3 Aup#23 eioihe i (2,3,3)

84142 +1)3
4 Sip#2,3 et (2,3,4)
(=220 42282"° —4942'°—22825 —1)3
5 A57 p# 27375 (z(z10+11zP—1))5 (25375)
210_1)6
As,p=3 m (6,5)
6 U [[@+a ()
a€H,
Pi;l -1
7 Km (@ [T @™ =b)m (mp*,m)
§=0
z9—g)e-1 arl
8 PSL(2,0),p#2 e (o, 8)
z9—2)91 q+1
9 PGL(2,q) e (20,2)

TABLE 1. Rational functions correspond to each G

3. AUTOMORPHISM GROUPS AND THEIR SIGNATURES OF CYCLIC CURVES

As above G := G/Gy, where Gy := Gal(k(x,y)/k(z)). The following theorem
determines ramification signatures and dimensions of § of H(G, o) for all G when
p > 5; see [29] for details.

Theorem 3.1. The signature of cover ®(x) : X — X and dimension & is given
in Table[d In Table[d m = |PSLy(q)| for cases 38-41 and m = |PGLs(q)| for
cases 42-45.
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[# ] G (G, C) on,g c=(C1,..,Cr)
2 y— 1
[omo D e R
2 Cm % -1 (m,mn,n,...,n)
3 m(iig—l)fl n<g (mn,mn,n,...,n)
—T
4 (p,m) =1 %711) (2,2,m,n,...,n)
5 729+m+§n773m72 (2n,2,m,n n)
T (n—1 y2,m,mn, ..,
6 Do ﬁ ) (2,2, mn,n,...,n)
7 % n<g+1 (2n,2n,m,n,...,n)
8 % g#2 (2n,2, mn,n,...,n)
9 797”7(7;7_7)” n<g (2n,2n,mn,n,...,n)
10 ntg—1 (2,3,3,n,...,n)
11 Ay (2,3n,3,n,...,n)
12 (2,3n,3n,n,...,n)
13 §#0 (2n,3,3,n,...,n)
14 (2n,3n,3,n,...,n)
15 §#0 (2n,3n,3n,n,...,n)
16 (2,3,4,n,...,n)
17 (2,3n,4,n,...,n)
18 (2,3,4n,n,...,n)
19 (2,3n,4n,n,...,n)
20 Sy (2n,3,4,n,...,n)
21 (2n,3n,4,n,...,n)
22 (2n,3,4n,n,...,n)
23 BrIcE (2n,3n,4n,n,...,n)
24 gfn—1 (2,3,5,7m,...,n)
25 (2,3,5n,n,...,n)
26 (2,3n,5n,n,...,n)
27 (2,3n,5,n,...,n)
28 As (2n,3,5,n,...,n)
29 (2n, 3,5n,n,...,n)
30 (2n,3n,5,n,...,n)
31 Fotm—1) (2n,3n,5n,n,...,n)
2gF2n—2 t
32 sere——= _2 s My e, M
pP(n—1) » )
33 U %72 (n,p) =1,nlpt —1 (npt,n,....,n)
p 2(gFn—1) _ — t_ t
34 g -1 (mop) = Lmlpt —1 | (mp,m,m, )
35 2942ntp —mp =2 _ (m,p) = 1,m|pt — 1 (mpt, nm,n, ..., n)
mptm,l)t ; ) ,nm,n, ...,
36 Km % -1 (nm,p) = 1,nm|pt — 1 (nmpt,m,n,...,n)
c 29 _ t t
37 (1) 1 (nm,p) =1, nm|p 1 (nmp®, nm,n,...,n)
38 %—1 q%l,p =1 (a, B, m,...,m)
2 —1)— 1)(g—2)—2 1
39 PSLs(q) g+talq >7”(7:L(E_1'—) IC] S ) -1 qT,p =1 (a,nB,m,...,n)
29+nq(g=1)+g—q n(g—1) —
40 W71 ’ ) ,p) =1 (na, B,n,...,n)
4 m(i,g—l) -1 (7”((127 )ap =1 (na,nB,n,y...,m)
42 20gtn—T) g—1,p) =1 20,28, 1, ...,n
m(n—1)
2 —1)— 1 —2)—2
43 PGL2(q) g+ale )m(z(gir) T s ) -1 (g—1,p)=1 (2a,2nB,n,...,n)
2 3 —1 —
44 % -1 (n(p—1),p) =1 (2no, 28, n,...,n)
45 Wil) -1 (n(g—1),p) =1 (2na, 2nB,n, ..., n)

TABLE 2. The signature of curves

and dimensions ¢ for char > 5
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Remark 1. The above theorem gives signatures and dimensions for p > 5. We
know that G = C,, Dy, Ay, Sy, U, Ky PSL(2,q), PGL(2,q) when p =5 and G =
Cims D, As, U, K, PSL(2,q), PGL(2,q) when p = 3; see [10]. All cases except
G = As have ramification as p > 5. Hence signatures and dimensions are the

same as p > 5. However, G = Ag has different ramification. Hence, that case has
signatures and dimensions as in Table[3

[Case [ G | 6(G,C) [C=(Ci,-Cy) |

@ 3goJ(r:—_11 -1 (6,5,n,...,n)

b g(—;_(in—_l -1 (6,5n,n,,,,,n)
¢ | A5 | Fes—1| (6n,5,m,...,m)
d

e — 1 | (6n,5n,7,...,n)

TABLE 3. The signature of curve and dimension § for G =2 A5, p = 3

The following theorem determines the list of all automorphism groups of cyclic
algebraic curves defined over any algebraically closed field of characteristic p # 2,
details will be provided in [29].

Theorem 3.2. Let Xy be a genus g > 2 irreducible cyclic curve defined over an
algebraically closed field k of characteristic char (k) = p, G = Aut(Xy), and G its
reduced automorphism group. If |G| > 1 then is G is one of the following:

(1) G = Cy: Then, G = Cpyp or (r,s|r™ = 1,5 = 1,srs7t =7l), (I,n) =1
and ™ =1 (mod n).

(2) If G = Doy, then G = Dy, x C,, or
L=(rstlrm =1, =1,t2=1,(st)™" = 1,srs ' =7l trt 71 =¢!)
L=(rstlr" =15 = rE 2 =r% (st)™ =1,srs =l trt™t = ¢l)
where (I,n) =1 and I*> =1 (mod n) or

Gy=(rst|r" =1, =1,t2=1,(st)" = 1,srs L =rl trt=t = rF

Gs =(rs,t|lr=1,s>=r2 > =1,(st)" = 1,srs = rl trt 1 =¥
Ge =(rs,t|r"=1,s>=1,t2=1,(st)™ =r3 srs = ¢l trt 71 =¥
Gr=(rstlr=1,s>=r2 2 =r3 (st)" =1,srs L =rltrt™! =)
Gg =(rs,t|r"=1,8>=r2 2 =1,(st)" =r%,srs L =rl trt=! =)
Go=(rs,t|r"=1,8>=r2 > =73 (st)" =712, srs L =1l trt= 1 = 1)

where (I,n) =1 and 1> =1 (mod n), (k,n) =1 and k> =1 (mod n).

(3) If G= Ay and p # 2,3 then G = Ay x C,, or
Glo=(rstlrm=1,2=1,12=1,(st)> =1, srs L =r trt 1 =)
Gly=(r,s,t|r" =1, =112 =r3 (st)> =735 srs = rtrt "t =1l

where (I,n) =1 and I*> = 1 (mod n) or
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n

(rys,t|r" =1,82 =73 13 =r2,(st)° =r3, srs L =r,trt "' =7), or
Gio=(rs,t|r" =1, = 1,12 =1,(st)> = 1, srs L = trt 1 = k)
Gz =(rs,t|r" =1,8> =723 =1,(st)> = 1,srs ' =1 trt~! = 1F)
where (k,n) =1 and k* =1 (mod n).
(4) If G= Sy and p # 2,3 then G = Sy x C,, or

Gig=(rstlrm=1,2=12=1,(st) ! =1, srs L =rl trt7 1 =7)

Goo =

Goo = (r,s,t|r" = 1,82 =72 3 =1,(st)! =r2,srs7 = rlotrt™! = r)

(

Gis=(rstlrm=1,2=1=1,(st)! =r%,srs L =rl trt " =71)
(ros,t|rm =1, =r2 3 =1,(st) = 1,srs L =l trt "t =7)
(

where (I,n) =1 and 1> =1 (mod n).

(5) If G = A5 and p # 2,5 then G = A5 x C,, or
(rys,t|r" =1, =72, 3 =712 (st)> =r2, srs L =r trt 1 =7)
(6) If G=U then G=U x C, or
(r,s1,82, ..., s¢|r"™ = s}

where (I,n) =1 and IP =1 (mod n).

=sh=..=s0 =1,85; = s;8;,8rs; " =r,1<i,j < t)

(7) If G 2 K,;, then G =< 1, 81,.., 8,01 = s = .. = s = 0™ = 1,8;8; =
sisi,orvt = srs; T = rl7sivs;1 =oF 1 <45 <t> where (I,n) =1
and I’ =1 (mod n), (k,m) =1 and k¥ =1 (mod m) or

—

_ nm __ P _ _ P _ _ -1 _ 1 .
Gy = <T7817...7St|’f =51 =..=58 =1,85;=sj8;,57rs; =71,1<14,5< t>

where (I,nm) =1 and I’ = 1( mod nm).
(8) If G = PSLa(q) then G = PSLy(q) x Cy, or SLa(3).

(9) If G = PGL(2,q) then G = PGL(2,q) x Cp,.

Proof. See [29]. O

4. EQUATIONS OF CURVES

The group G is the monodromy group of the cover ¢ : P! — P! with signature
(01,02,03) as in section 2. We fix coordinates in P! as x and z respectively and
from now on we denote the cover ¢ : PL — P, Thus, z is a rational function in =
of the degree |G|. We denote by q1, 2, g3 corresponding branch points of ¢. Let S
be the set of branch points of ® : X; — PL. Clearly ¢1,¢2,93 € S. Let y" = f()
be the equation of X, and W be the images in P. of roots of f(z) and

3

V= U ¢_1(qi).

=1
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Let
_ Y@ where V(x T
Z_T(x)’ here ¥ (x), T(x) € klz].
Then we have
_ I'(=)
T A

for each branch point ¢;, ¢ = 1,2,3, where I'(x) € k[x]. Hence,
I(z) =V(zx) — g - T(2)

is degree |G| equation and multiplicity of all roots of I'(z) correspond to the rami-
fication index for each ¢;. Now we define the following three functions:

o' (x) = V(z) —q1- T(2)
(1) X*(x) == V() — g2 - ()
W) = U() — g5 - T(2)
where superscript denote the ramification index of ¢;. Clearly, $~1(S\{q1, ¢2,q3}) C

W. Let A € S\ {q1,q2,q2}. The points in the fiber ¢=1()\) are the roots of the
equation:

(2) U(z)—A-T(x)=0

3) G(z) := H (T(x) —A-T(x))

AeS\{q1,92,92}

There are following cases and corresponding equations of the curve y™ = f(x)
for each fixed ¢.

Intersection fx)
1) VAaw =90 G(x)
2) VAW =¢ ' (q) o(x) - G(x)
3) VAW =¢ Yg) x(z) - G(z)
4) VAW =¢ Ygs) ¥(z) - G(2)
5 VAW =¢1(q1)Ud(q) e(x) - x(z) - G(x)
6) VAW =¢ g)Uod (gs) x(@) - ¥(z) - G(z)
VAW =¢ " (q1) Ud(gs) p(x) - () - G(x)
8) VAW =¢ " Hq1)Uod Hg2) Ud (g3) () x(x)-v(z)- G(x)

The following theorem gives us equations of families of curves for automorphism
groups which are related to Theorem [3.1] and Theorem

Theorem 4.1. Let X, be a genus g > 2 cyclic curve with Aut(Xy) = G, where G
is related to the cases 1-45 in Table @ Then X, has an equation as cases 1-45 in

Table .

Proof: We consider all cases one by one for the reduced automorphism group G.
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# G y" = f(z)
1 ™m0 4 alxm(‘s_l) + - +asx™+1
) Cm xmé 4 alwm(é—l) 4+ Fasz™+1
3 (™ 4 a ™0 4o pasa™ 4 1)
4 F(x) = [T0_, (2* 4 \ia™ + 1)
5 (™ —1)- F(x)
6 x - F(x)
7 D>, (2™ —1) - F(2)
8 z(z™ —1)- F(x)
9 z(x?™ —1) - F(z)
10 G(z) = ]_[f:l(x12 — Nxt® — 3328 + 220 — 3321 — N2 + 1)
11 (x* 4 2322 +1) - G(x)
12 Ay (28 + 142t + 1) - G(z)
13 (2t = 1) G(z)
14 x(z* —1)(z* + 2iv32% + 1) - G(x)
15 x(xt —1)(2® + 142t + 1) - G(2)
16 M (z)
17 S(z) - M(x)
18 T(x)- M(z)
19 S(x) -T(x) - M(x)
20 Sy R(z) - M(x)
21 R(z)-S(z)- M(x)
22 R(z)-T(x) - M(x)
23 R(z) - S(z) - T(x).M(x)
24 A(x)
25 (z(2'0 + 112° — 1)) - A(z)
26 (220 — 22821% + 494210 4 2282° + 1) (2(2'0 + 112° — 1)) - A(x)
27 (20 — 228215 4 494210 4 22825 + 1) - A(x)
2| A Q(z) - Alz)
29 (2! 4+ 112° — 1).4h(z) - A(z)
30 (220 — 228215 + 494210 4 22825 + 1) - p(x) - A(w)
31 (220 — 228215 + 494210 + 22825 + 1) (w(2'® + 1125 — 1)) - () - A(x)
32 U B(z)
33 B(z)
34 O(x)
35| K oI5 (2™ —by) - O(x)
36 O(x)
37 115 (@™ — b)) -O(x)
38 A(x)
39 | PSL2(q) (x4 —2)T7 1+ 1) Ax)
40 (7 —z) - A(x)
41 (29 —2)((27 — 2)97 1 +1) - A(x)
42 Q(z)
43 | PGLy(q) (z9—2)17 1 4+ 1) - Q(x)
44 (7 —x) - Qx)
45 (29 —2)((29 — 2)77 L +1) - Q(x)
TABLE 4. The equations of the curves related to the cases in Table
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4.1. G = C,,. Then, ¢ : P! — P! has signature (m,m). We identify the branch
points of ¢ are 0 and oo. Let g = oo, ¢o0 = 0. By Lemma [I} we know that
¢(x) = z™. Hence p(x) =1 and x(z) = z. Let A\; € S\ {0,00}. The points in the
fiber »~1(\;) are the roots of the polynomial

Gy, (z) :==2™ — N\

Now we can compute equations for the cases 1-3 in Table If WnNV =g then
the equation of the curve is y” = G(z) where

é
G) = [[Grla)

and J is as case 1 in Table Let aq,...,a5 denote the symmetric polynomials in
A1, ...y Ag. Further we can take Aq...A\s = 1. Hence the equation of the curve is

y" =™ 4 a0 4 g™+ 1

IfVNW = ¢ (q)(i.e. case 2 in Table |4) then we know that the equation is
y"™ = p(z).G(z). Hence the equation is

Yt =™ 4 arz™O D 4+ as™ 4+ 1
where 0 is as case 2 in Table VAW =¢ Y q1)Ugp  (qa) (i-e. case 3 in Table
then the equation is y"™ = ¢(x).x(z).G(z). Hence
Y =2z + a1z 4+ asaz™ 4+ 1)
where 4 is as case 3 in Table [2]

4.2. G = Dy, Then, ¢ : P — P! has signature (2,2,m). The branch points of
¢(x) are oo and +2. Let ¢; = 00, g2 = 2 and g3 = —2. By Lemma we know that

m 1
o(x) == —i—x—m.

Since ¢(x) — 2 = E"-1° and o(z) +2= ($m+1)2, o(z) =z, x(z) = 2™ — 1 and

xm xm

1 = 2" + 1. In this case we have G(x) as below.

5
G(z) = 1_[(562m —Nz™+1)

i=1
where \; € S\ {0,£2} and 0 is as corresponding case in Table 2] Then each family
is parameterized as cases 4-9 in Table

4.3. G = Ay. Then, ¢ : P! — P! has signature (2,3,3). We choose branch points
q1 = 00, g2 = 6iv/3, and ¢z = —6i/3, where i> = —1. We know that
x'? — 3328 — 3324 + 1
o) = T

Thus the points in the fiber of ¢, g2, g3 are the roots of the polynomials:

p(z) = z(2' — 1)

x(z) =2t — 232 + 1

Y(z) = o +2iV32? + 1
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Let \; € S\ {00, 46iv/3} then points of $~1(\;) are roots of the polynomial
Gy, (z) = % — \x'® — 3328 + 20,28 — 3327 — \2? + 1
There are § points in S\ {co, +6iv/3}. Hence, we have
§
G(z) = [J(="* = Mia"® = 332% 4 202 — 332" — Nja® 4 1)
i=1
Then, each family is parameterized as cases 10-15 in Table [d] where ¢ is as corre-
sponding case in Table [2|

4.4. G = Sy. Then, ¢ : P — P! has signature (2,3,4). The branch points of ¢(z)
are {0,1,00}. Let g1 =1, g2 = 0 and g3 = co. Then

o(x) = 2% — 332% — 332% + 1

x(z) = 2® + 142* +1

P(x) = z(a 1)
For \; € S\ {0,1, 00}, the points in ¢~1()\;) are roots of the polynomial

G, (z) =2%* + Xjz®® + (759 — 4)\)2'6 + 2(3); + 1228)2'2
+ (759 — 4X)a® + Nt + 1

There are § points in S\{0, 1,00}, where § is given as in Table 2 We denote

5
M(x) := HGM (z)

Then, each family is parameterized as cases 16-23, where R(x),S(z),T(x) are
o(x), x(x), Y (x) respectively.

4.5. G =2 As. The branch points of ¢ : P! — P! are 0, 1728 and oco. Let ¢; = 0,
g2 = oo and g3 = 1728. At the place g3 = 1728 the function has the following
ramification

(230 4 5222 — 10005220 — 1000520 — 52227 + 1)2

¢(r) — 1728 = — 25(210 4+ 1125 — 1)5
Then,
o(z) = 220 — 22821 + 494210 4 2282° + 1
x(z) = z(z' + 112° — 1)

Y(x) = 2°0 + 5222 — 100052°° — 1000520 — 5222° + 1

For each \; € S\ {0,1728, 0} the places in ¢$~1()\;) are the roots of the following
polynomial

Gy, (z) = — 2% + (684 — \,)x®® — (55); + 157434)2°° — (1205); — 12527460)x*
— (13090); + 77460495)2*° 4 (130689144 — 69585\, )x>°
+ (33211924 — 134761);)z*° + (69585\; — 130689144)2°
— (13090 + 77460495)2%° — (12527460 — 1205);)z'®

— (157434 + 55);) 2" + (\; — 684)2° — 1
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Then,

Then equations of the curves are as in cases 24-31 in Table {4} where Q(z) = ¥ (x).

4.6. G = U. The branch point of the curve ¢ is {oo}. Let q; = co. Then ¢(z) = 1.
For each \; € S\{oo} we have

(@)= I e+ -
a€Hy
There are ¢ points in S\{co}. Where § is as in Table [2l We denote

§
B(x) = [[Gx ()
i=1
Then, each family is parameterized as cases 32-33.

4.7. G = K,,. The branch points of the curve ¢ are {0,00}. Let ¢ = 0, g2 = c0.
Then the polynomial over the branch point is

pt—

m

-

(™ —bj)

p(r) =z |

j
x(@) =1
For \; € S\{0, o0} we have

b

Gr () = (@@ [ (™ = o))" = 20

There are ¢ points in S\{0,00}. Where ¢ is as in Table[2] We denote

5
O@) =[] 6x (@)
i=1
Then, each family is parameterized as cases 34-37.

4.8. G = PSLy(q). The branch points of ¢(z) are {0,00}. Let ¢ = 0, gz = 0.
Then

o) = (27 —2) "t +1

X(@) =t~
For \; € S\{0, 00}, points in ¢~1();) are roots of the polynomials,

G (@) = (" =)' + 1) = N(a? =)™ )
There are § points in S\{0,00}. Where § is as in Table [2] We denote
5

Ae) = [J((@? = 2)r7t +1)

=1

a(¢—=1)
2

a+1 a(g—1)
2 2

G

Then, each family is parameterized as cases 38-41.
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4.9. G = PGLy(q). The branch points of ¢(x) are {0,00}. Let ¢; = 0, ¢z = oo.
Then

= (2?7 —2)Tt 41

oz
x(x) =29 —x

(x
For \; € S\{0, 00}, points in ¢~1()\;) are roots of the polynomials,
Gra(@) = (2 — )T 4 171 — A (o — 2)70D)

)
)

Then we let,
s
Qx) = [(((@" = 2)"~" + )7 = y(a? — 2)75-D)
i=1
where § is gives as Table[2] Then, each family is parameterized as cases 42-45. This
completes the proof.
O

Remark 2. By Remark[l, we know that As has different ramification when p = 3.
In this case ¢ : P* — P has signature (6,5). The branch points of ¢(z) are oo and
0. Let g1 = oo and g2 = 0. By Lemmal[, we know that

B (xlO _ 1)6
o) = G 125 1)

Then,

o(x) = z(z'0 + 20z’ + 1)
x(z) =" -1
For \j € S\ {0,00}, the points in ¢~ (\;) are roots of the polynomial

G, () = 2% + N2 — (6 + 10iX;)20 + 352" + (15 4 40i;)2*" + 30A;2°°
— (20 — 68iX;)2®" + 30X;2%° + (15 + 400X ;)20 + 35),2'°
— (6 +10i))z' — \jz® + 1
There are 6 points in S\ {0,00}, where § is given as in Table @ We denote

5
P(z) := H Gy, ()

Then, each family is parameterized as in Table [

’ Case \ y"r = ‘
a Pz
b z(210 + 2025 + 1) - P(x)
c (219 — 1) P(x)
d | (21 + 2iz5 + 1)(2'° - 1) - P(x)

TABLE 5. Equation of curve when G =2 As, p =3
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Lemma 2. Let X; be a cyclic curve defined over an algebraically closed field k of
characteristic p = 3 such that G for X, is isomorphic to As. Then, the equation of
Xy is as in one of the cases in Table @

We summarize all the cases in the following Theorem.

Theorem 4.2. Let X, be e genus g > 2 algebraic curve defined over an algebraically
closed field k, G its automorphism group over k, and H cyclic normal subgroup of
G of order n such that g(X;I) = 0. Then, the equation of X, can be written as in
one of the following cases:

# G y" = f(z)
1 zm5+alzm(5_1)+...+a5zm+l
2 Cm 2™ 4 a2~ 4 4asa™ 41
3 z(zms + alzm(‘sfl) + ...+ asgz" + 1)
4 F() =11 ("™ + \a™ + 1)
5 (z™ = 1) - F(x)
6 z - F(x)
7 Dam (z2™ — 1) - F(x)
8 z(z™ — 1) F(z)
9 z(xz?2™ — 1) - F(z)
10 G(z) == 101 (@12 = X;210 — 3325 + 2X;2% — 332% — \;z% + 1)
11 (z* + 2iv32? + 1) - G(x)
12 Ay (28 + 142* +1) - G(=)
13 z(z* — 1) - G(x)
14 z(z? — 1)(z* + 2iv322 +1) - G(=)
15 z(z? — 1)(2® + 142* + 1) - G(x)
16 M (x)
17 (18 + 14zt + 1) - M(z)
18 z(z? — 1) M(x)
19 (18 + 14z + 1) cz(zt — 1) - M(2)
20 54 212 — 3328 _ 330% + 1) - M(z)
21 (a:12 — 3328 — 3324 + 1) . (zs 4142t + 1) . M(z)
22 (:c12 — 3328 — 3324 + 1) cx(zt — 1) M(x)
23 (212 —332% — 3328 +1) - («® + 14a’ +1) - 2(a’ - YM(a)
24 A(x)
25 (z(z10 4+ 112° — 1)) - A(z)
26 (220 — 22821°% 4 494210 4 2282° + 1) (2(2'0 + 1125 — 1)) - A(a)
27 (220 — 22821% 4 494210 4+ 2282° + 1) - A(x)
28 As Q(z) - A(x)
29 z(z'0 + 1125 — 1).9(z) - Az)
30 (220 — 228215 + 494210 + 22825 + 1) - ¢(z) - A(x)
31 (220 — 22821° 4 494210 4 2282° 4+ 1) (a(2'° + 112° — 1)) - ¥(z) - A(x)
32 U B(z)
33 B(x)
34 O(x)
pt—1
35 Km x Hj=T£L (2™ —bj) - O(x)
36 O(x)
pt—1
37 I, (=™ = b;) - O(=)
38 A(x)
39 | PSLa(q) (@7 —2)?7 " +1) - A=)
40 (z9 — z) - A(z)
41 (29 — 2)((2? — )91 + 1) - A(z)
42 Q(z)
48 | PGLa(q) (&9 —2)I71 + 1) - Q)
44 (z? — ) - Q(x)
45 (z9 — 2)((29 — 2)9™ 1 +1) - Q(x)

TABLE 6. The equations of the curves related to the cases in Table [2]

where § is given as in Table[d and M, A, Q, B, A, and Q are as follows:
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M

7

+ (759 — 4X;)z® + Nzt + 1)

)
(2 + Niz®® + (759 — 4\;)z'® + 2(3\; + 1228)z'?
=1

]
—.

(=2 + (684 — X))z — (55A; + 157434)2°% — (1205); — 12527460)x*°

1
— (13090); + 77460495)2*° + (130689144 — 69585\, )x>°
+ (33211924 — 134761);)z*° + (69585\; — 130689144)2°
— (13090 + 77460495)x20 — (12527460 — 1205);)z*®

— (157434 + 55X;)z™ + (A\; — 684)2° — 1)
Q =230 4 5222% — 100052%° — 1000520 — 52225 + 1

0
=TI (@+a) -\

i=1acH,

P "

(@7 = 2y + )™ = Aifat = 2) "
1

-
Il

A

i

ol

Q= H(((mq — ) )T (e — )2 D)
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