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ABSTRACT. Let X be an algebraic curve of genus g > 2 defined over a field [y
of characteristic p > 0. From X, under certain conditions, we can construct
an algebraic geometry code C. If the code C is self-orthogonal under the
symplectic product then we can construct a quantum code @, called a QAG-
code. In this paper we study the construction of such codes from curves with
automorphisms and the relation between the automorphism group of the curve
X and the codes C and Q.

1. INTRODUCTION

In recent years there is an increased interest on the use of algebraic geometry in
the theory of quantum cryptography and quantum coding.

Let X denote a genus g irreducible, algebraic curve defined over a finite field F,.
Under certain conditions, starting with X one can construct an algebraic geometry
code which we denote by Cx. If Cx (or its dual) is self-orthogonal under an
appropriate symplectic form, then from Cy we can construct a quantum code Q v,
which will be called a QAG-code; see [2,32] among other sources. In classical
coding theory, AG-codes with a large group of automorphisms have good error-
correcting properties. Under certain conditions the automorphism group of the
curve is embedded in the automorphism group of the corresponding code. Hence,
AG-codes which come from algebraic curves with a large group of automorphisms
are interesting. Very little is known how the automorphism group of the quantum
code @y relates to the automorphism group of X and Cly.

In this paper we explain

(a) how to construct quantum codes from algebraic geometry codes (quantum
algebraic geometry codes), and

(b) the relations between the automorphism group of the algebraic curve, the
automorphism group of the AG-code, and the automorphism group of the corre-
sponding quantum code.
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It is interesting to note that our method of constructing QAG-codes is based on
the existence of an automorphism of the curve X. We focus on the algebraic curves
with cyclic automorphism group, but other curves may be used as well. Hence,
curves with non-trivial automorphism groups are interesting in this construction.
In the last section we give a complete table of groups which occur as automorphism
groups of curves of genus 3 and 4 over a field of characteristic 2. For more details
on automorphism groups of curves, their Weierstrass points and other aspects of
superelliptic curves see [1—418].

Notation: Throughout this paper F, denotes a finite field of ¢ elements where
q is a prime power. The notation [n,k,d] denotes a classical code of length n,
dimension k, and minimum distance d. [[n,k,d]] will denote a quantum code of
the same parameters. A cyclic group of order n is denoted by C,,. In general,
given a genus g > 2 algebraic curve X defined over F, the automorphism group of
X is denoted by Aut (X) and is defined to be the group of automorphisms of X
defined over the algebraic closure of F. The group of automorphisms defined over
F is denoted by Aut p(X).

The permutation automorphism group of the code C' C Fy is the subgroup of
Sp (acting on Fy' by coordinate permutation) which preserves C. We denote such
group by PAut (C). The set of monomial matrices that map C to itself forms the
monomial automorphism group, denoted by MAut (C'). Every monomial matrix
M can be written as M = DP where D is a diagonal matrix and P a permutation
matrix. Let v be a field automorphism of F; and M a monomial matrix. Denote
by M, the map M, : C' — C such that Vx € C we have M, (x) = v(Mx). The set
of all maps M., forms the automorphism group of C, denoted by I'Aut (C).

2. LINEAR CODES, ALGEBRAIC GEOMETRY CODES AND QUANTUM STABILIZER
CODES

2.1. Linear Codes. A linear code C of length n and dimension k over a finite field
[F, is a k-dimensional subspace of V' = Fy. A k-bit codeword of C' is encoded into an
n-bit word of V' to protect the information and recover errors during transmission.
The Hamming distance d of the linear code C' is the minimum of the weights of
the vectors in C'. Here the weight of a vector is the number of nonzero coordinates.
Such a linear code is denoted by [n, k, d]. It detects up to d — 1 errors and corrects

d—1
up to 5= errors.

2.2. Algebraic geometry codes. Let X be a genus g algebraic curve defined
over a finite field F, with characteristic p > 0 and F = F (X) its function field.
Let Py,..., P, be places of degree one, D = P; + --- + P, and G a divisor with
supp(G) N supp(D) = 0. The following two algebraic geometry codes have been
introduced by Goppa:

Type A) C(D,G) = {(f(P1),....f(P.)) | f € L(G)} € F2. To compute its
parameters consider the following evaluation map
p: L(G) = Fy

(1) [ (f(P), - f(PR)),
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Since P, ..., P, are places of degree one and supp(G) Nsupp(D) = 0, ¢ is a well-
defined map with kernel is £L(G — D). Clearly

Ce(D,G) = o(L(G)),
a linear [n, k, d] code with parameters
k=dimG —dim(G — D), d>n—degG.

One can easily see that
(1) If we assume deg G < n = deg D then deg(G — D) < 0 hence dim(G — D) =

0. Tt follows that ¢ : L(G) — Cr(D,G) is injective and C(D,G) is an
[n, k,d] code with
k=dimG >degG+1—g and d>n—degG.
(2) If in addition 2g — 2 < deg G < n, then
k= degG+1—g.
(3) If (f1,..., fr) is a basis of L(G), then
filPr) - fi(P)
M = : :
Je(Pr) oo fi(Pn)

is a generator matriz for Cc(D,G).
(4) Let Aut p (&) := {o € Aut (X)|o(D) = D and o(G) = G}. This group
acts on Cr(D, Q) via

o(f(P1) ... f(Pn)) = (f(o(P1)) ... f(a(Pn)))-
If n > 2¢g + 2, then this action is faithful.

Type B) The second algebraic geometry code Cq(D, G) is defined by
Ca(D,G) := {(resp, (w),...,resp, (W) |w € Qrp(G — D)} CFy.
The following result is well known:

Lemma 1. If D and G are as above then:
(1) Cc(D,G)* = Co(D,G) under the standard pairing in F'.
(2) Letn be any differential with vp,(n) = =1 fori=1,...,n. (Notice that by
the approzimation theorem such differentials exist.) Let H = D — G + (n).
Then Cq(D,G) = a-Cr(D,H) where a = (resp, (n),...,resp, (1)).
(3) Ce(D,G)r =a-Cr(D,H).

2.3. One point codes and their automorphism groups. Let D be a divisor
as above, P ¢ sup(D), and m an integer. The one point codes of level m are
defined to be algebraic geometry codes of the form

Cr(D, mP)

Definition 1. A genus g > 1 curve X' /F} is called admissible if it satisfies:

i) there exists a rational point P, and two functions z, y € F(X) such that
(x)oo = kP, (y)oo =1Px,and k, [ > 1;

ii) for m > 0, the elements iyl with 0<4,0<j <k—1,and ki +1j <m form
a basis of the space £(mPx).
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Lemma 2. Let X/F, be an admissible curve over Fy of genus g where | > k.
Assume that m > 1. If

k—1

k—1
n > max{2g + 2,2m, k(l + T)Jk‘(l + m)L

where n=1|J|, B =min{k —1, r|y" € L(mP)} then
Aut (CL(D,TTLPOO)) = Aut D,mP (X)
Proof. See [51] for details O

2.4. Quantum codes, stabilizer codes and connection with classical codes.
Let ¢ = p™ be a prime power and V; a ¢-dimensional complex vector space. A g-
ary quantum code of length n and dimension k is a k-dimensional subspace
Q of V.= Vq®" . Vg is the quantum counterpart of F,. Its elements are called
quantum states. A codeword of k£ quantum states in @ is encoded into a word of
n quantum states in V' for protection and error correction.

A general quantum error of a g-ary quantum system is a linear transformation
of the space V;. Let ej,es,...,¢e42 be a basis for the space of quantum errors of
such a system, where e; is the identity linear transformation. A quantum error of
an n q-ary system is a linear transformation of V. A basis for the space of general
quantum errors is formed by F := 01 ® 09 ® - - ® 0, with o; € {ey,ea,..., eqz}.
Define the weight of such F as

wt(W) = [{o: # ex}].

Recall that if a code can correct a set of errors then it can correct their linear span.
For a quantum code @, we let P be the projection P : V — @Q. It can be shown
that a quantum error F is detectable iff

PEP =cgP

for some scalar cg. The minimum distance of a quantum code @ is the largest
integer d such that every error of weight d — 1 can be detected by Q.

Stabilizer codes are a general class of quantum codes that can be constructed
from classical codes. We review briefly this construction here, see [1] for more
details.

First, we construct a special error basis. Let T, R be p X p matrices defined by
Tij = 6ij—1 (mod p) and R;; = w'd; ; where w is a p-th root of unity. For a € F,
let (a1,...,an) be the coordinates of a in some fixed basis of F;, as an Fj,-vector
space. Define

T, :=T"® - T, Ry = R"®---® R"™.
Finally, for a = (a',a?,...,a") € F' and b= (b",b?,...,0") € ', let
Ea,b = Tal Rbl Q- Taann.

It is shown in [1] that E,; form a basis for quantum errors of an n g-ary system.

Let S be an abelian subgroup of Q = {w'E,,i=0,1,...,p—1;a,b € Fq”} and pu
an S linear character that satisfies p(wl) = w. The eigenspace Qg,, of S associated
with p, i.e.

Qs ={veV : E()=u(E),VE € S},

is called a quantum stabilizer code. If the order of S is p"*!, then the dimension of
QS,;L is pmnf'r.
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Quantum stabilizer codes constructed above are related to classical codes in FqQ".
First some preliminaries. Let tr: F,, — F}, the trace map. Elements of FqZ” will
be denoted by v = (a,b) where a = (a1,az2,...,a,),b = (ba,b2,...,b,) € F'. The
(symplectic) weight of such an element is

wt(v) = [{i : (ai,b;) # (0,0)}.
For x = (z1,...,2n);y = (Y1, -, Yn) we let
(z,y) =291+ + Tl

be the standard pairing in F' . Define two symplectic products on qu” as follows:

<(aa b)> (alv b/)>s = <a7 b/> - <a/a b>

and

trs((a,b), (a’, V")) :=tr({a,b’) — {a’,b)).

The quantum stabilizer code Qg,, yields a classical code C := {(a,b) : E,p €
S}t C FqQ”. It is an F)-linear code of length 2n and size p”. The commutativity
of S implies that the code C is self-orthogonal relative to the symplectic product
trg, i.e. C C C*s where C* be the dual of the code C. The minimum distance
of the quantum stabilizer code Qg , is related to the classical minimum distance
of Ct:\C. In fact, if St denotes the centralizer of S, it is shown in [1] that an
error I is detectable by Qs , iff £ € S L5\ S. Tt follows that the minimum distance
of Qs is the min{wt(v) v € C+=\C}. It is clear that this process is reversible,
i.e. a trg self-orthogonal code C in Fq2" with p” codewords determines a quantum

mn—r

stabilizer code @ of dimension p

Remark: We note that if C' is an Fy-linear code then the duals of C' relative
to the two symplectic forms are the same (this not true, however, for general F,-
linear codes.) From now on, we will be interested only in F-linear codes and
the symplectic form ((a,b), (a’,b"))s. The dual of a linear code C relative to this
symplectic form will be denoted by C*s.

The following proposition will be used in constructing AG-quantum stabilizers
codes from AG-classical self-orthogonal codes.

Proposition 1. Let C C Fq2” be a (n+ k)-dimensional Fy-subspace such that such
that C+s C C (i.e. C*s is self orthogonal). Then, there exist a quantum code
Q C V of dimension ¢* and minimum distance d = min {wt(z) | x € C\C*+}.

Proof. The F,-code C*+ is self-orthogonal and has dimension n — k, so it has p"
codewords with » = m(n — k). From the above construction we get a quantum
stabilizer code of dimension p = prnomin=k) — pmk — gk,

mn—r

O

Hence, in order to construct quantum AG-codes we need to construct self-
orthogonal AG-codes.
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3. QUANTUM ALGEBRAIC GEOMETRY CODES FROM ALGEBRAIC CURVES WITH
AUTOMORPHISMS

We continue with the notation of the previous session; X is a genus g curve
defined over a finite field F,; and F' is its function field. The following lemma is
cited from [50, Prop. VIL1.2]. It allows for the construction of differentials with
special properties that help to construct a self-orthogonal code.

Lemma 3. Let © and y be elements of F' such that vp,(y) = 1, vp,(xr) = 0 and
z(P;) =1 fori=1,...,n. Then the differential n := x - ‘Z—y satisfies vp,(n) = —1
andresp, () =1 fori=1,...,n.

A quantum stabilizer code can be obtained from an algebraic geometric con-
struction related to curves with an involution.

Theorem 1. Let X be a genus g irreducible algebraic curve defined over Fy and
Py,..., P, degree one rational points on X. Let o € Aut g(X) be an involution
such that oP; # Pj, Vi,j = 1,...,n. Further assume thalt we have a divisor G
such that G = G, vp,(G) = vop,(G) = 0 for all i. Then, there exists a quantum
code Qx = [[n, k, d]] such that

d
k=dimG —dim(G — P, — -+ P, — o(P1) — -+ o(P,)) — n, dzn—{ egGJ

Proof. Let Let D=P,+---+ P, 4+ 0P, +---+ 0P,. By the strong approximation
theorem, there is a differential 7 such that

UP¢(77) = ’UoPi(T]) = _1,
(2) Tesp; (77) =1,
resqyp, (1) = 1.

It follows that H := D — G + (n) < G. Consider the algebraic geometry code
Ce(D,G) = {(f(P1), ..., f(Pn), f(oPr),.... [(oPn)) | [ € L(G)} CFy".

One can easily see that

(T1, oy Ty Tt 1y - -+, L) € Cr(D,G) & (Tpat, -y Ton, T1, .-, 2y) € Co(D,Q),

which implies that Cz(D,G)ts = C(D, H).
Notice that L(H) C L(G) since H < G. It follows that C'(D,G)*s = C(D, H) C
C(D,G). Now apply the last proposition with & = dim C(D, G) — n.
To show the inequality of the distance, let f € £L(G) such that
Hence, there exists a set of n — ¢ pairs (f(F;,), f(cF;;)),j = 1,2,...,n — § which
are all zero. Thus, we have f € £ (G - Z;:f (P, + chij)>. Hence
n—>9y

dimL | G =Y (P, +oP,) | >0,

j=1

which implies the result.
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From this theorem we see that curves with an involution and many rational
points are useful in generating quantum codes. These are also the typical curves
used in constructing AG-codes. Clearly hyperelliptic curves have an involution but
there are others. It is however unknown how the choice of the involution affects the
parameters of the code - this remains an open question.

Curves which have a cyclic group embedded in their automorphism group may
also be used to produce quantum stabilizer codes. We deal with them in the next
section.

3.1. Quantum codes from superelliptic curves. A genus g > 2 superelliptic
curve of level n is given by an equation of the form y"™ = f(z) for some degree d > 4
polynomial f(z) and n > 2. Let us assume that
S
y" = f(z) = H(x —a)%, 0<d; <d.
i=1

Then, Y.7_,d; = d. We call this the standard form of the superelliptic curve.
Superelliptic curves of level n are studied in detail in [16]. They are interesting
from the point of view of this article because they have extra automorphisms and
we can determine their automorphism groups and their equations; see [24,25]

Let k be an algebraic closed field of characteristic p > 0. Let Fy = k(x) be the
function field of the projective line P!(k) and F := k(z,y). If d := >;_,d; =0
mod n then the place at infinity does not ramify at the above extension. The only
places at Iy that are ramified are the places P; that correspond to the points x = «;
and the corresponding ramification indices are given by

n
(na dl) .

Moreover if (n,d;) = 1 then the places P; are ramified completely and the Riemann-
Hurwitz formula implies that the function field F' has genus

B (n—1)(s—2)
B 2
Notice that the condition g > 2 is equivalent to s > QZ—E. In particular, s > 2.

e; =

For the proof of the following Lemmas see [10].

Lemma 4. Let G = Aut(F'). Suppose that a cyclic extension F/Fy of the rational
function field Fy is ramified completely at s places and n := |Gal(F/Fy)|. If 2n < s
then Gal(F/Fp) < G.

Lemma 5. Suppose that T is an extra automorphism of F', and let s be the number
of ramified places at the extension F/Fy and let d be the degree of the defining
polynomial. Then 6|s,d|d and the defining equation of F can be written as

d/s
vt = ax’,
i-0

where ag = 1.

We will say that the superelliptic curve is in normal form if and only if it is

given by an equation:
d

5
yt =2+ Zaix‘s'i + 1.
i—1
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Parametrizing superelliptic curves that admit an extra automorphism of order
d, is the set of coefficients {az/5_1,---,a1} of a normal form up to a change of
coordinate in . The condition 7(x) = (x, implies that 7 fixes the places 0, co.
Moreover we can change the defining equation by a morphism v € PGL(2,k) of
the form v : 2 — mx or v : x — = so that the new equation is again in normal

form. Substituting ag = (—1)%* [[%% 8 we have

s/d

(—1) ] ~8)° =1
i=1

and this gives m® = (—=1)*/%. Then, x is determined up to a coordinate change by

the subgroup Dy /s generated by
Tl L —> €L, Tg . T — —
T

where € is a primitive s/d-root of one, see [16] for details.
The action of D, /s on the parameter space k(ay,..., as/s) is given by

ma; — ©lay, fori=1,...5/8

Ty ta; — Ggy5—g, fori=1,...[s/0]

Notice that if s/6 = 1 then the above actions are trivial, therefore the normal
form determines the equivalence class. If s/§ = 2 then

T1(a1) = —a1,11(az) = ag, 790 =1
and the action is not dihedral but cyclic on the first vector.
Lemma 6. Let r:=s/d > 2 The elements
§; 1= afial + a’;:iar,i, fori=1,...,r
are invariants under the action of the group Dy/s defined as above.

See [16] for details. The elements s; are called the dihedral invariants or s-
invariants of D,,s. Two superelliptic curves are isomorphic if and only if they
have the same s-invariants.

Let X be a genus g superelliptic curve of level » > 2 and o the automorphism
of order r of X. The corresponding projection v, : X — P! has d branch points.
Let B be the branch set. For a given rational point P € X we define Orb,(P) =
{o(P) € X}. U ¢(P) & B then |Orb,(P)| =r.

Let Py,..., P, rational points on X such that ¥(P;) ¢ B for all i = 1,...,n and
let

D= i (Pi+o(P) 4+ (P)) = i@rb(Pi)

Then deg D = rn. For some P € X such that ¢(P) € B we define G = mP for
some integer m. Then o(G) = G. We can take infinity to be one of the branch
points in B. In that case the point P in the fiber is denoted by Ps. It is common
in coding theory to take G to be mPy.

Again we work with Cx = Cz(G, D). The proof of the following theorem should
go through like in Thm. 1.
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Theorem 2. Let X be an algebraic curve defined over a field F, of characteristic
p > 0 such that C, = (o) — Aut (X). Let Py,..., P, rational points on X such
that |Orb, (P;)| = r and Orb,(P;) N Orby(P;) =0 for all i,j. Further assume that
we have a divisor G such that cG = G, vp,(G) = v,p,(G) = 0 for all i. Then,
there exists a quantum code Qx = [[nr, k, d]] such that

deg G
k=dimG —dim(G—-D)—nr, d>nr— { ‘; J
As in the case of curves with involutions, it is unclear how the cyclic group or
the automorphism group of the curve affects the parameters of the quantum code.

This remains an open question.

Example 1. Let X be the curve
Y —y=at
defined over F,. For characteristic p > 7, Aut (X) is a group of order 96 with
Gap identity (96,64). Denote the set of affine rational points of X over F, by
{P,...,P,}. Let C = Cr(D,G), where n + 1 is the number of rational points of
X and
G=mPy, D=P, +---P,

The permutation automorphism group PAut (C) is as follows:

i) If 0 <m < 3 or m > n +4 then PAut (C) = 5,,.

ii) If n > 24 and 4 < m < n/2 then PAut (C) = Autp mp._ (X).

For a proof of the above statements see [32].
Let X be defined over F,. Take m = 6. By computation using GAP, we find
that Cz(D,G) is a [4,4, 1] code with a generator matrix

a a®> 00

o2 o 0 0

a o> 1 0|’
1 1 1 1

where « is a primitive element of F4. The permutation automorphism group is
isomorphic to the group with GAP identity [24,12]. In this case

PAut (C) — Aut (X).

This code is clearly an MDS code. The automorphism group I'Aut (C) has Gap
identity (1944, 3876). One can check that this code is self-orthogonal with respect
to the inner product, hence there is a quantum code @ which has parameters [[4, 4]].
Its automorphism group has order 31104 and is a degree 2 extension of I'Aut (C).

O

In the next section we see how the hyperelliptic involution can be used to con-
struct quantum algebraic geometry codes. However, other involutions can be used
as well.

4. HYPERELLIPTIC QUANTUM CODES

The goal of this section is to construct quantum stabilizer codes starting with
AG-codes which come from hyperelliptic curves. We focus on odd characteristic.
Let X, a genus g hyperelliptic curve given by the equation y? = f(z), F := K(z,y)
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its function field and o the hyperelliptic involution of &,;. Then F' has a set of
rational places which are not fixed by the hyperelliptic involution. Choose a set of
distinct places in F
{Pl,...,Pn,O'(Pl),...,O'(Pn)},
such that 7(P;) = «;, where 7 is the hyperelliptic projection.
Let Py, denote the place at infinity and D, G € Jac (X,) be as follows

D:ZPZ =+ ZO’(PZ) and G:(n+g_l_r)Pooa
=1 =1

where 0 < r < n —g. Then D has degree 2n. By the Riemann’s theorem there

exists n € F' such that
1

nN=—n /.
y ITZi (@ — )
Hence, () = (2n + 29 — 2)Po — D. We denote

W:i=m=02n+29g—2)Psx— D, and H:=D -G+ W.

dx

Then W is a canonical divisor. and the residues of n at the places Pi,..., P,
o(Py),...,0(P,) satisfy

a; :=1esp, (1) = —resy(p,) (N) -
fori=1,...,n.

Now we can construct algebraic geometry codes Cz(D,G) and Cr(D, H). The
weighted symplectic inner product is defined as below
c
(@,9)8 =) 4na; (TYnti — Tnsiys)
i=0
for all z,y € C' and all a; # 0.
Lemma 7. Let Cz(D,G) and Cr(D, H) be as above. Then
Cy(D,G)ts = Cp(D,H) - diag(ay, ..., an,1,...,1)
Moreover, C(D,G) C Cr(D,G)*s with respect to the symplectic inner product.
;s

We transform C.(D,G) to a code C:(D,G) which has the same parameters
as Cr(G, D) and is self-orthogonal with respect to the standard symplectic inner
product by multiplying each component x; of every codeword by the corresponding
a;, for 1 <i < n.

Then, we have the following:

Proposition 2. C.(D, Q) yields a stabilizer code with parameters [[n, k, d]], where
k=g+r—1 anddZ”T_k.

4.1. Explicit construction of quantum AG-codes. Here is an algorithm which
would create a hyperelliptic quantum code.

Algorithm 1. Hyperelliptic quantum codes

Input: A genus g hyperelliptic curve over a finite field F,.
Output: A quantum code @
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i) Find all rational places of degree 1 of X, which are not fixed by the hyper-
elliptic involution, say S = {P1,..., Pn,0(P1),...,0(P,)}.

ii) Let
D:=Y (P+0a(P))
pPeS
G:=n+g—1—-r)Py
(n):=—D+ (2n+2g — 2) P
iii) Create a list A = [ay, ..., ay), where

Qi *=TESp; (77) = _TeSU(Pi)(n)
iv) Construct the AG code C' = L(D,G) and let the generator matrix of C,
to be G.

v) Transform C' to a self-orthogonal symplectic code ¢ by multiplying each
coordinate x; by a;,

(,I“)*)(,LLZIZ,)

vi) Return Q.

5. AUTOMORPHISM GROUPS

In this section we give a brief survey of automorphism groups of curves over
finite fields, automorphism groups of codes, and automorphism groups of quantum
codes.

5.1. Automorphism groups of curves. It has been known since Hurwitz (1892)
that a Riemann surface of genus g > 1 has at most 84(g — 1) automorphisms.
This estimate is optimal; there are Riemann surfaces of arbitrarily high genus with
84(¢g — 1) automorphisms (Hurwitz’ bound in characteristic 0), the Klein curve
most notable of them. The Hurwitz estimate is not valid in prime characteristic.
Roquette (1970) found that the estimate

on the order of the automorphism group G, holds under the additional assumption
p > g+ 1, with one exception: the function field F' = K (z,y) with y? —y = 22 has
genus g = £(p — 1) and 8g(g + 1)(2g + 1) automorphisms.

Stichtenoth (1973) gives a general estimate for the number of automorphisms of
a smooth projective curve in characteristic p > 0. He proves the inequality

|G| <16- g47

but also with one series of exceptions: the function field F = K (z,y) with
ypn + y _ a«;p”+1
has genus g = 1p™(p" — 1) and |G| = p*"(p®" + 1)(p?" — 1) automorphisms, so |G|
is in this case slightly larger than 16g%.
Let X denote a smooth, genus g algebraic curve defined over k, char k =p > 0.
A theorem of Blichfeld on invariants (in char 0) of subgroups of PGL3(k) implies
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that the genus g curve lifts to characteristic 0 for p > 2g + 1. Hence, for large
enough p (i.e., p > 29+ 1) methods described in [24] can be used to determine such
groups. Thus, to determine the list of groups that occur as automorphism groups
of genus g curves we have to classify the groups that occur for all primes p < 2g+1.

5.1.1. Automorphism groups of superelliptic curves. The automorphism groups of
superelliptic curves for every characteristic p # 2 were determined in [25]. For genus
3 and 4 the following theorem are simply an application of Sanjeewa’s results.

Lemma 8. Let X; be a genus 3 superelliptic curve defined over a field of charac-
teristic p. Then the automorphism groups of X, are as follows.

i): p= 0( )7&®J3U( 1), (8,2), (8,3), (7.1), (21,1), (14,2), (6,2),

, L (16,11), (16, 10), (32,9), (30,2), (42,3), (12.4).

(16,8), (48,33), (48, 48).

1), (4,1), (8 2),( 3), (77 ), (14,2), (6,2), (8,1),
32,9),(30 2), (16, (6,2)

(8, ) s,

): 3,1), (4,1), (
1), (8,5), (16 11), (16,10), (32,9), (42,3), (12,
( ( 8).

, (48,4
2), (8,3), (7, 1), (21,1), (6,2), (12,2)
32,9), (30,2), (42,3), (12,4), (16,7),

1), (8,2), (8,3), (7,1), (21 n<mz>w2x
(16 11), (16,10), (32,9), (30,2), (42,3), (12,4),
(16.7), (24,5), (18,3), (16,8), (48, 33), (48, 48).

We obtain the following groups as automorphism groups of a genus 4 cyclic curve
defined over algebraically closed field of characteristic 0,3,5,7 and bigger than 7. We
listed GAP group ID of those groups in following theorem.

Lemma 9. Let X, be a genus 4 superelliptic curve defined over a field of charac-
teristic p. Then the automorphism groups of X, are as follows.

D: p=0: (2,1), (4,2), (3,1), (6,2), (9,2), (5.1, (10,2), (20,1), (
(18,2), (15 1) (4,1), (20, 4), (18,3)7 (8,3), (40,8), (12,5), (36
(16, 7),( 0,5), (3 19) (24,10), (8,4), (60,9), (36,11), (24, 3),

2,1), (4,2), (3,1), (6.2), (5,1), (10,2), (20,1), (9,1), (1
99, 5.3) (10.8), (12.5), (16,7} (20.5), (32, 19) (24, 10).

9,
1
(

g N =

1),
,12),
473)a

v)ip > T (2,1), (4,2), (3,1), (6,2), (9,2), (5,1), (10,2), (20,1), (9,1),
(27,4), (18,2), (15, 1) (4,1), (20,4), (18,3), (8,3), (40,8), (12,5), (36,12),
(54,4), (16,7), (20,5), (32,19), (24,10), (8,4), (60,9). (36,11), (24,3),
(72,42).



QUANTUM CODES FROM SUPERELLIPTIC CURVES 13

Remark 1. Note that these lists contain all groups and not just the full automor-
phism groups.

5.1.2. Automorphisms groups over finite fields of characteristic 2. Let C be a hyper-
elliptic curve of genus g over an algebraically closed field K of characteristic 2. We
use an Artin-Schreier generation y? +y = g() such that g(x) € K(x). We can find
a rational function h(z) € K (x) such that the rational function g(x)+ h(z) 4 h(z)*
has no poles of even order. Let f(z) := g(x) + h(z) + h(x)* and use the normal-
ized form 32 4+ y = f(x). Then, y is unique up to transformations of the form
y — y + B(x), where B(z) is a rational function of z.

Let ¥n,(a) be the polar divisor of f(z) on the projective line, P1. C' is ramified
at each a and if P, is the unique point of C over a then the curve 3% +y = f(z)
has the different

Diff(C/P') =X(n, +1)P,

where the n, are odd ([19], Prop II1.7.8)

29 — 2= —2[F : K(z)] + deg(Dif f(C/P')) = deg(Dif f(C/P')) =29+ 2

Take two hyperelliptic curves, C' : y?> + y = f(x) and C’ : y*> + y = h(z). Then
there are finite morphisms f; : C — P! and fo : C' — P! of degree 2, and there
exists a unique automorphism o of P! such that fo = oo f;. Any isomorphism
between these curves has the form

() — (&

for some B(x) € K(x). Hence, these curves are isomorphic if and only if

h(z) = f(

for some s(z) € K(x). The ramification types determine the isomorphism classes
of the hyperelliptic curves. The solutions of the equation (n, +1) = 2¢g + 2 in the
unknown odd positive integers give us the following ramification types:

(1,1,1,1),(3,1,1),(3,3),(5,1),(7) for genus 3
(1,1,1,1,1),(3,1,1,1),(3,3,1),(5,1,1),(5,3),(7,1),(9)  for genus 4

ar+b
cr+d

) + 5(2) + s(z)?

Therefore we get the following normal forms for genus 3 and 4 respectively.

a1z +oaer t+ag(z— 1)+ ag(z — N7t

2 +ax+ Br +y(r — 1)1

v Hy={ 2> +axr+pfr3 +ya?

2® + ax® + B!

7 4+ ax® + Bx®

(4) a1r+asr t+az(r— 1)+ gz — N+ as(e —p)t
23 x4 fra”t + fa(x — 1)+ Ba(x = A)7!

, P +ar+ Bz +yr 4oz 1)1

v +y=< 2% +axd+ frl+y(x—1)"1

2® + axd + Bx~3 + yx!

x7 4 ax® + B3 + vzt

9 + oq:v7 + a2x5 + a3x3
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These are plane curves given in inhomogeneous form, birational to the given
nonsingular curves( i.e. the function fields are isomorphic). We will use the above
normal forms to determine G, the reduced group of automorphisms, namely the
quotient of the group of automorphisms, G by (¢) which is contained in the center
of G. And then we will compute G.

Proposition 3. Let C be a genus g hyperelliptic curve defined over an algebraically
closed field K of characteristic 2.

i) If g = 3 then the automorphism group of C is one of the following: Ca, Cy,
‘/4, CQ X CQ X CQ, CG, 014, Dlg.

it) If g = 4 then the automorphism group of C is one of the following: Cs, Vy,
Cy4, O3 x Cy x Cy, Cg, Cig, Dayg.

Proof. See [3] for details.
O
Furthermore, the parametric equation of the curve in each case is given by equa-
tion in Table 1. Determining complete lists of full automorphism groups for a
given genus g > 3 is still an open problem with many applications in theoretical
mathematics, computer science, and electrical engineering.

5.2. Automorphism groups of codes. The permutation automorphism group
of the code C' C Fy is the subgroup of S,, (acting on Fy by coordinate permutation)
which preserves C. We denote such group by PAut (C). The set of monomial ma-
trices that map C' to itself forms the monomial automorphism group, denoted
by MAut (C). Every monomial matrix M can be written as M = DP where D is a
diagonal matrix and P a permutation matrix. Let v be a field automorphism of F,
and M a monomial matrix. Denote by M, the map M, : C'— C such that Vx € C
we have M, (x) = v(Mx). The set of all maps M., forms the automorphism group
of C, denoted by I'Aut (C). It is well known that

PAut (C) < MAut (C) <TAut (C)

Recall that for binary codes PAut (C) = MAut (C) = T'Aut (C), which we simply
denote by Aut (C). If the code C' is defined over a prime field then MAut (C) =
T'Aut (C). Two codes C and C’ are called permutation equivalent, monomially
equivalent, or equivalent if there is an element ¢ in the respective automorphism
group such that (C) = C’. In classical coding theory these automorphism groups
of codes play an important role in classifying codes. There is a weight preserving
linear transformation between [n, k] codes C and C’ over F, if and only if Cand
C’ are monomially equivalent. Furthermore, the linear transformation agrees with
the associated monomial transformation on every codeword in C; see [?HP, Thm.
7.9.4].

If X is a genus g > 2 algebraic curve defined over Fy then Aut (X) the group of
automorphisms of X over the algebraic closure of ;. There have been many papers
studying the relation between the automorphism group of the algebraic curve X
and the automorphism groups as defined above of the corresponding AG-code Cly;
see [32] among others. Let us assume that C'y is a self-orthogonal code such that we
can construct a quantum code @y as in the previous section. If @ is a symplectic
quantum code then the group of equivalences of the code is the complex Clifford

group.
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Curve Condition G
g=3

vty =a1z+ oz ! a1 =ad Lag=asd g £Fazh | Vg
+az(z — 1)+ ayg(x — M)t a1 = a3\, Qg = g\, @ # QAT Vi
o] = g, Qg = Ot3)\2, a1 7é 012)\71 V4
o] = OéQ)\il, a3 = 044)\71, a1 = Oég)\ CQJ
v +y=2+ax a#0,or B#£7 C
+Bx L+ y(x—1)71t a=0,and 8 =1 vV,
v +y=2>+ax none C
273 + pr? B#TL,a=v=0 Cs
p=1l,a=v#0 Vi
6 — 15 o = 7C 7& 0 V4
ﬁzl,a:'yCZ;éO V4
B=la=y= Do
v +y=ax" +oard+ Ba ! none Cs
v +y =2 +ax’ + B2’ a=p=0 Cia
a=0,8#0 Cy
(6 7é O,B = C3 = 0 CQ
a#0,6:0,637é0 014
a7é0757£0303:0 CZ
a#0,8#0,c3#0 Cly

g =4 |
vH+y=az+axx faz(x—1)7T Qg = 3,04 = Q5,02 £ Q4 |
Fag(z — M)+ as(z — X)) 7! Qg = Qy, 3 = Q5,Qp # Q3 Vi
Qg = Q5,03 = Oy, Qg # Q3 Vi
Qg = (i3 = (g = Q5 ng
a1 = 0 = 043)\ = a4)\ = Q5 Dgo
] = Qg = Oég)\_l =y = (J¢5/\_1 Doy
v +y=2"+ar+ iz’ a#0 Cy
+Bo(x — 1)L+ B3(x — N)7L a=0,0=9\,y=0\o=p\ Cs
v +y=2>+ax none C
o 4 fr 4 y(e—1)7! f=l,a=4 Vi
v +y=a"+az® a#0,orl Cs
+Bz7 +y(x—1)7t a=0 Vi
a=1 04
v +y=2"+ard+z 3+ pz ! none Cs
v +y=2x2 +ax’+ x> +yz ! none Cy
y2 +y= £E9 + 0611’7 + O[Q’IS + a3x3 aq 7é 0 Cg
a; =0 C1g

TABLE 1. Automorphism groups of hyperelliptic curves of genus
3 and 4 over fields of characteristic 2
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5.3. Some computational remarks on the automorphism groups of codes.
In this section we want to make a few remarks on the efficiency of computing the
automorphism group of a given code. There are several open questions related to
automorphism groups of algebraic curves, AG-codes, and naturally quantum codes.
We suggest some problems and point some inefficiencies on some existing programs.

Problem 1. Let X be a genus g curve defined over a finite field F,. Determine the
list of groups that occur as full groups of automorphisms of X over the algebraic
closure of F,.

Problem 2. Let X’ be a genus g curve defined over a finite field F,. Design and
implement a program that computes the automorphism group of X" over Fj,.

Let Cx and Qxy be the codes constructed as in sections 2 and 3. In GAP,
the package GUAVA which is specifically written for coding theory, creates such
codes (with some simple implementations of our algorithms) and computes groups
of such codes using an algorithm of Leon. Similar capabilities are available also
in Magma. Both MAGMA and GAP come short when it comes to computing the
automorphism group of a code over a relatively large size field F,. Magma only
computes automorphism groups of codes over a field F, where ¢ = p or p?.

Problem 3. Design and implement an algorithm which computes the automor-
phism groups PAut (C), MAut (C),T’'Aut (C) of a given code C (including quan-
tum codes) over any field F,.
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