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ABSTRACT. The theory of elliptic and hyperelliptic curves has been of crucial impor-
tance in the development of algebraic geometry. Almost all fundamental ideas were first
obtained and generalized from computations and constructions carried out for elliptic or
hyperelliptic curves.

In this long survey, we show that this theory can be extended naturally to all superel-
liptic curves. We focus on automorphism groups, stratification of the moduli space My,
binary forms, invariants of curves, weighted projective spaces, minimal models for superel-
liptic curves, field of moduli versus field of definition, theta functions, Jacobian varieties,
addition law in the Jacobian, isogenies among Jacobians, etc. Many recent developments
on the theory of superelliptic curves are provided as well as many open problems.
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1. INTRODUCTION

The theory of elliptic and hyperelliptic curves has been of crucial importance in the
development of algebraic geometry. Almost all fundamental ideas were first obtained and
generalized from computations and constructions carried out for elliptic or hyperelliptic
curves. Examples are elliptic or hyperelliptic integrals, theta functions, Thomae’s formula,
the concept of Jacobians, etc. Some of the classical literature on the subject [80, 82—84] as
well as the seminal work of Jacobi focus almost entirely on hyperelliptic curves.

So what is so special about a hyperelliptic curve? To begin with, a generic curve in
the hyperelliptic locus admits a cyclic Galois cover to the projective line. This cover,
which is called the hyperelliptic projection is of degree n = 2 and its branch points
determine the curve in question (up to isomorphism). Hence, studying hyperelliptic curves
over algebraically closed fields amounts to studying degree two coverings of the projective
line.

A natural generalization of the above is to study degree n > 2 cyclic Galois covers.
This means that for a curve C with automorphism group Aut(C) there is a cyclic sub-
group H = (7) normal in Aut(C) such that the quotient C/H is isomorphic to P!. Such
curves C are called superelliptic curves. The automorphism 7 is called the superelliptic
automorphism of C.

The goal of this paper is to focus on the natural generalization of the theory of hyperel-
liptic curves to superelliptic curves, to highlight the theories that can be extended and all
the open problems that come with this generalization. It is a long survey on results of the
last two decades of both authors, their collaborators, and other researchers.

There are similarities among superelliptic and hyperelliptic curves, but also differences.
The obvious similarities are that such curves have affine equations (over an algebraically
closed field of characteristic relatively prime to n) of the form y" = f(x), the list of
full automorphism groups of such curves can be determined, in most cases their equations
can be determined over their field of moduli, and most importantly the full machinery
of classical invariant theory of binary forms can be used to determine their isomorphism
classes. It is such theory that makes the study of the moduli space of such curves much
more concrete than for general curves. More importantly the invariant theory connects the
theory of superelliptic curves to the weighted projective spaces.

In Section 2 we give some basic generalities of algebraic curves and their function fields.
Most of the material is basic and it can be found in most of the classic books on the subject;
see [106], [80]. Throughout most of this paper we will assume that our curves are smooth,
irreducible, defined over an algebraically closed field k£ of characteristic p > 0. Certain
restrictions on the field of definition k or the characteristic p will be assumed on certain
sections.

In Section 3 we focus on Weierstrass points. Weierstrass points are an important tool
in studying the automorphisms groups of curves. For hyperelliptic curves with equation
y? = f(x), the projection of Weierstrass points are exactly the roots of f(z). In Section 5
we will show that such roots are also Weierstrass points of superelliptic curves.

In Section 4 we focus on full automorphism groups of curves. The theory of auto-
morphisms is especially important for superelliptic curves since the very motivation of
superelliptic curves comes from the existence the superelliptic automorphism. The auto-
morphism groups of all superelliptic curves over any characteristic are fully classified. We
give complete list of these groups based on results from [92].

In Section 5 we introduce superelliptic curves, which are a generalization of hyperel-
liptic curves. Such curves have a degree n > 2, cyclic Galois covering 7 : C, — P
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We denote the branched points of this cover by the roots of some polynomial f(z) and
show that the curve has equation y"™ = f(z). We determine the list of possible full auto-
morphism group of a superelliptic curve C, of genus g > 2. Furthermore, we study the
Weierstrass points of superelliptic curves and show that they are projected to the roots of
f () as in the hyperelliptic case.

In Section 6 we study the loci of superelliptic curves in the moduli space. We briefly
introduce the moduli space of curves My, . and its Deligne-Mumford compactification
M, . Then we focus on points of the M, , which correspond to curves with automor-
phisms. We discuss the inclusions between such loci and give the complete stratification
of the moduli space for genii g = 3, 4.

In Section 7 is considered the following problem: for a group G which occurs as an
automorphism group of a genus g > 2 algebraic curve C, determine an equation of C. We
discuss in detail how this is accomplished for superelliptic curves.

In Section 8 are given the preliminaries of classical invariant theory of binary forms and
in Section 9 it is shown how such invariants describe a point in the weighted moduli space
W (k). It is shown that this is a much more convenient approach to study superelliptic
curves. Weighted greatest common divisor and weighted height are introduced in Section 9
in order to study the arithmetic properties of W (k); see [12] for further details.

In Section 10 we study minimal models of superelliptic curves when a moduli point
is given. This is well known, due to work of Tate, for elliptic curves and Liu for genus
two. We describe briefly Tate’s algorithm. For superelliptic curves we we say that a curve
has minimal model when it has a minimal moduli point as in [47]. We give necessary and
sufficient condition on the set of invariants of the curve that the curve has a minimal model.
Moreover an algorithm is provided how to find such minimal model. In Section 11 is
discussed when the field of moduli is a minimal field of definition for superelliptic curves.

Theta functions of superelliptic curves are discussed in Section 12. We give a quick
review of the theory of theta functions including the Thomae’s formula for hyperelliptic
curves. It is a natural question to generalize such results for cyclic or superelliptic curves.
To further investigate such interesting topic one should continue with [31].

In Section 13 we study Jacobian varieties and briefly describe Mumford’s representation
of divisors and Cantor’s algorithm for addition of points on a hyperelliptic Jacobian; see
[32] for how this fact is used on hyperelliptic curve cryptography. Whether this algorithm
can be generalized to all superelliptic Jacobians is the main focus of Section 13.

In Section 14 we study the Jacobian varieties with complex multiplication. Most of
the efforts here have been on determining which curves with many automorphisms have
complex multiplication. Hyperelliptic Jacobians with many automorphisms which have
complex multiplication have been determined (see [79]). We list all superelliptic curves
with many automorphisms. From such list the ones with complex multiplication are deter-
mined in [87].

While this paper is for the most part a survey, it also includes many new results and
recent developments. It lays out a general approach of using cyclic coverings in the study
of algebraic curves. One can attempt to further generalize the theory to more general
coverings. The beginnings of this program start with [75]. Most of the data for the list of
groups, inclusion among the loci were obtained by K. Magaard. We dedicate this paper to
his memory.

Acknowledgments: Authors want to thank Mike Fried for helpful suggestions and con-
versations during the process that this paper was written.
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Part 1. Curves and hyperelliptic curves
2. ALGEBRAIC CURVES AND THEIR FUNCTION FIELDS

We assume that the reader is familiar with the basic definitions of field extensions. This
section is intended to establish the notation used throughout the rest of the paper, rather
than as a comprehensive introduction to algebraic curves. Throughout £ is a perfect field.
For more details, the reader is encouraged to consult [106] or [32] among other places. Let
us establish some notation and basic facts about algebraic curves and their function fields.

2.1. Algebraic curves. The following definitions are easily extended to any algebraic va-
riety, but we will focus on the curve case. Let k be a perfect field and C an algebraic curve
defined over k. Then there is a homogeneous ideal Ic C k[Xy, X1, ..., X,] defining C,
and the curve C is irreducible if and only if I¢ is a prime ideal in k[ X, X1, ..., X,]. The
(homogenous) coordinate ring of C is ', (C) := k[Xo, X1, ..., X,]/Ic, which is an inte-
gral domain. The function field of C is the quotient field of T',(C) and denoted by &(C).
Since C is an algebraic variety of dimension one, the field k(C) is an algebraic function
field of one variable.
Let P = (ag, a1, ...,a,) € C. The ring

Op(C) ={f € k(C)| f is defined at P} C k(C)
is a local ring with maximal ideal
Mp(C) ={f € Op(C)| f(P) = 0}.

The point P € C is a non-singular point if the local ring Op(C) is a discrete valuation
ring. There is a 1-1 correspondence between points P € C and the places of k(C)/k, given
by P — Mp(C). This correspondence makes it possible to translate definitions from
algebraic function fields to algebraic curves and vice-versa.

2.2. Algebraic extensions of function fields. An algebraic function field F'/k of one vari-
able over k is a finite algebraic extension of k(z) for some 2 € F which is transcendental
over k. A place p of the function field F'/k is the maximal ideal for some valuation ring
O of F/k. We will denote by Pr the set of all places of F'/k. Equivalently X¢ (k) will
denote the set of k-points of C.

An algebraic function field F’/k’ is called an algebraic extension of F'/k if F’ is an
algebraic extension of F and k C &’.

A place p’ € Pp is said to lie over p € Pr if p C p’. We write p’|p. In this case
there exists an integer e > 1 such that vy (z) = e - vy(z), for all z € F. This integer is
denoted by e(p’|p) := e and is called the ramification index of p’ over p. We say that p’|p
is ramified when e(p’|p) > 1 and otherwise unramified.

For any place p € Pr denote by F, := O/p. The integer f(p'[p) := [F), : F}] is called
the relative degree of p’|p.

Theorem 1. Let F' /K’ be a finite extension of F/k and p a place of F/k. Let p1,...,Ppm
be all the places in F' /K’ lying over p and e; = e(p;|p) and f; := f(pi|p) the relative
degree of p;|p. Then

Zeifi = [F/ : F]
i=1

For a place p € Pr let O; be the integral closure of O, in F’. The complementary
module over O, is given by ¢ - O,,. Then for p’[p we define the different exponent of p’
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over p as

d(p’lp) = —vy (t).
The different exponent d(p’|p) is well-defined and d(p’|p) > 0. Moreover, we have
d(p’|p) = 0 for almost all p € Pp. The different divisor is defined as

Diff (F'/F) :== Y > d(p'p) - p'.
PEPF p'[p
The following well-known formula for ramified coverings between Riemann surfaces of
genus ¢’ and g, respectively, can now be generalized to function fields as follows.
Theorem 2. Let F/k be an algebraic function field of genus g and F' / F a finite separable
extension. Let k' denote the constant field of F' and g’ the genus of F' /K. Then,
[F': F]
[k : K]
For a proof see [106, Thm. 3.4.13]. A special case of the above is the following:

Corollary 1. Ler F/k be a function field of genus g and x € F \ k such that F/k(x) is
separable. Then,

) 2g —1) = (29 — 2) + deg Diff (F'/F)

29 — 2= —2[F : k(z)] + deg Diff (F/k(z))

The ramification index and the different exponent are closely related, as made precise
by the Dedekind theorem.

Theorem 3 (Dedekind Different Theorem). For all p’|p we have:

i) d(p'| p) = e(p'lp) — 1.
i) d(p’|p) = e(p’|p) — 1 if and only if e(p’|p) is not divisible by the char k.

An extension p’|p is said to be tamely ramified if e(p’|p) > 1 and char k does not divide
e(p’|p). If e(p’|p) > 1 and char k does divide e(p’|p) we say that p’|p is wildly ramified.

The extension F/F is called ramified if there is at least one place p € P which is
ramified in F//F. The extension F”/F is called tame if there is no place p € Pp which is
wildly ramified in F'/F.

Lemma 1. Ler F'/F be a finite separable extension of algebraic function fields. Then
a) p’|p is ramified if and only if p' < Diff (F'/F). Moreover; if p’ /p is ramified then:
i) d(p’|p) = e(p’|p) — 1 if and only if p'|p is tamely ramified
i) d(p’|p) > e(p’|p) — 1 if and only if p'|p is wildly ramified
b) Almost all places p € P are unramified in F' | F.

From now on we will use the term "curve" and its function field interchangeably, de-
pending on the context. It is more convenient to talk about function fields than curves in
most cases.

2.3. Divisors and the Riemann-Roch theorem. For a given curve C defined over k, we
call a divisor D the formal finite sum

D= Y zP
p€Xc (k)

The set of all divisors of C is denoted by Dive (k). Moreover, the divisor (f) of a function
f € E(C), defined as the finite linear combination of the set of all zeroes and poles of
f, is called a principal divisor. Since (fg) = (f) + (g), the set of principal divisors
is a subgroup of the group of divisors. Two divisors that differ by a principal divisor are
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called linearly equivalent. The symbol deg(D) denotes the degree of the divisor D, i.e.,
the sum of the coefficients occurring in D. It can be shown that the divisor of a global
meromorphic function always has degree 0, so the degree of the divisor depends only on
the linear equivalence class. The Picard group Picc (k) is the group of divisors modulo
linear equivalence.

2.3.1. Riemann-Roch Spaces. Define a partial ordering of elements in Div¢ (k) as follows;
D is effective (D > 0)if z, > Oforevery p,and Dy > Dy if D; — D5 > 0. The Riemann-
Roch space associated to D is
£(D) = {f € k(C) with (f) = —D} U{0}.

Thus, the elements z € L(D) are defined by the property that w,(z) > —z, for all
p € 3¢ (k). L(D) is a vector space over k and can be interpreted as the space of functions
f € k(C) whose poles are bounded by D, and is often denoted by O¢[D)]. It has positive
dimension if and only if there is a function f € k(C) with D + (f) > 0, or equivalently,
D ~ Dy with D; > 0.

Here are some facts: £(0) = k, and if deg(D) < 0 then £(D) = {0}. If deg(D) =0
then either D is a principal divisor or £(D) = {0}.

Proposition 1. Let D = Dy — D5 with D; > 0 fori = 1,2. Then
dim(£(D)) < deg(D1) + 1.

We also remark that for D ~ D’ we have L(D) ~ £(D'). In particular £L(D) is a finite-
dimensional k-vector space. We follow traditional conventions and denote the dimension
of L(D) by
2) ¢(D) := dimg (L(D)).

Computing ¢(D) is a fundamental problem which is solved by the Riemann-Roch Theo-
rem. A first estimate is a generalization of the proposition above.

Lemma 2. For all divisors D we have the inequality
¢(D) < deg(D) + 1.
For a proof one can assume that /(D) > 0 and so D ~ D’ > 0.

Theorem 4 (Riemann’s inequality). For given curve C there is a minimal number gc €
N U {0} such that for all D € Dive we have
(D) > deg(D) +1— gc.
For a proof see [106, Proposition 1.4.14]. Therefore,
gc = max{deg D — {(D) + 1; D € Dive(k)}
exists and is a non-negative integer independent of . The integer g¢ is called the genus
of C. The genus does not change under constant field extensions because we have assumed

that k is perfect. This is not correct in general if the constant field of C has inseparable
algebraic extensions. There is a corollary of the theorem.

Corollary 2. There is a number n¢ such that for all D with deg(D) > nc we get equality
(D) =deg(D)+1 - gc.

Thm. 4 together with its corollary is the "Riemann part" of the Riemann-Roch theorem
for curves. To determine n¢ one needs more information about the inequality for small
degrees and the concept of a canonical divisor.
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2.3.2. Canonical Divisors. Let k(C) be the function field of a curve C defined over k.
To every f € k(C) we attach a symbol df, the differential of f. The k(C)-vector space
Q(k(C)) is the vector space generated by symbols df modulo the following relations:

For f,g € k(C) and )\ € k we have:

D) dAf+g)=Adf +dg
ii) d(f-g) = fdg + gdf.
The relation between derivations and differentials is given by the

Definition 1 (Chain rule). Let z be as above and f € k(C). Then df = (0f/0z)dx.

The k(C)-vector space of differentials 2(k(C)) has dimension 1 and is generated by dx
for any z € k(C) for which k(C)/k(x) is finite and separable. The space Q2(k(C)) is also
called the vector space of global meromorphic one-forms on C.

We use a well known fact from the theory of function fields F' in one variable: Let p
be a place of F, i.e. an equivalence class of discrete rank one valuations of F’ trivial on k.
Then, there exist a function ¢, € F with w,(tp) = 1 and F'/k(t,) separable.

We apply this fact to F' = k(C). For all p € X¢(k) we choose a function ¢, as above.
For a differential 0 # w € Q(k(C)) we obtain w = f, - dt,. The divisor (w) of a global
meromorphic one-form is given by

(w) = Z wp(fp) - P,
pEL,
and is a called a canonical divisor. The coefficient function of w is transformed by the
chain rule, but two coefficient functions, before and after applying the chain rule, always
define the same divisor locally. Therefore, we can define the divisor of w by using the
coefficient function in any local expression for w. Moreover, for any function f € k(C) we
have (fw) = (f) + (w), and for any two non-zero differentials w; and ws, there is always
a function f € k(C) such that w; = fws, so that the two canonical divisors (w;) and (ws)
are linearly equivalent. Therefore, the linear equivalence class of canonical divisors is
well-defined,; this is called called the canonical class of C, and denoted by K¢ € Pice (k).
We are now ready to state the Riemann-Roch Theorem.

Theorem 5. Let K be a canonical divisor of C. For all D € Dive(k) we have
¢(D) =deg(D)+1—gc+ ¢ K — D).
A differential w is holomorphic if (w) is an effective divisor. The set of holomorphic
differentials is a k-vector space denoted by Q. If K = (w) is a canonical divisor, and
f € L(K) is a function with poles bounded by K, then fw is holomorphic. This gives an

isomorphism between L(K) = O¢[K] and Q. If we take D = 0 respectively D = K in
the theorem of Riemann-Roch we get the following:

Corollary 3. Q} is a gc-dimensional k-vector space and deg (K) = 2gc — 2.
There are two further important consequences of the Riemann-Roch theorem.

Corollary 4. The following are true:
(1) If deg(D) > 2g¢c — 2 then £(D) = deg(D) + 1 — gc.
(2) In every divisor class of degree g there is a positive divisor.
Proof. Take D with deg(D) > 2gc — 1. Then deg(W — D) < —1 and therefore /(W —

D) = 0. Take D with deg(D) = g¢. Then ¢(D) = 1+ ¢(W — D) > 1 and so there is a
positive divisor in the class of D. [
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3. WEIERSTRASS POINTS

The material of this section can be found in every book on the subject. We mostly refer
to [7,30,102, 104].

3.1. Weierstrass points via linear systems. Let D be a divisor on C,. The complete
linear system of D, denoted | D], is the set of all effective divisors E' > 0 that are linearly
equivalent to D; that is,

|D| = {E € Dive(k) : E =D+ (f) forsome f € L(D)}.

Note that any function f € k(C) satisfying this definition will necessarily be in £(D)
because I > 0. A complete linear system has a natural projective space structure which
we denote P(L(D)). Now, consider the projectivization P(£(D)) and the function

S:P(L(D)) — |D|,

which takes the span of a function f € £(D) and maps it to D + (f).

A (general) linear system is a subset ) of a complete linear system |D| which cor-
responds to a linear subspace of P(£(D)). The dimension of a general linear system is
its dimension as a projective vector space. Let @) C |D| be a nonempty linear system on
C, with corresponding vector subspace V' C L£(D), and let P € C,. For any integer n,
consider the vector space V(—nP) := V N L(D — nP), which consists of those functions
in £(D) with order of vanishing at least n at P. This leads to a chain of nested subspaces

V(~(n—1)P) D V(-nP)

for all n € Z. Since L(D — nP) = {0} for n > deg (D), this chain eventually terminates
and becomes {0}. As in Prop. 3, which appears later, the dimension drops by at most 1 in
each step. We define gap numbers as follows.

Definition 1. An integer n > 1 is a gap number for Q at P if
V(—nP)=V(-(n—-1)P)—1.
The set of gap numbers for ) at P is denoted Gp(Q).

Let Q(—nP) denote the linear system corresponding to the vector space V(—nP).
Then Q(—nP) consists of divisors D € @ with D > nP. An integer n > 1is a gap
number for ) at P if and only if

dim Q(—nP) = dim Q(—(n — 1)P) — 1.

A linear system () is denoted by g, if dim @) = r and deg () = d. For such a system, the
sequence of gap numbers is a subset consisting of r + 1 elements of {1,2,...,d + 1}. If
this sequence is anything other than {1,2,...,r+1}, we call P an inflection point for the
linear system (). The terms linear system and linear series are completely interchangeable.

Suppose the sequence of gap numbers is {n1,ns,...,n,y1}, written in increasing or-
der. For each n;, one can choose an element f; € Q(—(n; — 1)P) \ Q(—n;P). Then, the
vanishing order at P is

ordp(f;) =n; — 1 —ordp(D),

and because of the different orders of vanishing at P, these functions are linearly indepen-
dent, so {f1, fa,..., fr+1} is a basis for V. Such a basis is called an inflectionary basis
for V' with respect to P.

Conversely, given a basis for V, a change of coordinates can produce an inflectionary
basis and hence construct the sequence of gap numbers. Fix a local coordinate z centered
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at P, and suppose {hy, ha, ..., h.y1} is any basis for V. Set g; = 2°ordr (D) . for each i.
Then, the functions g; are holomorphic at P and thus have Taylor expansions

(2) ()
(0 (0
02 = (0 + g0z + 9Dz g 8 Oy
We want to find linear combinations
r+1

Gj(z) = Z ¢i,j9i(2)

of these functions to produce orders of vanishing from 0 to r at P. This is possible precisely
when the matrix

a10) g0  g20) - ¢
92000 gh(0)  giP(0) - gi7(0)
9r+1(0) gl1(0) 2 (0) - g (0)

is invertible. When that occurs, the same constants ¢; ; can be used to let f; = ZZ cijh
and produce an inflectionary basis {f;} of V' such that ordp(f;) = j — 1 — ordp(D).
Thus, Gp(Q) = {1,2,...,r + 1} and so P is an inflection point for Q.

Definition 2. The Wronskian of a set of functions {g1, g2, - - ., gr} of a variable z is the
function

ORAC) gg(z g?i(”

92(2)  g4(2) g5 (2) 95" (=
W(gl792a"'7g7‘): : :

gr41(2) g (2) gCh(z) o dT(2)

As with its use in differential equations, the Wronskian is identically zero if and only if
the functions g1, . .., g, are linearly dependent. We summarize with the following.

Lemma 3. Let C,4 be a curve with a divisor D and () a linear system corresponding to
a subspace V. C L(D). Let {f1,..., frr1} be a basis for V, and for each i, let g; =
201dp (D) £, Let P be a point with local coordinate z. Then P is an inflection point for Q
ifand only if W(g1,...,gr+1) = 0 at P.

Corollary 5. For a fixed linear system Q, there are finitely many inflection points.
Proof. See [77, Lemma 4.4, Corollary 4.5]. O

Definition 3. A meromorphic n-fold differential in the coordinate z on an open set V.C C
is an expression p of the form p = f(2)(dz)™ where f is a meromorphic function on V.

Suppose wy, . . . , wy, are meromorphic 1-fold differentials in 2z where w; = f;(2)dz for
each 7. Then their product is defined locally as the meromorphic m-form f - - - f,, (dz)™.
With this, we consider the Wronskian.

Lemma 4. Let Cy be an algebraic curve with meromorphic functions g1, ..., gm. Then
W (g1, gm)(dz)™™=Y/2 defines a meromorphic m(m — 1) /2-fold differential on C,.
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Proof. Since each g; is meromorphic, the Wronskian is as well, and so this is clearly a
meromorphic m(m — 1)/2-fold differential locally. What remains to be shown is that the
local functions transform to each other under changes of coordinates; see [77, Lemma 4.9]
for details. t

From here on, let W (g1, . .., g ) denote this global meromorphic m(m—1)/2-fold dif-
ferential. We now investigate the poles of the Wronskian. As with meromorphic functions
and meromorphic 1-forms, the order of vanishing of a meromorphic n-fold differential
f(2)(dz)™ is given by

ordp(f(2)(dz)") = ordp(f(2)).

Divisors are defined in a similar way; namely,

() =3 ordp(p) P.
P

With these definitions, we can consider spaces of meromorphic n-fold differentials whose
poles are bounded by D. So we let

L™ (D) = {; a meromorphic n-fold differential : (1) > —D},

and for n = 0 we recover the Riemann-Roch spaces encountered before, i.e., £ (D) =
L(D). Equivalently, for a local coordinate z, if (dz) = K, then

LU(D) = {f(2)(d2)" : f € L(D +nK)}.

Lemma 5. Let D be a divisor on an algebraic curve Cgy. Let f1,. .., fn, be meromorphic
functions in L(D). Then the meromorphic n-fold differential W (f1,..., fm) has poles
bounded by mD. That is,

W(f1s..s fm) € LT D/2(mD).

Proof. Fix a point P with local coordinate z. For each i, let g; = 2°"97(P) f; 50 that the
gi’s are holomorphic at P. Then the Wronskian W (g, ..., g ) is holomorphic at P as
well. Since the Wronskian is multilinear,

V[/v(zordp(D)f17 e ZordP(D)fm) — Zm-ordP(D)W(fl, cey fm)

Since this is holomorphic at P, we have ordp(W (f1,..., fm)) > —mD as desired. O

Suppose {f1,..., fr+1} and {hq,..., h.y1} are two bases for a subspace V' C L(D)
with corresponding linear system ) C |D|. Consider the Wronskian of each basis. Since
we have a change of basis, given by a matrix that transforms from the basis given by the
fi’s to the one given by h;’s, the Wronskian is scaled by the determinant of such a matrix
which is a scalar and thus doesn’t affect the zeroes or poles. Therefore, the Wronskian is
well-defined (up to a scalar multiple) by the linear system () rather than the choice of a
basis. We denote this Wronskian by W(Q) and see that

W(Q) € LU/ ((r 4 1)D)

by Lem. 5.

Proposition 2. For an algebraic curve C, of genus g with linear system Q) of dimension r,
deg (W(Q)) =r(r+1)(g—1).

Proof. The proof follows from the fact that W (Q) is a meromorphic r(r + 1) /2-fold dif-
ferential of the form f(z)(dz)"("*1)/2 for some local coordinate z. Since f(z) is mero-
morphic, the degree of (f(z)) is zero. And on a curve of genus g, the degree of (dz) is

1
2g — 2. Thus, the degree of (f(2)(dz)""+1)/2) s w@g -2)=r(r+1)g—-1. O
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We define the inflectionary weight of a point P with respect to a linear system @) to be

r4+1

wp(Q) = 3 (n; — i),

i=1

where {ni,...,n,41} is the sequence of gap numbers for @ at P written in ascending
order. It follows that P is an inflection point for () precisely when wp(Q) > 0. It turns out
that the inflectionary weight of P is exactly the order of vanishing of the Wronskian at P.

Lemma 6. If Gp(Q) = {n1,...,nrp1}and {f1,..., fr+1} is a basis for V, then
wp(Q) = ordp(W (277 (P fy L 2oV g ).
Proof. See [77, Lemma 4.14]. O

Theorem 6. For C, an algebraic curve of genus g with Q a gl on Cy, the total inflectionary
weight on Cy is

> wp(@) = (r+1)(d+rg—r).

Pec,

The canonical series is the complete linear system | K| with [K] = K¢. By Riemann-
Roch, dim |K| = g — 1 and deg K = 2g — 2. Moreover, it is the only series on a curve
of genus g that has order d = 2¢g — 1 and dimension r = g — 1. Inflection points for this
system are called Weierstrass points, and the Weierstrass weight of such a point is its
inflectionary weight with respect to K.

Corollary 6. The total Weierstrass weight on a curve of genus g is
9°—g="(9+1)glg—1).

Proof. Thm. 6 withd =2g —2andr =g — 1. ([

For any ¢ > 1, we use the linear system ¢K to define g-Weierstrass points, which have
q-Weierstrass weights. For ¢ = 1, the results are above. For ¢ = 2, d = degqK =
q(2g — 2) and r = dim [¢K| = (2¢ — 1)(g — 1).

Corollary 7. The total q-Weierstrass weight, for ¢ > 2, on a curve of genus g is
9lg = 1)*(2¢ - 1)*.
Remark 1. There are q-Weierstrass points for any curve of genus g > 1 and any q > 1.

3.2. Weierstrass points via gap numbers. Let P be a point on C, and consider the vector
spaces L(nP) forn =0,1,...,2g — 1. These vector spaces contains functions with poles
only at P up to a specific order. This leads to a chain of inclusions

L(0) S L(P) S L(2P) C--- CL((29 -1)P),
with a corresponding non-decreasing sequence of dimensions
(0) < £(P) < £(2P) < - < (29 — 1)P).
The following proposition shows that the dimension goes up by at most 1 in each step.

Proposition 3. For any n > 0, we have

l(n—1)P) <l(nP)<{(n—1)P)+1.
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Proof. Ttsuffices to show £(nP) < {((n—1)P)+1. Suppose f1, f2 € {(nP)\{((n—1)P).
Since f; and f> have the same pole order at P, using the series expansions of f; and fo
with a local coordinate, one can find a linear combination of f; and fs to eliminate their
leading terms. That is, there are constants ¢y, co € k such that c; f1 + co f> has a strictly
smaller pole order at P, so ¢1 f1 + cafs € L((n — 1)P). Then f5 is in the vector space
generated by a basis of £((n — 1)P) along with f;. Since this is true for any two functions
f1, f2, we conclude £(nP) < £((n — 1)P) 4 1, as desired.
(I
For any integer n > 0, we call n a Weierstrass gap number of P if /(nP) = ¢((n —
1)P), that is, if there is no function f € k(Cy)* such that (f). = nP.

Theorem 7. For any point P, there are exactly g gap numbers o;(P) with
l=o1(P)<e(P) < - <ay(P)<2g—1.

This theorem is a special case of the Noether “gap” theorem, which we state and prove
below. The set of gap numbers, denoted by G p, forms the Weierstrass gap sequence for
P.

Definition 4. If the gap sequence at P is anything other than {1,2,... g}, then P is
called a Weierstrass point.

Equivalently, P is a Weierstrass point if £(gP) > 1; that is, if there is a function f with
(f)oo = mP for some m with 1 < m < g. The notion of gaps can be generalized, which
we briefly describe. Let P, P, ..., be a sequence of (not necessarily distinct) points on
Cy. Let Dg = 0 and, forn > 1, let D,, = D,,_1 + P,,. One constructs a similar sequence
of vector spaces

L(Dy) € L(Dy) CL(Dy) C---C L(Dy) C---,
with a corresponding non-decreasing sequence of dimensions
U(Dg) < €(Dq1) < €(D3) <---<l(Dy) <---
If (D) = ¢(D,,_1), then n is a Noether gap number of the sequence P;, Ps, . ...

Theorem 8. For any sequence Py, Ps, ..., there are exactly g Noether gap numbers n;
with
1:n1<n2<-~~<ng§2g—1.

Proof. In analog with Prop. 3, one can show the dimension goes up by at most 1 in each
step; that is,
E(Dn—l) S E(Dn) S é(Dn—l) + 17

for all n > 0. First, note that the Riemann-Roch theorem is an equality for n > 2g — 1, so
the dimension goes up by 1 in each step, so there are no gap numbers greater than 2g — 1.

Now, consider the chain £(Dy) C --- C L£(Dy4-1). By Riemann-Roch, ¢(Dy) = 1
and é(Dgg,l) = g, so in this chain of vector spaces, the dimension must increase by 1
exactly g — 1 times in 2¢g — 1 steps. Thus, forn € {1,2,...,2g — 1}, there are g values of
n such that £(D,,) = £(D,,—1). These g values are the Noether gap numbers. O

Remark 2. The Weierstrass “gap” theorem is a special case of the Noether “gap” theo-
rem, taking P; = P for all 1.

This result is a direct application of the Riemann-Roch theorem, and the proof can be
found in [30, IIL.5.4].
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Since a Weierstrass gap sequence contains g natural numbers between 1 and 2g — 1, and
since its complement in N is a semi-group, we can begin to list the possible gap sequences
for points on curves of small genus.

e For g = 1, the only possible gap sequence is {1}. Note that this means a curve of
genus g = 1 has no Weierstrass points.

e For g = 2, the possible sequences are {1, 2} and {1, 3}.

e For g = 3, the possible sequences are {1, 2,3}, {1,2,4},{1,2,5},{1,3,5}.

3.3. Weierstrass points via holomorphic differentials. Continuing with a point P on
a curve Cg, recall that n is a gap number precisely when ¢((nP) = {((n — 1)P). By
Riemann-Roch, this occurs exactly when

(K—-—(n—-1)P)—¢K—-nP)=1

for a canonical divisor K, which is the divisor associated to some differential dx. Thus
there is f € k(C,)* such that

() +K—(n—-1)P>0
and (f) + K — nP # 0, which implies that ordp(f - dz) = n — 1. Since
() +K>n-1)P>0, forn>1,
n is a gap number of P exactly when there is a holomorphic differential f - dx such that
ordp(f -dx) =n— 1.
For H°(C,4, Q') the space of holomorphic differentials on Cy4, by Riemann-Roch, the

dimension of H%(Cy, Q') is g. Let {4;}, fori = 1,..., g, be a basis, chosen in such a way
that
OI‘dP(’l/Jl) < Ordp(’l/)Q) < e < OI‘dP(ng).

Let n; = ordp(%);) + 1. The 1-gap sequence at P is {ni,na,...,ng}.

We then have the following equivalent definition of a Weierstrass point. If the 1-gap
sequence at P is anything other than {1,2, ..., ¢}, then P is a Weierstrass point.

It follows that P is a Weierstrass point exactly when there is a holomorphic differential
f-dx withordp(f - dx) > g.
Definition 5. The Weierstrass weight of a point P is

g

w(P) = (n; ).

i=1
In particular, P is a Weierstrass point if and only if w(P) > 0.

3.4. Bounds for weights of Weierstrass points. Suppose C, is a curve of genus g > 1,

P e C,4, and consider the 1-gap sequence of P {ni,na,...,ny}. We will refer to the
non-gap sequence of P as the complement of this set within the set {1,2,...,2g}. That
is, the non-gap sequence is the sequence {1, ..., a4} where

l<og < <a, =2g.
Proposition 4. For each integer j with 0 < j < g, a; + ag—; > 2g.

Proof. Suppose there is some j with a; + a4_; < 2g. The non-gaps are contained in a
semigroup under addition, so for every k < j, since ay, +agy—; < 2g as well, oy, + g is
also a non-gap which lies between ay_; and oy = 2g. There are j such non-gaps, though
there can only be j — 1 non-gaps between o, _; and . Thus, we have a contradiction. []
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Proposition 5. For P € C,,

with equality if and only if P is a branch point on a hyperelliptic curve C,.

Proof. The Weierstrass weight of P is
9 9 29 g g 291 g—1
TEES IS SIE WIS WD SIED SRR 328
i=1 i=1 i=1 i=1 i=1 i=g+1 =1
The first sum is 3g(g — 1)/2 and the second sum, via Prop. 4 is at least (g — 1)g. Hence,
w(P) < g(g — 1)/2. To prove the second part, we note that the weight is maximized
when the sum of the non-gaps is minimized. That occurs when a; = 2, which implies
the non-gap sequence is {2, 4, ..., 2g}, and so the 1-gap sequence is {1, 3,5,...,2g — 1},
which is the 1-gap sequence of a branch point on a hyperelliptic curve. (I

Corollary 8. For a curve of genus g > 2, there are between 2g + 2 and g> — g Weierstrass
points. The lower bound of 2g + 2 occurs only in the hyperelliptic case.

Proof. The total weight of the Weierstrass points is g> — g. In Prop. 5, we see that the
maximum weight of a point is g(g — 1)/2, which occurs in the hyperelliptic case. Thus,

3 _
there must be at least 7(9 1‘(); 72 = 2g + 2 Weierstrass points. On the other hand, the
99 —
minimum weight of a point is 1, so there are at most g> — g Weierstrass points. (]

3.5. Higher-order Weierstrass points via holomorphic ¢-differentials. In the above,
we described Weierstrass points by considering the vector spaces L(K — nP) forn > 0.
Now, we let ¢ € N and proceed analogously with the vector spaces £(qK —n.P) to describe
q-Weierstrass points. If

l(gK — (n—1)P) —¢(gK —nP) =1,
then there is some ¢-fold differential da? and some f € k(Cq4)* such that f - dz? is a
holomorphic g-fold differential with ordp(f - dz?) = n — 1. Let H(C,, (2')?) denote

the space of holomorphic g-fold differentials on Cg4, and let d, denote the dimension of this
space. By the Riemann-Roch, it follows that

g ifg=1,
dg = ]
(9—1)(2¢—-1) ifg>1.
Let {¢;}, fori =1,...,d,, be abasis of H°(C,, (")), chosen in such a way that

ordp(11) < ordp (1) < --- < ordp(¥q,).

Let n; = ordp(t;) + 1. The g-gap sequence at P is {ny,ns,...,nq,}. If the g-gap
sequence is anything other than {1, 2,...,d,}, then P is a g-Weierstrass point.

Thus, P is a g-Weierstrass point exactly when there is a holomorphic g-fold differential
f-dz? such that ordp(f -dx?) > d,. When g = 1, we have a Weierstrass point. For ¢ > 1,
a ¢-Weierstrass point is also called a higher-order Weierstrass point. The ¢-Weierstrass

weight of a point P is
d‘I

w@(P) = "(n; ).
i=1
In particular, P is a g-Weierstrass point if and only if w@ (P) > 0. For each ¢ > 1, there
are a finite number of ¢-Weierstrass points, which follows from Cor. 7.
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4. AUTOMORPHISMS

Let C be an irreducible and non-singular algebraic curve defined over a field k. We
denote its function field by F' := k(C). The automorphism group of C is the group G :=
Aut(F/k) (i.e., all field automorphisms of F' fixing k). It has been the focus of research
activity for over two hundred years and focused on one the following problems.

Problem 1. For a given g > 2 and an algebraically closed field k, determine:

(1) abound for Aut(C,)
(2) the list all groups which occur as full automorphism groups of curves C, of genus
g defined over k.

(3) for every group G from the list above, write down an equation for C4 such that
G = Aut(Cy).

For further details on automorphisms we will refer to [21]. Throughout this section C),
denotes the cyclic group of order n and D,, the dihedral group of order 2n.

4.1. The action of k-automorphisms on places. G acts on the places of F'/k. Since
there is a one-to-one correspondence between places of F'/k and points of C, this action
naturally extends to the points of C. For « € G and P € C, we denote its image under
a by P%. In a natural way we extend this G-action to Divy(C). Let D € Div(C), say
D =3 np - P. Then, the image of the divisor D under the action of « is given by

o o
D*=> "n,-P".
Lemma 7. G acts on the set W of Weierstrass points.

Proof. The set W of Weierstrass points do not depend on the choice of the local coordinate
and so it is invariant under any o € Aut(Cy). O

Hence, in order to determine the automorphism group we can just study the action of
the group on the set of Weierstrass point of the curve. Then we have the following.

Proposition 6. Let « € Aut(C) be a non-identity element. Then o has at most 2g + 2
fixed places.

Proof. Let a be a non-trivial element of Aut(F/k). Since « is not the identity, there
is some place p € Pp not fixed by a. Here, P is the set of all places of F'/k. Take
g + 1 distinct places p1,...,pg+1 in Pp such that D = p; + -+ + pgyyy and D share
no place. By [57, Thm. 6.82] there is z € F' \ k such that div(z)o, = D. Then consider
w = z — a(z). Since z and a(z) have different poles then w # 0. Hence, w has exactly
2g + 2 poles. Then w has exactly 2g + 2 zeroes. But every fixed place of « is a zero of w.
Hence o has at most 2g + 2 fixed places. (]

Let W be the set of Weierstrass points. From Cor. 8 we know that WV is finite. Since for
every € Aut(C), from Lem. 7 we have a(WW) = W. Then we have the following.

Theorem 9. Let C be a genus g > 2 irreducible, non-hyperelliptic curve defined over k
such that char k = p and o € Aut(C). If p = 0 or p > 29 — 2 then « has finite order.

Hence, we have:
Lemma 8. Ifp = 0 and g > 2 then every automorphism is finite.

In the case of p = 0, Hurwitz [59] showed |a| < 10(g — 1). In 1895, Wiman improved
this bound to be || < 2(2g + 1) and showed this is best possible. If |«| is a prime then
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|a] < 2g+ 1. Homma [58] shows that this bound is achieved for a prime ¢ # p if and only
if the curve is birationally equivalent to

y" Py —-1)° =21 for 1<s<m<g+1Ll
If p > 0, we have the following; see [57, Thm. 11.34].

Theorem 10. Let C be a genus g > 2, irreducible curve defined over k, with char k = p >
0 and o € Aut(C) which fixes a place p € Pg. Then the order of « is bounded by

la] < 2p(g+1)(29 +1)°.

4.2. Finiteness of Aut(C). The main difference for g = 0,1 and g > 2 is that for g > 2
the automorphism group is a finite group. This result was proved first by Schmid (1938).

Theorem 11 ([95]). Let C be an irreducible curve of genus g > 2, defined over a field k,
char k = p > 0. Then Aut(C) is finite.

4.2.1. Characteristic p = 0. For any o € Aut(C,), we denote by |o| its order and Fix (o)
the set of fixed points of o on Cy4. Then we have:

Proposition 7. Any genus g > 2 non-hyperelliptic Riemann surface C4 has a finite auto-
morphism group Aut(Cy).

Proof. Let o € Aut(C,) with corresponding automorphism ¢* of k(C,4). The Wronskian
does not depend on choice of local coordinate and thus is invariant under o*. Therefore, if
P is a g-Weierstrass point of a certain ¢g-Weierstrass weight, then o (P) is a ¢-Weierstrass
point with the same weight. Thus, any automorphism permutes the set of Weierstrass
points.

Let Syy denote the permutation group of the set of Weierstrass points. Since there are
finitely many Weierstrass points (as in Cor. 8), Syy is a finite group. We have a homomor-
phism

¢ Aut(Cy) — Sw.
It will suffice to show that ¢ is injective. We prove this separately in the cases that C, is
hyperelliptic or nonhyperelliptic.

Suppose C, is non-hyperelliptic and suppose o € ker(¢). Then o fixes all of the Weier-
strass points. From Cor. 8, since C, is non-hyperelliptic, there are more than 2g + 2 Weier-
strass points. By Prop. 6, o fixes more than 2g + 2 Weierstrass points and so must be the
identity automorphism on C4. Thus, ¢ is an injection into a finite group, so Aut(C,) is
finite.

Suppose C, is hyperelliptic, and let w € Aut(C,) denote the hyperelliptic involution.
Suppose o € ker(¢) with o # w. o fixes the 2g + 2 branch points of C,. Consider the map

m:Cy — Cyf(w) 2P
o descends to an automorphism of P! which fixes 2g+2 > 6 points. Thus, o is the identity
on P1. Thus, o € (w), so o is the identity in Aut(C,), which means ker(¢) is finite, so
Aut(Cy) is finite.
(]
Next is the famous Hurwitz’s theorem.

Theorem 12 (Hurwitz). Any genus g > 2 Riemann surface Cq has at most 84(g — 1)
automorphisms.

The following two results consider the number of fixed points of an automorphism
o € Aut(Cy).
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Lemma 9. Let o € Aut(Cy) be a non-trivial automorphism. Then

lo|+g—1

Fi <2
[Fix(o)| <2170

IfCy/o =2 P! and |o| is prime, then this is an equality.

Corollary 9. If C, is not hyperelliptic, then for any non-trivial o € Aut(Cy) the number
of fixed points of o is | Fix(c)| < 2¢g — 1.

Curves that attain this bound are called Hurwitz curves. Klein’s quartic is the only
such Hurwitz curve of genus g < 3. Fricke showed that the next Hurwitz group occurs for
g = 7 and has order 504. Its group is SL(2, 8), and an equation for it was computed by
Macbeath [73] in 1965. Further Hurwitz curves occur for g = 14 and g = 17 (and for no
other values of g < 19).

For a fixed g > 2 denote by N(g) the maximum of the | Aut(C,)|. Accola [1] and
Maclachlan [74] independently show that N(g) > 8(g + 1) and this bound is sharp for
infinitely many ¢’s. If ¢ is divisible by 3 then N(g) > 8(g + 3).

The following terminology is standard: we say G < Aut(C,) is a large automorphism
group in genus g if |G| > 4(g — 1). In this case the quotient of C,; by G is a curve of
genus 0, and the number of points of this quotient ramified in C, is 3 or 4 (see [75] or [30],
pages 258-260).

4.2.2. Characteristic p > 0. In the case of positive characteristic the bound is higher due
to possible wild ramifications. The following was proved by Stichtenoth by extending
previous results of P. Roquette and others.

Theorem 13 ([105]). Let C be an irreducible curve of genus g > 2, defined over a field k,
char k = p > 0. Then

| Aut(C)| < 16 - g*,
unless C is the curve with equation
vy =a
in which case it has genus g = 1p™(p" — 1) and | Aut(C)| = p*>"(p*" + 1)(p*" — 1).

Hence, we have a bound for curves of genus g > 2 even in characteristic p > 0. It
turns out that all curves with large groups of automorphisms are special curves. So getting
“better" bounds for the complementary set of curves has always been interesting. There is
an extensive amount of literature on this topic due to the interest of such bounds for coding
theory.

The following theorem, which is due to Henn, provides a better bound if the following
four families of curves are left out. This result may be sharpened to show that the order of
Aut(C) is less than 3 - (2¢)>/? except when k(C) belongs to one of five types of function
fields, as Henn points out in a footnote. Note that there is a flaw in Henn’s article which was
corrected in [41]. A full detailed account of automorphisms of curves has lately appeared
in the wonderful book [57].

Theorem 14 ([50]). Let C be an irreducible curve of genus g > 2. If |G| > 8¢, then C is
isomorphic to one of the following:

i) The hyperelliptic curve y*> + y + 22 = 0, defined over a field of characteristic
p = 2. In this case the genus is g = 2°~! and |G| = 22k+1(2F +1).
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ii) The hyperelliptic curve y*> = x9 — x, defined over a field of characteristic p > 2 such
that q is a power of p. In this case g = %(q — 1) and the reduced group G is isomorphic to
PSLa(q) or PGL2(q).

iii) The Hermitian curve y1 + y = 9%, defined over a field of characteristic p > 2
such that q is a power of p. In this case g = %(q2 — q) and G is isomorphic to PSU (3, q)
or PGU (3, q).

iv) The curve y? +y = 2% (29 + x), forp = 2, qo = 2", and q = 2q3. In this case,
g=qo(q—1)and G = Sz(q).

Determining the equation of the curve with given automorphism group is generally a
difficult problem which we will discuss in more details in the coming sections. Before
we go into detail about special families of curves we want to leave the reader with the
following problem.

Problem 2. Given an irreducible algebraic curve C with affine equation F(x,y) = 0,
defined over a field k, find an algorithm which determines the automorphism group of C
over k.

4.3. Hyperelliptic curves. Let k be an algebraically closed field of characteristic zero and
C, be a genus g hyperelliptic curve given by the equation y*> = f(x). Denote the function
field of C, by

K = k(Cy) = k(a,y)/(y* — f(2)).
Then, k(x) is the unique degree 2 genus zero subfield of K. K is a quadratic extension

field of k(x) ramified exactly at d = 2¢g + 2 places «, . . ., g of k(x). The corresponding
places of K are the Weierstrass points of K. Let

B:={ay,...,aq}

and G := Aut(K/k). Since k(z) is the only genus 0 subfield of degree 2 of K, then G
fixes k(z). Thus, Go := Gal(K/k(x)) = (), with 72 = 1, is central in G. We call the
reduced automorphism group of K the group G := G/G.

The reduced automorphism group G is isomorphic to one of the following:

Chn, Dy, Ay, S4, As
and branching indices of the corresponding cover P} — P! /G given by
(n,n), (2,2,n), (2,3,3), (2,4,4),(2,3,5),
respectively. We fix a coordinate z in P* /G. Thus, G is the monodromy group of a cover
¢:PL — PL

Denote by q1, ..., g, the corresponding branch points of ¢. Let S be the set of branch
points of a : C; — PL. Clearly ¢1,...,q, € S. Let W denote the images in P! of
Weierstrass points of C, and

V= U o~ (qi).

For each ¢y, ..., q. we have a corresponding permutation o1, ...,0, € S,. The tuple
o := (01,...,0,) is the signature of G. Thus, G = (0y,...,0.), and oy---0, = 1.
Since each of the above groups is embedded in PGL2 (k) then we can have these generating
systems o1, . .., o, as matrices in PGLy (k). Below we display all the cases:
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iR )
P )

where w = %‘/5, C, is a primitive n*” root of unity, ¢ is a primitive
and i is a primitive 4" root of unity.

The group G given above acts on k(z) via the natural way. The fixed field is a genus 0
field, say k(z). Thus, z is a degree |G| rational function in x, say z = ¢(z).

<
|

o mas(L)
s
<

5" root of unity,

Lemma 10. Let H be a finite subgroup of PGLy(k). Let us identify each element of H
with the corresponding Moebius transformation and let s; be the i-th elementary symmetric
polynomial in the elements of H, i = 1, ..., |H|. Then any non-constant s; generates k(z).

Proof. It is easy to check that the s; are the coefficients of the minimum polynomial of x
over k(z). It is well-known that any non-constant coefficient of this polynomial generates
the field. (]

The fixed field for each of the groups G in cases i) - v) is generated by the function

i) z=2za"

. n, 1
i) z=a"+ —

mn
jid) 212 — 3328 — 332% + 1
i) 2=
@) x?(xt —1)2
_ (2% + 142t + 1)3
) z= 1
108 (z(z* — 1))
) (—22 + 22821% — 494210 — 22825 — 1)°
v) 2=

1728 (210 + 1125 — 1))°

ﬁ E;; are exactly the zeroes

Notice that the branch points of a rational function ¢(x)

of the discriminant of the polynomial r(z) := f(z) — ¢ - g(x) with respect to z. Then the
branch points of each of the above functions are
i) {0,00},
i) {—2,2,00},
iii) {00, —6iv/3,6iv/3},
iv) {0,100},
v) {0,1728, c0}.
The group G is a degree 2 central extension of G. The following is proved in [46].

Lemma 11. Letp > 2, a € G and & its image in G with order | & | = p. Then,
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i) | | = pif and only if it fixes no Weierstrass points.

ii) || = 2p if and only if it fixes some Weierstrass point.

Let W denote the images in P}, of Weierstrass places of Cy and V := U?_, ¢ *(g;). Let
z= %, where U, Y € k[x]. For each branch point ¢;, i = 1,2, 3 we have the degree |G|
equation z - Y(z) — ¢; - T(z) = ¥(z), where the multiplicity of the roots correspond to
the ramification index for each g¢; (i.e., the index of the normalizer in G of ¢;). We denote
the ramification of ¢ : PL — PL, by " , x5, %, where the subscript denotes the degree of
the polynomial.

Let A € S\ {¢1, g2, g3} The points in the fiber of a non-branch point X are the roots of
the equation: ¥(x) — A-Y(x) = 0. To determine the equation of the curve we simply need
to determine the Weierstrass points of the curve. For each fixed ¢ there are the following
eight cases:

1) Vvnw =40,
2) VAW =¢"aq),
3) VoW =6 g),

5) 4 VW =¢"g),
5 VAW =¢ Ha)Uo (g),
6) VNW=0¢""(g2) U '(g3),
) VAW =6 q)Uo (g3),

8) VAW =¢ " q)U¢  (a2) Ud™"(g3)-
It turns out that the above cases also determine the full automorphism groups. We define
the following groups as follows:

Vo =(a,y|a*y", (xy)?, (a7 y)?), Hy=(x,y |2 y%® (ay)"),
n+1>

O G (e | 2y ), Un = (2y] 2%y, zyey
These groups are also called twisted dihedral, double dihedral, generalized quaternion,
and semidihedral. We warn the reader that these terms are not standard in the literature.
They are all four degree 2 central extensions of the dihedral group D,, and therefore have
order 4n. Notice that V5 is isomorphic with the dihedral group of order 8 and Hy = Uy =
Cs ® (. Furthermore, we have the following result, the proof is elementary, and we skip
the details.

Remark 3. i) If n = 1 mod 2 then Hy, = Gy,
i) If n = 2°%! then G,, = Qq.+1 for any s € Z.

The following groups
W i=(a,y |zt y° g2’y a?, (zy)h), Ws = (z,y|a” ¢, 2% (xy)*, (2y)®)
are degree 2 central extensions of S;. We have the following result:

Theorem 15. The full automorphism group of a hyperelliptic curve is isomorphic to one
of the following Cy x C,,, Cy,, Co X Dy, Vi, Dy, Hy,, Gy, Uy, Co X Ay, SLa(3), Co® Sy,
GL2(3), WQ, W3 CQ X A5, SL2(5)

In Section 7 we will show how to determine a parametric equation of the curve for
each case. Can this be done for non-hyperelliptic curves? A natural generalization of
hyperelliptic curves are the superelliptic curves which we will discuss next.
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Part 2. Superelliptic curves
5. SUPERELLIPTIC CURVES

To generalize the theory of hyperelliptic case, we consider curves which have an auto-
morphism similar to the hyperelliptic involution.

5.1. Superelliptic Riemann surfaces. A curve C is called cyclic n-gonal, where n > 2
is an integer, if there exists 7 € Aut(C) of order n so that the quotient O = C/(7) has
genus zero; 7 is called a n-gonal automorphism and H = (1) = C,, a n-gonal group of
C. Let us consider, in this case, a regular branched covering 7 : C — P!(k) whose deck
covering group is H. If H is a normal subgroup of Aut(C), then the computation of the
group G = Aut(C) can be done by studying the short sequence

1-H—=G—G,

where G := G/ H is called the reduced automorphism group of C.

The case n = p a prime integer has been the most studied one. For instance, in
[42] it was observed that any two p-gonal groups of C are conjugated in Aut(C) and,
by Castelnuovo-Severi’s inequality [2,23], for g > (p — 1) the p-gonal group is unique.
This uniqueness property also holds for any integer n if C/H is fully ramified, see [64].
The uniqueness also holds if 2 < g < (p — 1)(p — 5)/10 (for instance, for p > 11 and
g=(p—1)/2)[51]

Let us assume that 7 : C — P! is tame and the finite branch values of 7 : C — P!
are given by the collection of pairwise different points a1, ..., a, € P! Then the cyclic
n-gonal curve C can be represented by an affine irreducible algebraic curve, which might
have singularities, of the following form (called a cyclic n-gonal curve)

() y" = [[@—a",

j=1
where (i) l1,...,l. € {1,...,n — 1}, (ii) ged(n,l1,...,l.) = 1; in this model, 7 and 7
are given by 7(z,y) = (z,wny), where w,, = >/ and 7(x,y) = z. The point oo is
a branch value of 7 if and only if [; + - - - + [,- is not congruent to zero module n. Let us
denote by N the normalizer of H in Aut(C).

A particular class of cyclic n-gonal curves, called superelliptic curves of level n, has
been introduced in [13]. These correspond, in the above algebraic description Eq. (7), to
the case when all the exponents [; are equal to 1. In this case, 7 happens to be central in
N. In the generic situation, it happens that N = Aut(C), that is, 7 is central in Aut(C);
7 is called a superelliptic automorphism of level n and H = (1) a superelliptic group of
level n. In this case, all cone points of C/H have order n and a classification of those was
provided in [92].

For the general cyclic n-gonal curve Eq. (7) it happens that, for the generic case, T is
central in V. In this situation we call 7 a generalized superelliptic automorphism of level
n, H a generalized superelliptic group of level n, C a generalized superelliptic surface
of level n and the corresponding cyclic n-gonal curve Eq. (7) a generalized superelliptic
curve of level n; see [54] for details.

Motivated by the above discussion we have the following definition.

Definition 2. A a genus g > 2 smooth, irreducible, algebraic curve C defined over an al-
gebraically closed field & is called a superelliptic curve of level n if there exist an element
7 € Aut(C) of order n such that 7 is central and the quotient C/(7) has genus zero.
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Next we will see that with the above definition, superelliptic curves mimic exactly the
theory of hyperelliptic curves.

Let C be a genus g > 2 defined over k such that there exists an order n > 1 automor-
phism o € Aut(C) with the following properties: i) H := (o) is normal in Aut(C), and
ii) C/(o) has genus zero. Such curves are called superelliptic curves and their Jacobians,
superelliptic Jacobians. They have affine equation

d
(8) C: y"=f(z)= H(x — ;)

We denote by o the superelliptic automorphism of C. So ¢ : C — C such that

oz, y) = (,&ny),

where &, is a primitive n-th root of unity. Notice that ¢ fixes 0 and the point at infinity in
IP)I
Y-
The natural projection
m:C—PL=C/o)

is called the superelliptic projection. It has deg 7 = n and 7(z,y) = x. This cover is
branched at exactly at the roots a1, . .., aq of f(z).

If the discriminant A(f, z) # 0 and d > n then from the Riemann-Hurwitz formula we
have

1
9=35 (n(d—l) —d—gcd(n,d)) +1

There is a lot of confusion in the literature over the term superelliptic or cyclic curves. To
us a superelliptic curve it is a curve which satisfies Eq. (8) with discriminant A(f, z) # 0.

If ged(n, d) = 1 then deg f is either % +2or % + 1, depending on whether or not
the place at infinity is a branch point of the superelliptic projection map.

5.2. Automorphism groups. Let k be an algebraically closed field of characteristic p > 0
and C, be a genus g cyclic curve given by the equation y” = f(x) for some f € k[z]. Let
K := k(x,y) be the function field of C,. Then k(z) is degree n genus zero subfield of K.
Let G = Aut(K/k). Since
Cp, = Gal(K/k(x)) = (1),
with 77 = 1 such that () <t G, then group G := G/C,, and G < PGLy(k). Hence G is
isomorphic to one of the following:
Cm> Dma A47 547 A57

semidirect product of elementary Abelian group with cyclic group, PSLa(q) and PGL4/(q),
see [108].

K = k(z,y) c,
Ch %\L Ch

| k(z,y") @ P
rel ¢l G

k(2) P
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The group G acts on k(x) via the natural way. The fixed field is a genus 0 field, say
k(z). Thus z is a degree |G/ rational function in z, say z = ¢(z). We illustrate with the
above diagram.

Let ¢ : C; — P! be the cover which corresponds to the degree n extension K /k(x).
Then @ := ¢ o ¢ has monodromy group G := Aut(C,). From the basic covering the-
ory, the group GG is embedded in the group S; where [ = deg P. There is an r-tuple
¢ := (o01,...,0.), where o; € S; such that o4,...,0, generate G and 07 ...0, = 1.
The signature of P is an r-tuple of conjugacy classes C := (C4,...,C,) in S; such that
C; is the conjugacy class of o;. We use the notation n to denote the conjugacy class of
permutations which is cycle of length n. Using the signature of ¢ : P — P! one finds out
the signature of ® : C; — P! for any given g and G. Let E be the fixed field of G, the
Hurwitz genus formula states that

9 2(gx — 1) = 2(9p — 1)|G| + deg (D)

with gx and g the genera of K and E respectively and D g /g the different of K/FE.
Let Py, Ps,. .., P, be ramified primes of E. If we set d; = deg (P;) and let e; be the
ramification index of the P; and let 3; be the exponent of P; in D x /- Hence, Eq. (9)
may be written as

(10) 2(gx — 1) :2(9E_1)‘G|+|G|Z%di
i=1

If P; is tamely ramified then 8; = e¢; — 1 or if P;is wildly ramified then 5; = e} ¢q; +q; — 2
with e; = e]¢;, e} relatively prime to p, g; a power of p and e}|¢; — 1. For fixed G, C
the family of covers P : C; — P! is a Hurwitz space H(G, C). H(G, C) is an irreducible
algebraic variety of dimension §(G, C). Using equation Eq. (10) and signature C one can
find out the dimension for each G.

We denote by K, the following semidirect product of elementary Abelian group with
cyclic group K,,, := ({o,,tla € Uy, }), where t(z) = €22, o,(z) = x + a, for each
a € U,

pr—=1_
— 1

Up ={ackl@ J] (@™ b)) =0}

J=0

b; € Fy, m|p' —1 and  is a primitive 2m-th root of unity. U, is a subgroup of the additive
group of k.

Lemma 12. Let k be an algebraically closed field of characteristic p, G be a finite sub-
group of PGLsy(k) acting on the field k(x). Then, G is isomorphic to one of the following
groups

Cnu Dy, A47 547 A5a U= 0;57 K, PSL2(Q)7 PGLQ(q)v

where ¢ = p’ and (m,p) = 1. Moreover, the fixed subfield k(z)¢ = k(z) is given
by Table 1, where o = w, 8= %1, and Hy is a subgroup of the additive group of k
with |H;| = p' and b; € k*.

By considering the lifting of ramified points in each G, we divide each G into sub
cases and determine the signature of each sub case by looking the behavior of lifting and
ramification of G. Using that signature and Eq. (10) we calculate the moduli dimension &
(cf. Section 5) for each case.
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Case G z Rami fication
1 Cm, (m,p) =1 ™ (m,m)
2 Dap, (mp)=1 o™+ o (2,2,m)

12_33,8 g3.4
3 A47p;é273 % (27373)
1,8 :L'4 3
4 Si,p#23 e (2,3,4)
(—2204228¢1% —494410 —2282°—1)3
5 A57 p# 2,3,5 (z(x10+41125—1))5 (25375)
_ (210 -1)°
As,p=3 @025 1)) (6,5)
6 U [[@+a (")
a€EHy
Pi;l -1
7 Ko @ [[ @ =)™ (mp*, m)
j=0
sa a1 L
8  PSLa(g), p#2 (oo (. B)
(wi-2) 2
9 PGLy(q) (?=x)7 y1yatt (20, 2B)

(z9—x)a(a—1)

TABLE 1. Rational functions correspond to each reduced automorphism group

Theorem 16 ([93]). Let C be a genus g > 2 superelliptic curve. The signature of & : C —
CAC) and the moduli dimension § are given in Table 2, where m = | PSLy(q)| for cases
38-41 and m = | PGLa(q)| for cases 42-45.

# ¢ (G, 0) C=(Cr...,Cy)
1 | (pm)=1 %71 (m,m,n,...,n)
2 Cm %71 (m,mn,n,...,n)
3 %71 (mn,mn,n,...,n)
4 | (pym)=1 ri-é—::ll) (2,2,m,n,...,n)
5 W (2n,2,m,n,...,n)
6 Dam, % (2,2,mn,n,...,n)
7 % (2n,2n,m,n,...,n)
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# G (G, C) C=(C1,...,Cp)
8 23;:7% (2n,2,mn,n,...,n)
9 %7:7?)71 (2n,2n,mn,n,...,n)
10 s (2,3,3,n,...,n)
1 Ay Z(}”fll) (2,3n,3,n,...,n)
12 gﬁ?sf{)?) (2,3n,3n,n,...,n)
13 gﬁ?if{f (2n,3,3,mn,...,n)
14 gﬁ?ﬁf{;l (2n,3n,3,n,...,n)
15 g@?ﬁf{)e (2n,3n,3n,n,...,n)
16 1%?2:11) (2,3,4,n,...,n)
17 Ty (2,3n, 4,7, ...,n)
18 s (2,3,4n,7, ... ,n)
19 s (2,3n,4n,n, ..., n)
20 Sa Ty (2n,3,4,7, ...,n)
21 !{;(injlg)) (2n,3n,4,n,...,n)
22 s (2n,3,4n,7, ..., n)
23 % (2n,3n,4n,n,...,n)
2 iy (2,3,5,n,...,n)
25 LS (2,3,5n,n,...,n)
26 % (2,3n,5n,n,...,n)
2z s (2,3n,5,n,...,n)
2 45 % (2n,3,5,n,...,n)
2 o (2n,3,5n,n, . ..,n)
30 i (2n,3n,5,n,...,n)
31 L3t (2n, 3n, 50,7, . .., n)
82 %_2 (p',m,...,m)

33 U %—2 (npt,m,...,n)
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# G 5(G,C) C=(Cy,...,Ch)
34 %—1 (mpt,m,n,...,n)
35 —29+2T;L;€;:T§Jt_2 -1 (mpt,nm,n,...,n)
36 K, %—1 (nmpt,m,n,...,n)
37 ﬁ—l (nmpt,nm,n,...,n)
38 %—1 (a,8,m,...,m)
39 | PSLa(q) 2g+(I(q71)T;&(ET)1>(q72)72 -1 (a,nB,m,...,n)
40 —29”%‘;;?1;‘1"12 -1 (na, Bymy...,n)
41 %—1 (na,nB,n,...,n)
42 %71 (20,28, 7,...,n)

43 | PGLa(q) 29+Q(q_1)_n(q+>1)(q_2)_2 -1 (2a,2n8,n,...,n)

m(n—1
2
44 Wfl (2na, 28,1, ..., n)
45 % -1 (2na, 2nB,n,...,n)

Table 2: The signature C and dimension ¢ for char > 5

Next we can complete the classification of automorphism groups of superelliptic curves

defined over any algebraically closed field of characteristic char k > 2.

Theorem 17 ([92]). Let C, be an irreducible cyclic curve of genus g > 2, defined over an
algebraically closed field k, char (k) = p # 2, G = Aut(C,), G its reduced automorphism

group.
(1) If G = C,, then G = Cypp, oF
(ryo|rm =1,0m =1,0r07t =7l)
where (Ln)=1 and "™ =1 (mod n).
(2) If G =2 Dy, then G = Dy, x C), or

Gs =(r,o,t|r" =1,0> =r,t* =1,(ct)™ = 1l,0r0 ' = r trt~ ' =¢"71)

GG :D2mn

Gr = <7”, O',t| r’" = 1,02 =, — Tnil, (O't)m = ]_70'7'0'71 =, trt~1 = 7”>
Gs = (r,0,t[r" = 1702 = 7",752 =1,(ot)" = 7'%707“0'_1 = T,t?‘t_l = ?”n_1>

Gy =(rot|r" =102 =r,t2 =" L (ot)™ =12, oro L =rtrt™ L =7)

(3) IfG= Ayand p # 3 then G = Ay x C,, or

Glo=(rotlrm=1,0>=1,1=1,(ct)> = 1L,or0 = r,trt "t =)

Gy =(rotlr" =102 =12 =75 (0t)> =r% oro t =r trt 1 =7!)

where (I,n) = 1 and I3 = 1 (mod n) or
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(ryotlr" =1,02 =73, 13 =713 (ot)® =73, orc™ =rtrt =1 =7)
or
Gio=(r,ot|r" =102 =112 =1,(0t)® = 1,010t = r,trt—* = ¥)
Giz=(r,ot|r" =102 =723 =1,(ct)> =1,0r0 ! =r trt 1 = %)
where (k,n) = 1 and k3 =1 (mod n).
(4) If G =2 Syandp # 3 then G = Sy x Cy, or
Gig=(rotlrm=10>=1,1=1,(ct)* =1L,0r0  =rl trt7 1 =7)
Gis=(rotlrm=1,02=1,2=1,(ct)  =r?,orc L =rltrt™ =7)
=(rotlrm=102=r%t3=1(ot)* =1,0rc L =rltrt™t =)
Goy =(r,o,t|r" =102 =723 =1,(ct)* =r%  oro L =rl trt=  =7)
where (I,n) = 1 and 12 =1 (mod n).
(5) If G = A5 and p # 5 then G = A5 x Cy, or
(ryotlr" =1,02 =73, 13 =713 (ot)® =73, 0rc™ =rtrt =1 =7)
(6) If G =2 U then G = U x C, or
1

<T01,02,...,0¢r" =0

:0‘5:-~-:0’t :1’
005 = UjUi,UiTU;1 :Tl,l <iji<t>
where (I,n) = 1land 1P = 1 (mod n).
(7) If G =2 K, then G =

<101, o0 =0 = =0V =0 =1,0,0; = 0j0;,
vroTl = r,oirai_l = ’I“l,O'iUO'i_l = vk,l <iji<t>
where (I,n) = 1 and IP = 1 (mod n), (k,m) = 1 and kP = 1 (mod m) or
(r,o1,...;or"" =0l =--- =0} =1,0i0; = ojo,omo; b =1l 1<i,j < t)

where (I,nm) = 1 and IP = 1 (mod nm).
(8) If G = PSLay(q) then G = PSLy(q) x C,, or SLa(3).
(9) If G =2 PGLa(q) then G = PGLy(q) % C,.

Applying the above theorem we can obtain the automorphism groups of a genus 3 su-
perelliptic curves defined over algebraically closed field of characteristic p # 2. Below we
list the GAP group ID’s of those groups.

Lemma 13. Let C, be a genus 3 superelliptic curve defined over a field of characteristic
p # 2. Then the automorphism groups of C, are as follows.
i:p=3:(21), 4,2), (3,1), (4,1), (8,2), (8,3), (7,1), (14,2), (6,2), (8,1),
(8,5), (16, 11), (16, 10), (32,9), (30,2), (16,7), (16,8), (6,2).
ii): p = 5: (2,1), (4,2), (3,1), (4,1), (8,2), (8,3), (7,1), (21,1), (14,2), (6,2),

(12,2), (9,1), (8,1), (8,5), (16,11), (16,10), (32,9), (42,3), (12,4), (16,7),
(24.5), (18,3), (16,8), (48, 33), (48, 48).

ii): p=7:(2,1), (4,2). (3,1), (4,1), (8,2), (8,3). (7,1), (21, 1), (6,2), (12,2),
(9,1), (8,1, (8,5), (16,11), (16,10), (32,9), (30,2), (42,3), (12,4), (16,7),
(24,5), (18.3), (1 6, 8), (48,33), (48, 48).

iv): p=0orp>T7:(21) (4,2), (3, )%kD( 2), (14,2), (6,2), (9,1), (8,5),
(16, 11), (32,9), (12,4), (16,13), (24.5), (48,33), (48,48), (96, 64).
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Recall that the list for p = 0 is the same as for p > 7. While the above result seems
rather technical it can be used very effectively to write down the complete list of automor-
phism groups for all superelliptic curves for any given g > 2. Such lists were compiled for
all2 < g <10in [78].

5.3. Weierstrass points of superelliptic curves. Most of this section is summarizing the
results in [104] and [102]. Let C, be a smooth superelliptic curve given by an affine equa-
tion y" = f(x) with n > 2 and f(x) € k[z]. Since we are assuming that C, is smooth,
then f(x) is a separable polynomial of degree deg f = d > n. Hence, Ay # 0. Consider
the following.

Problem 3. Determine all the q-Weierstrass points superelliptic curves y" = f(z).

Let {aq, aa, . .., aq} denote the d distinct roots of f(x), and for each ¢ let b; = («;, 0)
be an affine branch point of the cover ¢ : C; — P!(k). For any ¢ € P'(k) let Pf, ..., P¢
denote the n points in the fiber ¢(c). Let r = ged(n, d). All points on this model of the
curve are smooth except possibly the point at infinity, which is singular when d > n + 1.
In a smooth model for the curve, the point at infinity splits into  points which we denote
Ppre, ..., P>. One then has the following divisors:

(x—c):ZPjC—;ZP,?LO,
j=1 m=1

(zls—ozi)znbi—ﬁ ZP&O,
r
m=1

d d r
s W=D b7 B
Jj=1 dm:l .
o (do)=(n-1)3 b, - (§+1) 3P
j=1 m=1

Since (dx) is a canonical divisor and hence has degree 2¢g — 2, we find the genus g of C,, is
given by

29 —2=nd—n—d—ged(n,d).
(n—1)(d-1)
-
Lemma 14. For a curve C4 given by an affine equation y™ = f(x), with f(x) separable
of degree d and g > 1, we have g > n with equality only when (n,d) = (2,5),(2,6), or
(3,4).

Proof. One can check that if (n,d) = (2,5),(2,6), or (3,4), then g = n. If n = 2 and
d > 7, then

In particular, if n and d are relatively prime, then we obtain g =

_d—gcd(d,?2)

>3>n.
5 > n

If n =3 and d > 5, then

2d — 1 — ged(d
g= gC(’3)24>n.

If n > 4, then d > 5, and so
2g=(n—-1)(d—-1) —ged(n,d)+1> (n—1)(d—2) > 3(n—1).
Thus, g > %(n — 1), which is larger than n for n > 3. O
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To construct a basis of H%(Cy, (21)7), we first note that
dx ) 29 — 2 —
= P
n—1 Z m
(y LA ——
Fix o; and ¢ > 1; for any a, b € Z and we also let

dz \?
ha,b,‘](xvy) = (.’E - ai)ayb <yn_1> .

Then, the divisor of h, p 4 is given by

d r

(29 —2)g —an — bd o

(heng(z, ) = ambi 3 b, + ; 2 b
Jj= m=

In particular, this divisor is effective precisely when a > 0, b > 0, and an+bd < (2g—2)q.
Since y™ = f(z), the functions h, p 4(x, y) are linearly independent if we assume a > 0
and 0 < b < n.

Define the set

Spdg=1{(a,b) €Z*:a>0,0<b<n,0<an+bd< (29— 2)q}.

A simple counting argument gives the following:
Lemma 15. The set S, 4 4 contains exactly d, distinct elements.

From this set S}, 4,4, We obtain a basis

By = {habe(z,y): (a,b) € Spaq}

Since we already have dim(H%(Cy, (2')?)) = d,, we obtain the following:
Theorem 18. For any root c; and any q > 1, the set B, forms a basis of H°(C,, (Q21)9).

The above result was proved in [101, Prop. 13]. Next we have the following result:
Proposition 8. Any affine branch point b; is a q-Weierstrass point for all ¢ > 1.

Proof. One can calculate the g-Weierstrass weight of any branch point b; = («;,0) by
calculating the order of vanishing of the basis elements at b;. In particular, one checks that

ordy; (hapq(z,y)) = an+b.

Since 0 < b < n, these valuations are all distinct non-negative numbers. Thus, we obtain
for the g-Weierstrass weight of the point b; = («;, 0) the following

dq
w'? (b;) = Z (an+b+1)— Zm.

(a,b)ESn. d,q

Thus, this formula shows that w(? (b;) > 0 for any ¢. O
Determining Weierstrass points gives a Weierstrass equation for hyperelliptic curves.
The above results seem to suggest that the same can be done for superelliptic curves.
Next, we leave the reader with a problem of using the information on Weierstrass points
to determine if the curve is superelliptic. As far as we are aware, this is still an open
problem.

Problem 4. Given an irreducible algebraic curve C with affine equation F'(z,y) = 0, find
an algorithm which determines whether C is superelliptic.

A further discussion of this problem is intended in [96]. Moreover, using the approach
in [98] and [94] this would determine the full automorphism group of superelliptic curves.
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6. MODULI SPACE OF CURVES AND SUPERELLIPTIC LOCI

6.1. Moduli space of curves. Let M, be the moduli space of smooth, projective curves
of genus g, and My, , the moduli space of genus-go curves with 7 distinct marked points,
where we view the marked points as unordered. The term space here refers to a Deligne-
Mumford stack (in algebraic geometry) or orbifold (in an analytic setting). We will focus
on the latter notion to describe the moduli space.

To explain this in more detail, we will first define Mg, , as a set and then endow this
set with the structure of a smooth, complex, n = 3gy — 3 + r-dimensional orbifold that is
locally an open ball in C" divided by a finite group action. As a set, we define M, , to
be the set of isomorphism classes of smooth, projective curves of genus gy with r marked
points.

Here, we must insist that 2 — 2gp — r < 0, since only the group of marked-points-
preserving automorphisms for a smooth algebraic curve satisfying 2 — 2gp — r < 0 is
finite. On the other hand, every algebraic curve with 2 — 2gg — r > 0 has an infinite
group of marked-points-preserving automorphisms, which makes it impossible to define
the moduli spaces Mg o, Mo 1, Mo 2, and M o as orbifolds. The difficulty with viewing
moduli spaces M, , only as sets is easily observed in the following example: as we have
seen, a genus-two curve is uniquely defining by six distinct unordered points on a rational
curve, i.e., its Weierstrass points. Thus, we have — on the level of sets — M3 g = My /S6
where Sg is the symmetric group in six elements. However, any meaningful notion of
moduli space should distinguish M3 o and M /S since every genus-two curve carries
an additional automorphism, i.e., the hyperelliptic involution, that the genus-zero curve
with six marked points does not have.

The set M, . with 2 — 2gg — r < 0 can be endowed with the structure of a smooth
complex 3gy — 3 + r-dimensional orbifold, that is, M . can be covered by a family
of compatible charts such that the stabilizer of any point in My, , is the automorphism
group of the corresponding algebraic curves of genus gy with » marked points. In the
aforementioned example, the moduli spaces M and M /S, though equal as sets,
then have different orbifold structures, and as orbifolds are isomorphic only up to a Z/27
action. This is based on the following theorem:

Theorem 19. Given any smooth projective genus-gy curve C with v marked points, and
finite automorphism group G, there exists an open, bounded, simply connected domain
U C C39073%" g family p : C' — U of smooth projective genus-go curves with r marked
points, and an action of the group G on C' commuting with p, satisfying the following
conditions: (1) the central fiber C, over 0 € U is isomorphic to C , i.e., C), = C, (2) the
action of G preserves Cj) and coincides with the natural action of G on C, and (3) any other
Sfamily of smooth projective genus-go curves with r marked points and central fiber C is the
pull-back of the family p : C; — U (after suitable restriction).

In other words, My, . is a smooth, complex 3gg — 3 + r-dimensional orbifold and is
covered by charts of the form U/G such that the stabilizer of [C] € M, , is isomorphic to
the symmetry group of the surface C’. Moreover, the theorem also yields the construction
a second smooth orbifold N, g0, that is covered by (suitable subdivisions of) the open sets
{C’}, and an induced orbifold morphism p : Ny, , — My, , between them, called the
universal curve over Mg .. The fibers of the universal curve are smooth, projective
genus-gg curves with  marked points, such that each curve appears exactly once among
the fibers.
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The moduli space M, . is, in general, not compact. We now compactify it by adding
new points that correspond to so-called stable curves. A curve singularity (C, p) is called
a node if locally the singularity P € C is isomorphic to the plane curve singularity zy = 0.
Thus, we think of the neighborhood of a node as isomorphic to two discs with identified
centers. A curve C is called nodal if the only singularities of C are nodes. There are two
different ways of desingularizing curves. In our situation, a node can be resolved by re-
placing the two discs with identified centers that form its neighborhood by a cylinder. On
the other hand, we say that a node is normalized if the two discs with identified centers
are unglued, i.e., replaced by disjoint discs. The concept of normalization is based on the
algebraic construction of the normalization of the coordinate ring of C. However, given any
affine variety X, one can always construct the normalization X* along with a normaliza-
tion morphism v : X” — X explicitly. To do so, one constructs the normalization for each
affine open chart of X, and shows that they glue together. In fact, in the case of a curve,
the integral closure of the coordinate ring inside the function field can entirely be studied
locally, since the integral closure of the coordinate ring of an algebraic curve is broken
only at singular points, i.e., in our situation the nodes. In this way, the normalization of a
nodal curve is the curve obtained by normalizing all its nodes P; € C. It is smooth, but
not necessarily connected. The arithmetic genus of a nodal curve is the genus of the curve
obtained by resolving all its nodes. We make the following:

Definition 3. A stable curve C with r marked points is a connected, complete, projective
curve of arithmetic genus gg satisfying the following conditions: (1) the only singulari-
ties of C are nodes, i.e., the curve is nodal, (2) the marked points are distinct and do not
coincide with any nodes, (3) the curve C has a finite number of marked-points-preserving
automorphisms.

To be able to check the conditions of this definition, in particular reformulate condition
(3) in a way that is checked easily, one uses the dualizing sheaf of C. If C is a nodal
connected curve of arithmetic genus go, the dualizing sheaf we! is an invertible sheaf of
degree 2go — 2 and h°(C,we) = go. It can be described explicitly: let C be a connected
curve of arithmetic genus gy with just one node at P € C and v : C¥ — C the normalization
with {r, s} = v~1(P). Then, wc is the sheaf that associates to any open subset V' C
C the rational differentials 7 on »~1(V') having at worst simple poles at r, s such that
Res,(n) + Ress(n) = 0. For a connected, complete, nodal curve (with nodes {P;}) of
arithmetic genus go > 2 the following three conditions are equivalent:

(1) we(> P;)is ample,

(2) If C7 is a genus-zero component of the normalization of C, then C has at least
three points mapped by v to nodes or marked points of C.

(3) The group of marked points preserving automorphisms of C is finite.

An immediate consequence is the following: if C}" are the connected, genus-g; components
of the normalization of C, and n; the number of marked points plus the number of preim-
ages of nodes on the component C/, then Condition (3) in the above definition is satisfied
if and only if 2 — 2¢g; — n; < 0 for all 4.

The following theorem is essential:

Theorem 20. There exist compact, smooth, complex orbifolds M, ,. of dimension 3go —
3+rand Ngo,r of dimension 3gy — 2 + r, and an orbifold morphism p : Ngo,r — ﬂgw

IFor a normal projective variety C, the dualizing sheaf exists and it is in fact the canonical sheaf, i.e., we =
Oc¢(K¢) where K¢ is a canonical divisor.
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such that (1) Mg, C My, , and Ny, . C N, , are open dense sub-orbifolds, (2) p
restricts to p on Mgy, r, D (Mg, ) = N go.r, and the fibers of p are stable curves of
arithmetic genus go with v marked points, (3) each stable curve is isomorphic to exactly
one fiber of p, and (4) the stabilizer of a point [C] € ﬂgw is the automorphism group of

the corresponding stable curve C.
We make the following:

Definition 4. The space My, , is called the Deligne-Mumford compactification of the
moduli space M, . The family p : Ny, . — My, . is called the universal curve over

My, r.

Notice that My, , is a smooth and compact orbifold. The set M, -\ M,, , is called
the boundary of M, , and parametrizes singular stable curves. The boundary is a sub-
orbifold of codimension 1, whence given by a divisor. A generic point of the boundary
is a stable curve with one node. If a point of the boundary corresponds to a stable curve
C with k nodes, that means that there are k local components of the boundary that inter-
sect transversally, and this is the only way local components can intersect. Therefore, the
boundary is a so-called normal crossing divisor.

6.2. Curves with automorphisms in the moduli space. Fix the genus g > 2. Consider
the following problem.

Problem 5. Could one list all groups which occur as a full automorphism group of a genus
g smooth, irreducible algebraic curve C defined over a field k of characteristic char (k) =
p=>02

In the previous section we were able to do this for all superelliptic curves for all genera
and char k # 2. The case of char £ = 2 is more technical and we avoid it here. However,
there are plenty of curves which are not superelliptic. The generic curve of genus three,
for example, has equation isomorphic to a ternary quartic and is not a superelliptic curve.
The classification of automorphism groups is still an open problem for char k = p > 0,
but it can be done in char k£ = 0 due to results of the last two decades by Breuer, Magaard,
Shaska, Shpectorov, Volklein. We summarize these results briefly below.

Recall that a group G acts faithfully on a genus g curve if and only if it has a genus
g generating system; see [75]. For g up to 48, all such groups and the signatures of all
their genus-g generating systems have been listed by Breuer [19]. More precisely, for each
genus g < 48, he produced a list containing all signature-group pairs in genus g, i.e.,
pairs consisting of a group G together with the signature of a genus ¢ generating system of
G.

If G acts on X, then so does each subgroup of G. This shows that Breuer’s lists have to
be long, and contain some redundancies. Th work in [75] eliminates those signature-group
pairs that do not yield the full automorphism group of a curve. It turns out that the larger
g is, the larger the ratio is of entries in Breuer’s lists that do occur as full automorphism
group in genus g. This can already be seen from the fact that if a signature-group pair
does not yield the full automorphism group of a curve, then its §-invariant (dimension of
corresponding locus in M) is at most 3.

For small genus g, a relatively large portion of those groups do not occur as full auto-
morphism group in genus g. Among those that do occur, we distinguish those that occur
for a particularly simple class of curves: we call a group homocyclic if it is a direct product
of isomorphic cyclic groups.
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6.3. Ramification type and signature of a G-curve. Fix an integer ¢ > 2 and a finite
group G. Let Cy,...,C, be conjugacy classes # {1} of G. Let C = (Cy,...,C,) be
an unordered tuple, where repetitions are allowed. We also allow r to be zero, in which
case C is empty. Consider pairs (X, i), where X is a curve and g : G — Aut(X) is
an injective homomorphism. We will often suppress p and just say X is a curve with G-
action, or a G-curve, for short. Two G-curves X and X' are called equivalent if there is a
G-equivariant isomorphism X — X',

We say a G-curve X is of ramification type (g, G, C) if the following holds: the curve
X has genus g, the points of the quotient X /G that are ramified in the cover X — X/G
can be labelled as py,...,p, such that C; is the conjugacy class in G of distinguished
inertia group generators over p; (for¢ = 1,...,r). (Distinguished inertia group generator
means the generator acts in the tangent space as multiplication by exp(2m+/—1/¢), where
e is the ramification index). For short, we will just say X is of type (g, G, C).

If X is a G-curve of type (g, G, C) then the genus gy of X/G is given by the Riemann-

Hurwitz formula
2(g—1) . 1
o2 = 2(g-1) + <1>
G 21

where ¢; is the order of the elements in C;. Note that gg (the orbit genus) depends only on
g, |G| and the signature ¢ = (cy, ..., c,) of the G-curve X.

6.4. Hurwitz spaces and moduli of curves. Define H = H(g, G, C) to be the set of
equivalence classes of G-curves of type (g, G, C). By covering space theory (or the the-
ory of Fuchsian groups), H is non-empty if and only if G' can be generated by elements
o1, Biy .5 Qgys Bgos Y1s - - -5 Y With 7y € Cy and

(2). [Tl.8] [[v = 1
j i
Here [a, 8] = a~!3~'ap. Consider the map
o H - Mg,

obtained by forgetting the G-action, and the map ¥ : H — M, , mapping (the class
of) a G-curve X to the class of the quotient curve X /G together with the (unordered) set
of branch points py, . .., p,. If H # () then ¥ is surjective and has finite fibers, by covering
space theory. Also ® has finite fibers, since the automorphism group of a curve of genus
> 2 1s finite.

The set H carries the structure of a quasi-projective variety (over C) such that the maps
® and V¥ are finite morphisms. If 4 # () then all components of H map surjectively to
My, (through a finite map), hence they all have the same dimension

4(9,G,C):= dim My, , = 3go—3+r.

Lemma 16. Let M(g, G, C) denote the image of ®, i.e., the locus of genus g curves ad-
mitting a G-action of type (g, G, C). If this locus is non-empty then each of its components
has dimension §(g, G, C).

6.5. Restriction to a subgroup. Let H be a subgroup of G. Then each G-curve can be
viewed as an H-curve by restriction of action. Let X be a G-curve of type (g, G, C).
Then the resulting H-curve is of type (g, H, A), where A is obtained as follows: Choose
vi € C; and let 051,052, ... be a set of representatives for the double cosets < ; > o H

in G. Let m;; be the smallest integer > 1 such that the element Ui;l’y;”” 045 lies in H, and
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let D;; be the conjugacy class of this element in H. Then A is the tuple consisting of all
D;; with D;; # {1}. (More precisely, the tuple A is indexed by the set of possible pairs
(i,7), and its (4, j)-entry is D;;.) The definition of A does not depend on the choice of the
~i and o;;. Note that the signature of the H -curve depends on the type of the G-curve, not
only on its signature. We have

M(g,G,C) C Mg, H,A).
Hence, their dimensions satisfy 6(g,G,C) < (g, H,A). If this is a strict inequality
then the complement of the closure of M(g, G, C) in M(g, H, A) is open and dense. In

particular, it is not true that every H-curve of type (g, H, A) is the restriction of a G-curve
of type (g, G, C).

5 Cy
4
3 a
\\
2
\

1 Ea A M

A =B B o

o

Tk 48 96 L3(2)

FIGURE 1. Poset of Hurwitz loci for Ms.

6.5.1. The moduli space M3. In [75] the inclusions among the loci in M, with different
automorphism groups and their dimension were determined. We illustrate the inclusion and
dimensions of the different loci in Fig. 1 for g = 3. The red cases represent hyperelliptic
loci, and the yellow ones are superelliptic (non-hyperelliptic). Notice that from 23 cases
only 6 are non-hyperelliptic.

6.5.2. The moduli space M,. In Table 3 we present all automorphism groups and their
signatures g = 4. Each one of the families above is an irreducible algebraic locus in My.
Notice that there are 41 cases from which only 13 are non-superelliptic (colored in blue).
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[# [dm][G | ID | sig | type | subcases |
T 10 |5 (12038 [ 0-2,4,5) |1
210 |CyxSs | (7242) |0-4(2,3,12) |3
3 |0 (72.40) | 0-(2,4,6) | 4
410 |v 40.8) | 0-(2,4,10) |7
500 |CsxSs | (3612) |0-(2,6,6) |10
6 |0 |k (32,19) | 0-(2,4,16) | 16
7 10 |SLy3) |(43) |0-3.4,6) |20
8 |0 |Cus (182) | 0-(2,9,18) |27
9 10 |Cys 15.1) | 0-(3,5,15) |38
10]0 | Ch (12.2) | 0-(4,6,12) | 45
1110 | Cy (10.2) | 0-(5,10,10) | 51
1201 |s2 (36,10) | 0-(2,2,2,3) | 12 |3
131 |8, (2412) | 0-(2,2,2,4) | 18 | 1,2
141 | CoxDs|204) |0-2.2,25) |21 |4
1501 |Cyx Sy | (183) [0-(2,2,3,3) [30 |25
161 | Ds 167) | 0-(2,2,2,8) |35 |6
1701 | CoxCs | (12,5 | 0-(2,2,3,6) |46 | 2,5
1811 | CaxSy | (124) |0-(2,2,3,6) |41 |3
191 | 4, (123) | 0-(2,3,3,3) | 43 |2
201 | Dy 10,) | 0-(2,2,5,5) |49 |1
201 | Qs 84 | 0-(2,4,4,4) |59 |67
nl1 | c 62) | 0-(2,6,6,6) | 66 |5, 10
3B | G0 05,555 |69 | 9,11
242 | D (124) | 0-(25) 40 |1.5.12
5|2 | D, 83)  |0-24,4) |57 |3,13
%2 | D, 83) | 0-(24) |56 |4 16
2712 | cy 62) | 0-(2%,3,6) |64 |78
282 | Cq 62  |0-(22,3%) |65 | 15,17
292 |8 61 | 0-(22,3%) |62 |12.18
(2 | @1 |o-24Y |77 |10
3113 S3 6,1) 0—(26) 61 13, 15,24
3213 Vy 4,2) 1-(2,2,2) 72 18,19, 25
B3 | o @1 | 0-(24,42) |76 |21,26
4|3 |y G| 0-(39) 80 | 9,28
3503 | Cy G | 0-(39 81 |29
36 |3 Cs 3,1 1-(3,3,3) 79 15,19, 22, 27
704 |V @2 | 0-(27) 73 | 14,26
/(4 |V @2 | 0-(27) 74 | 17,24,25
3915 Cy 2,1 2-(2,2) 82 11, 20, 29, 32, 37, 38
40 | 6 Cy 2,1 1-(26) 83 22,28, 30, 31, 38
a1l7 | @ | o210 84 | 27.33.37

Table 3: Hurwitz loci of genus 4 curves
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In [75] all large automorphism groups, i.e., |G| > 4(g — 1) are displayed for all genera
g < 10. It would be interesting to have some bounds on the ratio between non-superelliptic
cases over the total number of cases. At least for the hyperelliptic cases we can get some
estimates.

For a fixed g we denote by N, the number of groups that occur as automorphism groups
of genus g curves. We would like to determine what happens to N, as g increases.

Let n € Z such that n = p* - - - pS. Denote by d(n) the number of divisors of n. It
is well known that 9(n) = [[;_, (e + 1). Further, we denote by d(n) the number of even
divisors of n. We have the following lemma:

Lemma 17. Let g be fixed. The number of automorphism groups that can occur as auto-
morphism groups Aut(C,) of a genus-g hyperelliptic curves is given by the following:

i)if Aut(C,) = Cy, thenny =0(g+1) +09(2g + 1) +0(2g) — 1

ii) if Aut(Cy) = D, then ny = 30(g + 1) + 20(g) +0(g) — 2

iii) if Aut(C,) = Ag and g > 6 thennz = 1

iv) if Aut(C,) = Sy then ny = 1 or 0.

v) if Aut(Cy) = As then ns = 1 or 0.

Proof. The proof is elementary and we skip the details. (]

6.5.3. Gonality of curves. Let C be a curve defined over k and  : C — P! a degree n
cover. We assume that C has a k-rational point P,, and hence a prime divisor p, of degree
1. The gonality ¢ of C is defined as

ve = min {deg (n) : C = P'} = min {[k(C) : k(z)] | z € k(C)}.
For x € k(C)*, define the pole divisor (z) by
(@)oo = Y max(0, —wy(x)) -p.
pEEc(k)
By the property of conorms of divisors, we obtain deg (z)s = [k(C) : k(x)] if x ¢ k.
Thus, we have
ve = min {deg ()00 | x € k(C) \ k} .
Proposition 9. For y¢ > 2 we have ¢ < g.
The following statement strengthens the proposition.

Corollary 10. For curves C of genus > 2 with prime divisor P, of degree 1 there exists a
cover

n:C—P!
of deg (n) = n < ge, such that P is ramified of order n and so the point Py, € C(k)
attached to P is the only point on C lying over the point [0 : 1] € P,

In general, the inequality in the proposition is not sharp, but of size g/2; see [32] for
details. Curves with smaller gonality are special for various reasons.

7. EQUATIONS OF CURVES WITH PRESCRIBED AUTOMORPHISM GROUP

Determining an equation for a family of curves with fixed automorphism group G is an
open problem. Celebrated special solutions are the cases of the Klein curve, the Friecke or
Friecke-MacBeath curve. In general, the following remains a difficult problem:

Problem 6. Given an automorphism group G, determine an equation of a curve C such
that Aut(C) = G.
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We know the solution to the above problem for genus g < 3, but it is an open problem
even for g = 4. For example, it is unknown what the corresponding equations for all cases
in Table 3 are. The only families of curves which we know how to determine an equation
are the superelliptic curves.

The method is almost identical to that of hyperelliptic curves, but now we have more

choices for the reduced automorphism group G. We follow closely the terminology and
notation of [93].

7.1. Equations of superelliptic curves. Let 0 be given in Table 2 and M, A, Q, B, A, ©
and (2 are as follows:
s
M = H (2" + Xiz®® + (759 — 4\;)2'® + 2(3\; + 1228)2'?
i=1
+ (759 — 4\)2® + Nzt + 1)

A:

ok

(2% + (684 — X\;)z®® — (55A; + 157434)2°% — (1205 — 12527460)z"°

-
I

1
— (13090 + 77460495)z° 4- (130689144 — 69585\ )2>°
+ (33211924 — 134761);)2%° + (69585); — 130689144)22°
— (13090 + 77460495)2*° — (12527460 — 1205);)2'®

— (157434 + 55X;)z'" + (\; — 684)z° — 1)
Q =2 + 5222*° — 100052%° — 100052° — 5222° 4 1

1
B=T[I] (@+a-x)

i=1 a€H;
5 pl-1 "
@:HG)\I.((E)7 where G, = | = H(xm_bj) Y
i=1 j=1

1 N .
A :H (((a:q —z)t 4 1)% —Ai(z? — x)qmz)>
i=1
5

o H (((xq — )0 4 )T (2 — x)q(qfl))

Then we have the following result:

Theorem 21. [93] Let Cy be an algebraic curve of genus g > 2 defined over an alge-
braically closed field k, G its automorphism group over k, and C,, a cyclic normal sub-

group of G such that g(X g ) = 0. Then, the equation for C, falls into one of the following
cases as in Table 4.

Each case in the Table 4 correspond to a d-dimensional family, where § can be found
in Table 2. Moreover, our parameterizations are exact in the sense that the number of
parameters in each case equals the dimension. It would be interesting to find invariants
classifying isomorphism classes of superelliptic curves, and these families of curves in
particular and to find equations in the moduli space of curves to determine these loci.
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# |G y" = f(z)
1 2™ +a1z™0 D 4 g™+ 1
2 | Cn 2™ a1 zmCY 4 pasa™ 41
3 (2™ 4+ a1z™O ) £ fasa™ 4 1)
4 F(z) =12, (™ + Na™ + 1)
5 (2™ — 1) - F(z)
6 x- F( )
7 | Dam (*™ —1) - F(z)
8 z(z™ —1)- (f)
9 z(z®™ —1)- F(x
10 G(z) = [0, (2" — Niz™® — 332% + 20;2% — 332% — \ja® +1)
11 (:c + 2iy/3? +1)- (x)
12 | A (z® + 142* + 1) - G(x)
13 z(z* —1)- G(x)
14 z(z* —1)(2* 4 2iv32% + 1) - G(z)
15 z(z* —1)(2® 4+ 142* + 1) - G(z)
16 M (z)
17 (2® + 1a* + 1) - M(z)
18 x(z* — 1) M(z)
19 (z® + 142’ + 1) - z(z" — 1) - M(x)
20 | Sa (z'? —332° — 332" + 1) - M ()
21 (z'* —332% — 332" +1) - (2® + 142" + 1) - M ()
22 (2" —332% — 332" + 1) - z(a"* — 1) - M ()
23 (¢'? —332° — 332" + 1) - (2® + 142’ + 1) - z(a" — 1)M(x)
24 Az)
25 (' +112° — 1) - A(z)
26 (220 — 2282"'° + 49420 + 22825 + 1) (z(2'° + 112° — 1)) - A(x)
27 (220 — 2282° + 49420 4 22825 + 1) - A(x)
28 | As Q(x) - Alx)
29 (' + 112° — 1).4p(x) - A()
30 (2%° — 2282"° + 49420 4 2282° + 1) - () - A(z)
31 (20 — 2282"° + 49420 + 2282° + 1) (z(2'* + 112° — 1)) - (z) - A(z)
321U B(x)
33 B(x)
34 @(x)t
pt—1
35 | Km z[[;25 (2™ —b;) - O(x)
36 O(x)
pt—1
37 e[, & b)) O(x)
38 A(z)
39 | PSLa(q) | (27 —2)9 1 4+ 1) - A(x)
40 (2?7 —z) - A(z)
41 (x4 —z)((z? —2)9 +1)- Ax)
42 Q(x)
43 | PGLa2(q) | ((? —2)9 " + 1) - Q(x)
44 (27 —z) - Q=)
45 (7 —2)((2? — )T 4+ 1) - Q(x)

Table 4: Superelliptic curves according to the automorphism group

albanian-j-math.com/archives/2019-03.pdf


http://albanian-j-math.com/archives/2019-03.pdf

FROM HYPERELLIPTIC TO SUPERELLIPTIC CURVES 146

8. BINARY FORMS AND THEIR INVARIANTS

A superelliptic curve C, defined over an algebraically closed field % is given by a pro-
jective equation of the form

(11) C: y2 = f(x,2),

for some degree d binary form f(z, z). Let us assume that
S
Y20 = f(x,2) = H(JE —a2)%, 0<d; <d.
i=1

We have that Y}, d; = d. A degree d > 2 binary form f(x, z) is called semistable if it
has no root of multiplicity > %. The only places where 7 : C, — P! ramifies correspond
to the points x = «a;. We denote such places by @1, ..., Qs and denote the set of these
places by B := {Qi,...,Qs}. The ramification indices are e(Q;) = ﬁ Hence,
every set ‘B determines a genus g superelliptic curve C,. However, the correspondence
between the sets ‘B and the isomorphism classes of C, is not a one-to-one correspondence.
Obviously the set of roots of f(z) does not determine uniquely the isomorphism class
of C,4 since every coordinate change in = would change the set of these roots. Instead,
the isomorphism classes are classified by the invariants of binary forms. There is a huge
amount of literature on classical invariant theory from XIX-century mathematics which
has received more attention in the last few decades due to improved computational tools.

A binary form of degree d is a homogeneous polynomial f(X,Y") of degree d in two
variables over k. Let V; be the k-vector space of binary forms of degree d. The group
GLs(k) of invertible 2 x 2 matrices over k acts on Vy by coordinate change. Any genus
g > 2 superelliptic curve over k has a projective equation of the form Eq. (11), where f is
degree d a binary form of non-zero discriminant. Two curves are isomorphic if and only if
the corresponding binary forms are conjugate under G Lo (k). Therefore the moduli space
of superelliptic curves is the affine variety whose coordinate ring is the ring of G Lo (k)-
invariants in the coordinate ring of the set of elements of V;; with non-zero discriminant.

Generators for this and similar invariant rings in lower degree were constructed by Cleb-
sch, Bolza and others in the last century using complicated calculations. For the case of
sextics, Igusa [60] extended this to algebraically closed fields of any characteristic using
techniques of modular forms and algebraic geometry. In [67] Igusa’s result is proved in an
elementary way using methods of geometric reductivity.

Hilbert [55] developed some general, purely algebraic tools in invariant theory. Com-
bined with the linear reductivity of GLy(k) in characteristic 0, this permits a more con-
ceptual proof of the results of Clebsch [24] and Bolza [18]. After Igusa’s paper appeared,
the concept of geometric reductivity was developed by Mumford [82], Haboush [48] and
others. Haboush’s theorem states that for any semisimple algebraic group G over k, and
for any linear representation of G on a k-vector space V, given v € V with v # 0 that is
fixed by the action of G, there is a G-invariant polynomial F' on V', without constant term,
such that F'(v) # 0. The polynomial F' can be taken to be homogeneous, and if the charac-
teristic is p > 0 the degree of the polynomial can be taken to be a power of p. In particular,
it was proved that reductive algebraic groups in any characteristic are geometrically reduc-
tive. This allows the application of Hilbert’s methods in any characteristic. For example,
Hilbert’s finiteness theorem was extended to any characteristic by Nagata [86]. Here, we
follow the same approach for binary sextics and octavics. The proofs are elementary in
characteristic 0, and extend to characteristic p > 5 by quoting the respective results using
geometric reductivity.
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8.1. Invariants of Binary Forms. Let £ denote an algebraically closed field.

8.1.1. Action of GLy(k) on binary forms. Let k[X,Y] be the polynomial ring in two
variables and let V; denote the d 4+ 1-dimensional subspace of k [X, Y] consisting of ho-
mogeneous polynomials.

(12) f(X,Y):aon+a1Xd_1Y+...+ade

of degree d. Elements in Vy are called binary forms of degree d. We let GLy(k) act as a
group of automorphisms on k [X, Y] as follows: if

9= (CCL Z) € GLa(k)
then
(13) g(X)=aX+0Y and gY)=cX+dY
This action of G Ly (k) leaves V invariant and acts irreducibly on V.

Remark 4. It is well known that SLo(k) leaves a bilinear form (unique up to scalar
multiples) on Vg invariant. This form is symmetric if d is even and skew symmetric if d is
odd.

Let Ay, A1, ..., Aq be coordinate functions on V. Then the coordinate ring of V,
can be identified with k [Ao, ..., Ag4]. For I € k[Ao,...,Aq] and g € GLo(k), define
19 € k[Ay, ..., Aq) as follows

(14) 17.(f) =1(9(f))
forall f € V. Then I9" = (I9)" and (14) defines an action of GLo(k) on k [Ay, . . ., Ag).

Definition 6. Ler Ry be the ring of SLa(k) invariants in k [Ay, ..., A4, i.e., the ring of
all T € k[Ay,...,q]withI9 =1 forall g € SLa(k).

Note that if [ is an invariant, so are all its homogeneous components. So R, is graded
by the usual degree function on k [Ay, ..., A4].
Since k is algebraically closed, the binary form f(X,Y") in (12) can be factored as

(15) f(X,)Y)=(pnX —z1Y) - (yaX —zqY) = H det <(€/( §l>)
1<i<d ¢

The points with homogeneous coordinates (z;, ;) € P* are called the roots of the binary
form (12). Thus for g € GL2(k) we have

g (f(X,Y)) = (det (9))*(n X = 21Y) -+ (ygX — 2V,
where
.’,C/ 1 ([
16 )= .
a9 )= ()
The null cone N, of V; is the zero set of all homogeneous elements in R4 of positive
degree.

Lemma 18. Let char (k) = 0 and s be the subspace of k[Ao, ..., Aq] consisting of
homogeneous elements of degree s. Then there is a k-linear map

R:k[A,...,Ad = Ra,

with the following properties:
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(a) R(Q2s) C Qs forall s
() R(I) = I forall I € Ry
(¢c) R(g(f)) = R(f)forall f € k[Ao,...,Ad

Proof. ), is a polynomial module of degree s for SLy(k). Since SLq(k) is linearly re-
ductive in char (k) = 0, there exists a S Lo (k)-invariant subspace A of Q; such that Q, =
(s NRy) D As. Define R : k[Ag,...,Aq] = Rqas R(A;) = 0and Rig g, = id.
Then R is k-linear and the rest of the proof is clear from the definition of R. ]

The map R is called the Reynold’s operator.

Lemma 19. Suppose char (k) = 0. Then every maximal ideal in R4 is contained in a
maximal ideal of k [Ay, . .., Ag).

Proof. If T is a maximal ideal in R4 which generates the unit ideal of k [Ay, ..., Aq4], then
there exist mq,...,m; € Z and f1, fa, ..., ft € k[Ao, ..., Aq4] such that

L=mifi+---+mfy
Applying the Reynold’s operator to the above equation we get
1=my R(f1) + - +mi R(fy)
But R(f;) € Rg4 for all 4. This implies 1 € Z, a contradiction. O
The following is known as the Hilbert’s Finiteness Theorem.

Theorem 22. Suppose char (k) = 0. Then R is finitely generated over k.

Proof. Let Iy be the ideal in k[Ayg,...,Aq] generated by all homogeneous invariants
of positive degree. Because k [Ay, ..., Ag] is Noetherian, there exist finitely many ho-
mogeneous elements Ji, ..., J, in Ry such that Zy = (J1,...,J,.). We prove Ry =

k[J1,...,Jr]. Let J € Ry be homogeneous of degree d. We prove J € k[J1,...,J;]
using induction on d. If d = 0, then J € k C k[Jy,...,J.]. If d > 0, then

a7 J=fHJi++ frdr

with f; € k[Ap, ..., A4] homogeneous and deg( f;) < d for all i. Applying the Reynold’s
operator to (17) we have

J=R(f1)J1+-+ R(fr)Jr

then by Lemma 1 R(f;) is a homogeneous element in R4 with deg(R(f;)) < d for all ¢
and hence by induction we have R(f;) € k[Ji,...,J,] foralli. Thus J € k[J1,...,J,].
(]

If k is of arbitrary characteristic, then SLs(k) is geometrically reductive, which is a
weakening of linear reductivity; see Haboush [48]. It suffices to prove Hilbert’s finite-
ness theorem in any characteristic; see Nagata [86]. The following theorem is also due to
Hilbert.

Theorem 23. Let I, I, ..., Is be homogeneous elements in R4 whose common zero set
equals the null cone Ny. Then R is finitely generated as a module over k I, . .., I].

Proof. Consider first the case char (k) = 0. By Thm. 22 we have Rg = k [J1, Jo, ..., J;]
for some homogeneous invariants Jy, ..., J,. Let Zy be the maximal ideal in R ; generated
by all homogeneous elements in R of positive degree. Then the theorem follows if I,
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..., I generate an ideal Z in R4 with rad(Z) = Zy. For if this is the case, we have an
integer g such that

(18) JPeI, foralli

Set
S = {JiJgiz. . Jr0<iy,..., 0 <q}.

Let M be the k [I, . .. I]-submodule in R4 generated by S. We prove R4y = M. Let J €
Ra be homogeneous. Then J = J + J  where J € M, J " is a k-linear combination

of JitJiz ... Jir with at least one i, > ¢ and deg(.J) = deg(J ) = deg(J"). Hence (18)
implies J " € T and so we have

J =L+ 4 f I,

where f; € R4 for all i. Then

deg (f;) < deg (J") = deg (),
for all i. Now by induction on degree of J we may assume f; € M for all i. This

implies J* € M and hence J € M. Therefore M = Ry. So it only remains to prove
rad(Z) = Zy. This follows from Hilbert’s Nullstellensatz and the following claim.

Claim: Z; is the only maximal ideal containing Iy, ..., I,.

Suppose Z; is a maximal ideal in R4 with I;,...,Is € Z;. Then from Lemma 2
we know there exists a maximal ideal J of k[Ay,..., A4] with Z; C J. The point in
Vy corresponding to 7 lies on the null cone A, because I, ..., I, vanish on this point.

Therefore Zy C J, by definition of A;. Therefore J N Ry contains both the maximal
ideals Z; and Zy. Hence, 7, = J N Rq = Zo.

Next we consider the case char (k) = p > 0. The same proof works if Lem. 19 above
holds. Geometrically this means the morphism 7 : V; — Vy // SLa(k) corresponding
to the inclusion Ry C k[Ao, ..., Aq4] is surjective. Here V;; // SLo(k) denotes the affine
variety corresponding to the ring R4 and is called the categorical quotient. 7 is surjective
because S Lo (k) is geometrically reductive. The proof is by reduction modulo p, see Geyer
[40]. (]

8.1.2. Symbolic method. We will use the symbolic method of classical theory to construct
covariants of binary forms. First we recall some facts about the symbolic notation. Let

n

f(X, Y) = Z (?) aanii Yi, and g(X, Y) p— i <Tln> bZanz Yz

i=0 1=0
be binary forms of degree n and m respectively. We define the r-transvection

p_men) =)t s (YO g
)= 2 (1) (k) OX"F 9YF  9XE gyTk’

k=0

see Grace and Young [43] for details.
The following result gives relations among the invariants of binary forms and it is known
as the Gordon’s formula. It is the basis for most of the classical results on invariant theory.
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Theorem 24. Let ¢;, @ = 0,1, 2 be covariants of order m; and e;, e;, my, be three non-
negative integers such that e; + e; < my, for distinct 1, j, k. The following holds

C~e1 N le—eo—eQ e e1—1
S (B0 61) T g2)

mo+mi+1—2ex—1
19)

e . grameo=ar cotens
= i (b0 $2) ) oreet

C_m0+m2+1*261*i
1

where eg = 0 or e1 + e3 = my.

This result has been used by many XIX century mathematicians to compute algebraic
relations among invariants, most notably by Bolza for binary sextics and by Alagna for bi-
nary octavics. It provides algebraic relations among the invariants in a very similar manner
that the Frobenious identities do for theta functions of hyperelliptic curves. Whether there
exists some explicit relation among both formulas is unknown.

8.1.3. Binary sextics. Let f(x,z) be a binary sextic defined over a field k, char k = 0,
given by

6

(20) flz,z) = Z 0z = (212 — 212) (221 — 222) ... (267 — x62)
=0

Consider the following covariants

A:((fyf)47(fvf)4)27 le(fa(fvf)4)4

@1 Vo= ((f, N Ye)ys  Ya=((f, ), Ya)y

The Clebsch invariants A, B, C, D are defined as follows

(22) A:(f’f)ﬁa B:((faf)47(faf)4)4’ C:((f,f)4,A)4, D:(}/?,,Yl)g,

see Clebsch [24] or Bolza [18, Eq. (7), (8), pg. 51] for details.
Root differences: Let f(z, z) be a binary sextic as above and set D;; := <"ZZ xj > For

i Zj
7 € SLy(k), we have

7(f) = (212 — 212) ... (25w — wg2),  with (?) =71 <x1> .
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Clearly D;; is invariant under this action of SLo (k) on P'. Let {i, j, k,l,m,n} = {1,2,3,
4,5,6}. Treating a; as variables, we construct the following elements in the ring of invari-
ants Rg

A=a; [[ (12°B°66)°= > DiDLDL.

fifteen i<j,k<l,m<n

B =aj [](12)°(23)°(31)°(45)*(56)*(64)> = Y D D3uDiiDi Din Di
ten l’i<j,j<k,
<m,m<n

23) C=ag (12)2(23)%(31)%(45)°(56)2(64)%(14)%(25)°(36)>
sixty
= > D}; D3, Di; Div Dy, Diy Dy D3 D
1<j,j<k,l<mm<n
i<l j<m/ k<n’
U'm' n'e{l,mn}

D =ao’ [[(i5)?
i<j
These invariants, sometimes called integral invariants, are defined in [60, pg. 620] where
they are denoted by A, B, C, D. Incidentally even Clebsch invariants which are defined
next are also denoted by A, B, C, D by many authors.

To quote Igusa "if we restrict to integral invariants, the discussion will break down in
characteristic 2 simply because Weierstrass points behave badly under reduction modulo
2"; see [60, pg. 621]. Next we define invariants which will work in every characteristic.

In [60, pg. 622] Igusa defined what he called basic arithmetic invariants, which are
now commonly known as Igusa invariants

Jo = 2%9( Jy = 25—1_3(4J22 —9B), Js = ﬁ(sjg —160JyJy — €), Jig = 2—}29
While most of the current literature on genus 2 curves uses invariants 2, ‘8, €, ©, which
are now most commonly labeled as I», 14, I, 119, Igusa went to great lengths in [60] to
define Jo, Jy, Jg, J1g and to show that they also work in characteristic 2.

Lemma 20. J5; are homogeneous elements in Rg of degree 21, for i = 1,2,3,5.

Lemma 21. A sextic has a root of multiplicity exactly three if and only if the basic invari-
ants take the form

(24) Jo=3r2, Jy=81rt, Js=15 Jip=0.
for some r # 0.

Lemma 22. A sextic has a root of multiplicity at least four if and only if the basic invariants
vanish simultaneously.

The above lemmas are useful when we study semistable and stable genus 2 curves.
Lemma 23. Rg is finitely generated as a module over k [I2, Iy, Ig, I10)-

Corollary 11. (Clebsch-Bolza-Igusa) Two binary sextics [ and g with I,z # 0 are
GLo(k) conjugate if and only if there exists an v # 0 in k such that for every i = I,
2, 3, 5 we have

(25) L(f) = r* I5(g)
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See [67] for a proof. We will use Eq. (25) when we consider the moduli space of binary
sextics as a weighted moduli space.

8.1.4. Binary octavics. Next we will construct covariants and invariants of binary oc-
tavics. They were first constructed by van Gall who showed that there are 70 such co-
variants; see von Gall [39]. Let f(X,Y") denotes a binary octavic as below:

8 8
_ Cyiy8—i _ Y\ yriyn—i
(26) f(X,Y) = ZazX ys—t = Z (Z> b; XY
i=0 i=0
where b; = (”::,) S a;, fort = 0,...,8. We define the following covariants:

g= (LD k=10 h=kE? m=(fk)"
n=(f,n)?" p=1(9,k)" qa=(g.n"
Then, the following

27)

(28)
Jo=2"-5-T-(f, )%, J3:§'24'52-73-(f7g)8”74:29~3~7“-(k,/~c)4,
Js =257 (m, k)", Jo=2".3%.7° (k,h)*", Jr =2".3.5.7" - (m, h)*,

s =2'7.3.52.7" (p,h)*, Jo=2".32.5.7".(n,h)*, Jio=2%%-3%.5%. 7" (¢, h)*
are SLo(k)- invariants. Notice that these invariants are scaled up to multiplication by a

constant for computational purposes only; see [103] and [100] for further details.

Lemma 24. For each binary octavic f(X,Y), its invariants defined in Eq. (28) are prim-
itive homogeneous polynomials J; € Zlag,...,as] of degree i, for i = 2,...,10. Let

= g(f), where
g= (Z Z) € GLy(k),

and denote the corresponding Ja, ..., Jig of f' by J5, ..., Jio. Then,
Ji= (A" J;

where A = ad — bcandi = 2,...,10.
Proof. The first claim is immediate from the definition of the covariants and invariants.
Let f and f’ be two binary octavics as in the hypothesis. One can check the result compu-
tationally. ([

There are 68 invariants defined this way as discovered by van Gall [38,39] in 1880.
Indeed, van Gall claimed 70 such invariants, but as discovered in XX-century there are
only 68 of them. In particular, J14 is the discriminant of the binary octavic. In articles in
1892 and 1896 R. Alagna determined the algebraic relations among such invariants; see
[4, 5] for details.

Next we want to show that the ring of invariants Rg is finitely generated as a module
over k[Jz, ..., J7]. First we need some auxiliary lemmas.

Lemma 25. If J; =0, fori =2,...7, then the f(X,Y) has a multiple root.
Proof. Compute J; = 0, fori = 2,...7. These equations imply that
Res(f(X,1), f'(X,1),X) =0,

where f’ is the derivative of f. This proves the lemma. O
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Theorem 25. The following hold true for any octavic.
i) An octavic has a root of multiplicity exactly four if and only if the basic invariants
take the form

29) Jp=2-1% Jg=22.3-7% J =200 J; =204,
Jo=2205  Jp =207, Jg=21.32.48
for some 1 # 0. Moreover, if the octavic has equation
f(z,y) = z*(az* + bx3y + cx?y? + doy® + ey?),
thenr = e.
ii) An octavic has a root of multiplicity 5 if and only if
Ji=0, for i=2,...,8.

Remark 5. An alternative proof of the above can provided using the k-th subresultants
of f and its derivatives. Two forms have k roots in common if and only if the first k

subresultants vanish. This is equivalentto Jo = --- = J7 = 0.
Theorem 26. Ry is finitely generated as a module over k[Js, . .., J7).
Corollary 12. Js, ..., J; are algebraically independent over k because Ryg is the coordi-

nate ring of the 5-dimensional variety Vg//S La (k).

In [100] the following theorem was proved that determines explicitly the relation among
the invariants.

Theorem 27. The invariants Js, . .., Jg satisfy the following equation
1, I I I I
5 8 4 16 3 24 2 32 40 o
(30) Js + 34,53‘]8 +2 38,56J8 + 2. 312 ,56J8 + 316,510‘]3Jr 92.320 . 512 0,

where Ig, I1g, 124, I32, 140 are expressed in terms of the coefficients in the Appendix in
[100]

We suggest the following problem.

Problem 7. Express all invariants Ig, I1g, I24, I32, 149 in terms of the transvectants of the
binary octavics.

We also have a similar result for superelliptic curves.

Theorem 28. Two superelliptic curves C and C' in Weierstrass form, given by affine equa-
tions

C:Z"=f(X,1)and C" : 2" = g(X, 1)
with deg f = deg g = 8 are isomorphic over k if and only if there exists some X € k\ {0}
such that

Ji(f) = X Ji(g), for i=2,...,7,
and J, . .. Jg satisfy the (30). Moreover, the isomorphism C — C' is given by

X X
i
where M € GLy(k) and \ = (det M)".

Using Thm. 27 one can build a database of superelliptic curves y"* = f(x), fordeg f =
8. This was done in [14] for genus 3 hyperelliptic curves.

albanian-j-math.com/archives/2019-03.pdf


http://albanian-j-math.com/archives/2019-03.pdf

FROM HYPERELLIPTIC TO SUPERELLIPTIC CURVES 154

8.2. Discriminant of a superelliptic curve. An important invariant is the discriminant of
the binary form. In the classical way, the discriminant is defined as A =[], oy (i —aj)?,
where o1, . .. g are the roots of f(x,1). It is a well-known result that it can be expressed
in terms of the transvections. For example, for binary sextics we have A = Jy and for
binary octavics A(f) = Ji4.

The discriminant of a degree d binary form f(X, Z) € k[X, Z] is and S Ly (k)-invariant
of degree 2d — 2. For any M € G Ly (k) and any degree d binary form f we have

A(FM) = (det M) A(f).

The concept of a minimal discriminant is classical concept in number theory, starting with
the binary quadratics. The minimal discriminant for elliptic curves was studied by Tate
and others in the 1970-s; see [107] and generalized by Lockhart in [71] for hyperelliptic
curves. We will consider superelliptic curves with minimal discriminant or with minimal
set of invariants in Section 10.

8.3. Dihedral invariants of superelliptic curves with extra automorphisms. For curves
with extra automorphisms we have additional invariants which are simpler in form and
easier to compute. These invariants were introduced in [46] for hyperelliptic curves and
generalized in [6] for superelliptic curves. We will say that the superelliptic curve is in
normal form if and only if it is given by an equation of the form

/s
y" =z + Zaix‘” + 1.
i=1
To parametrize families of the superelliptic curves that admit an extra automorphism of
order J, we determine the set of possible coefficients {as/5_1,--- ,a1} of this normal

form up to a change of coordinate in x. The condition 7(x) = (x, implies that 7 fixes the
places 0, co. Moreover we can change the defining equation by a morphism v € PGL4 (k)
of the form v : x — mx or v : & — = so that the new equation is again in normal form.

Substituting ag = (—1)%/* [[%% B2, we obtain
s/8

0 T8 =1,

whence m® = (—1)*/%. Then, z is determined up to a coordinate change by the subgroup
Dy 5 generated by

1
T:x—>(xr, To:x — —,
T

where ( is a primitive s/d-root of unity; see [46] for details. The action of D /5 on the
parameter space k(a1, ..., a,/5) is given by

1 ia; — (ay, for i = 1,...8/d,
T2 Qi =7 Qg/5—is for ¢ = 1,[5/5]

Notice that if s/6 = 1 then the above actions are trivial, therefore the normal form deter-
mines the equivalence class. If s/ = 2 then

Ti(a1) = —a1, Ti(az) =az, T =1
and the action is not dihedral but cyclic on the first vector.

Lemma 26. Assume that s/d > 2. The fixed field k(a1,az, - - as/(;)DS/é is the same as
the function field of the variety L, s s.
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Lemma 27. Letr := s/6 > 2. The elements
U; = a’fial + a::iar,i, fori=1,...r
are invariants under the action of the group D, s defined as above.
The elements u; are called the dihedral invariants.

Theorem 29. Letu = (uy,...,u,) be the r-tuple of s-invariants. Then
k(ﬁs,n,é) = k(ul, . ,ur).

9. WEIGHTED MODULI SPACES AND THEIR HEIGHTS

Another way of identifying isomorphism classes of superelliptic curves is by using
S Lo (k)-invariants. From Hilbert’s basis theorem the coordinate ring of degree d binary
forms is finitely generated. Assume for example that J,, . .., J,,, are the generators. Then
two superelliptic curves C and C’ are isomorphic if and only if

Jy, (C) =A%, (C"), for i=0,...,n.

Hence, the isomorphism classes of superelliptic curves correspond to tuples (Jy,, - - -, Jg, )
up to "multiplication" by a constant. But these are exactly points in the weighted projective
spaces, which motivates this section.

9.1. Introduction to weighted moduli spaces. Let K be a field and (qo, . . ., q,,) € Z"H!
a fixed tuple of positive integers called weights. Consider the action of K* = K \ {0} on
A"L(K) as follows

31 Ax (2o, oy xn) = (A xg, ... A2y,

for A € K*. The quotient of this action is called a weighted projective space and denoted
by W(’;O _mqn)(K). The space W1 ... 1)(/) is the usual projective space. The space Wy,
is called well-formed if

ged(qoy -+ Giy - -yqn) =1, foreach i =0,...,n.

While most of the papers on weighted projective spaces are on well-formed spaces, we do
not assume a well-formed space here. We will denote a point p € W (K) by p = [zo :
X1 : -+ : &p]. For more on weighted projective spaces one can check [10], [22], [17], [28]
among many others.

9.2. Graded rings. In projective spaces, by means of the Veronese embedding, we could
embed the same variety in different projective spaces. It turns out that we can do the same
for varieties embedded in weighted projective spaces.

As above we let k be a field. Let R = @;>0R; be a graded ring. We further assume that

(1) Ro = k is the ground field
(i) R is finitely generated as a ring over k
(iii) R is an integral domain
Consider the polynomial ring k[zo,...,x,] where each x; has weight wtz; = g¢;.
Every polynomial is a sum of monomials ™ = [ ;" with weight wt(z™) = > m;q;.
A polynomial f is weighted homogenous of weight m if every monomial of f has weight
m.
An ideal in a graded ring I C R is called graded or weighted homogenous if / =
®n>0ln, where I, = I N R,,. Hence, R = k[xo, ..., z,]/I, where deg x; = ¢; and I is a
homogenous prime ideal.
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9.3. Construction of Proj R. To the prime ideal I corresponds an irreducible affine vari-
ety CX = Spec R =V, (I) C AntL.

Definition 5. A polynomial f(zo,...,z,) is called weighted homogenous of degree d if
it satisfies the following

FOP©zg, XDz, Nay) = A f(zg, ..., ).

Notice that the condition f(P) = 0 is defined on the equivalence classes of (31). We
define the quotient V,(I) \ {0} by the above equivalence by V},(I), where h stands for
homogenous. Then, we denote X = Proj R = V,,(I) C W2 (k). It is a projective variety.
Notice that C' X above is the affine cone over the projective variety V,(I).

Next we will define truncated rings and determine the role that they play in the Veronese
embedding.

9.4. Truncated rings. Define the d’th truncated ring Rl C R by
R = P R, = P Rai,
d|n i>0

Hence, R is a graded ring and the elements have degree di in R and degree i in R[¥. If
R is a graded ring then its subring Rl is called the d-th Veronese subring.
For example, let R = k[z, y] with wt(z) = wt(y) = 1. Then,

RE = @) Ry = @ { f(2,9) € o] | deg (1) =21}

i>0 i>0
Notice that the even degree polynomials in k[z,y] are generated by 2, 2y, and y* hence
we have that

R = ka2, zy, y?] = klu, v, w]/(uw — v?)
Now, if we consider the projective spaces we have that

Proj (k[z,y]) =Py 1) =P
while
Proj (kfu, v, w]/(uw —v)) = V(uw — v*) C Py 1.0y = P2,
Hence, we have
P! (k) = Proj(klz, y]) = Proj (k[x,y]%) C P*(k).

This is exactly the degree-2 Veronese embedding of P!(k) — P2?(k). The truncation of
graded rings in this case corresponds to the degree-2 Veronese embedding.
The proof of the following lemma can be found in [28].

Lemma 28. Let R be a graded ring and d € N. Then,
Proj R = Proj Rl

Using the above Lem. 28 we can find a closed embedding of a weighted projective space
W,, into an ordinary projective space PV with big enough N. There is a very ampleness
condition that was described by Delorme in [26,27].

Proposition 10. Consider the weighted polynomial ring R = k[zo,...,x,], where the
positive integers qo, - . . , qp, are the weights of xo, ..., x, and d = ged(qo, - .., qn). The
following are true:

i) R = R. Thus,

W(Zo,---,qn)(R) = WEL%O %)(R)-

FRREE)

Albanian J. Math. 13 (2019), no. 1, 107-200


http://albanian-j-math.com/vol-13.html

MALMENDIER, SHASKA 157

ii) Suppose that qq, . . . , qn, have no common factor, and that d is a common factor of all
a; for i # j (and therefore coprime to a;). Then the d’th truncation of R is the polynomial
ring
R[d] = ]ﬂ[(E(), N ,acj,hx;l,xjﬂ, . ,.’En].
Thus, in this case

n _ n d
Wiioran ) = Wag | nis o ais | ay (R).

(LO J . an
d ot d YIiT g T d

In particular by passing to a truncation R\% of R which is a polynomial ring generated
by pure powers of x;, we can always write any weighted projective space as a well formed
weighted projective space.

Proof. 1) If d|q; for all i = 0, ...,n then the degree of every monomial is divisible by d
and so part i) is obvious. Hence, the truncation does not change anything.

ii) Since d|q; for every i # j then x; € Rl for every i # j. But the only way that x;
can occur in a monomial with degree divisible by d is as a d’th power. Given

R = k[zo,...,xj, ..., 2]
then
Rl :k[xo,...,m?,...,xn]
and
Wi,.... qn)(R) = Proj kylzo,...,2j,...,2,] = Proj kyqlzo,. .. ,x?, ey X
- Wn . " dly.
Wia izt g s gy ()
This completes the proof. O

Hence, the above result shows that any weighted projective space is isomorphic to a
well formed weighted projective space.

9.5. Heights on the weighted projective space. Let K be an algebraic number field and
[K : Q] = n. With Mg we will denote the set of all absolute values in K. For v € M,
the local degree at v, denoted n,, is

Ny = [KU : Qv}

where K, QQ, are the completions with respect to v.
The following are true for any number field K; see [56, pg. 171-172] for proofs. Let
L/K be an extension of number fields, and let v € M be an absolute value on K. Then

> Ly : Ky =[L:K]

weMy,
wlv

is known as the degree formula. For z € K* we have the product formula
(32) H |z = 1.
vEMg

Given a point p € P"(Q) with p = [z, ..., z,], the field of definition of p is
X X
Q») =@(°,...,”>
Ly Ly
for any j such that z; # 0. Next we try to generalize some of these concepts for the space
W.,(K), where K is a number field.
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In [76] and [12] was introduced the concept of weighted height, which we will briefly
describe below.

Let w = (qo,---,qn) be a set of heights and W™ (K) the weighted projective space
over a number field K. Let p € W™ (K) a point such that p = [z, ..., z,]. We define the
multiplicative height of P as

(33) oac)i= [T mox{ Janl ..o

vEME

The logarithmic height of the point p is defined as follows

) _ " ol
k() = losslp) = 3 s {5 ol )

Next we will give some basic properties of heights functions.
Proposition 11. Let K be a number field and p € W™ (K) with weights w = (qo, - - - , qn)-
Then the following are true:

i) The height b (p) is well defined, in other words it does not depend on the choice of
coordinates of p

i) b (p) > 1
Moreover, we have the following (see [12] for details.

Proposition 12. Let p € W"(K). Then the following are true:

NIfK =Q

(34) () = max { a2 }
ii) Let L/ K be a finite extension. Then,

(35) b (p) = by (p) 5.

9.5.1. Absolute heights. Using Prop. 12, part ii), we can define the height on W"(Q). The

height of a point on W™ (Q) is called the absolute (multiplicative) weighted height and
is the function

h:WHQ) — [1,00)
B(p) = b (p)'/ 159,

where p € W"(K), for any K. The absolute (logarithmic) weighted height on W"(Q)
is the function

b W(Q) — [0, 00)

B'(p) = log b(p) = —— 1§

Lemma 29. The height is invariant under Galois conjugation. In other words, for p €

W™ (Q) and o € Gg we have h(p?) = h(p).

Proof. Letp = [xo,...,2T,] € W(Q). Let K be a finite Galois extension of Q such that
p € W*(K). Let 0 € Gg. Then o gives an isomorphism

c: K — K°
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and also identifies the sets Mg, and M- as follows
o: Mg — Mgo
v — v

Hence, for every € K and v € My, we have |27|,» = |z|,. Obviously o gives as well
an isomorphism

oc: K, = K,
Therefore n, = n,, where n,o = [K% : Q,]. Then
+(P%) = max { x] "“’/‘1’7}
hK ( ) 0<i<n | 7 lw
weEMgo —
= max 3 |z7 néi”/qi}: max { a:-"“/q"}:
max { a7} max { [ai[*/ } = byc(p)
vEMg veEM§K
This completes the proof. d

The following is the equivalent of Northcott’s theorem for weighted projective spaces.

Theorem 30. [12] Let ¢y and dy be constants and W (Q) the weighted projective space
with weights w = (qo, - - . , Gn ). Then the set

{p e Wi (Q) : H(p) < coand [Q(p) : Q] < do}

contains only finitely many points. In particular for any number field K

{p € Wy (K) : bg(p) < co}

is a finite set.
The next result is the analogue of Kronecker’s theorem for heights on projective spaces.

Lemma 30. Let K be a number field, and let p = [xg : -+ : x| € WI(K), where
w = (qo,---,qn). Fixanyiwithx; # 0. Then h(p) = 1 if the ratio x; /€], where &; is the
q;i-th root of unity of x;, is a root of unity or zero for every 0 < j < n and j # 1.

Proof. Letp =[xg:---:m;j:---:xp] € W'(K). Assume x; # 0. Adjoin the ¢;-th root
of unity to x;. Hence, let z; = & so that wt(&;) = 1. Without loss of generality we can
divide the coordinates of p by ¢}/, for j # i, and then we have

i) x

P R 1
& g

For simplicity letp = [yg : -+ : 1 : -+ : y,]. If y; is a root of unity for every 0 < 1 < n
and [ # i then |y;|, = 1 for every v € M. Hence, h(p) = 1. O

9.6. Polynomials in weighted projective spaces. Next we give a brief description of a
weighted variety and then define the height on a weighted variety. For more details on
weighted projective varieties see [10,28] among others.

As it turns out, in the same way as in ordinary projective spaces, evaluating a polynomial
at a point it’s not well defined, but checking if a point is a zero of a polynomial is. We will
make this precise below. As above we let k be a field. We define the polynomial ring in
n + 1 variables with weights w = (qo, . .., ¢n) a8 kw[Z0, - - . , ] such that wi(z;) = ¢;.

This changes the grading of the ring but does not change the underlying k-algebra
structure. So, ky[zo,...,z,] is a Noetherian ring. We will write k,[zo,...,Zn]a C
kwlxo, ..., zn], where w = (qo, . - -, qn), to mean the additive group of all weighted ho-
mogenous polynomials of degree d.
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Definition 6. Let f(zo,...,x,) € k[xo, ..., zy,] Where wt(x;) = ¢;, fori = 0,...,n. A
polynomial f(zo,...,x,) is called a weighted homogenous polynomial of degree d if
each monomial in f is weighted of degree d, i.e.

m n
flzo,. .., x,) :Zainx?, a; €k and m € N
i=1  j=0

and for all 0 < 7 < n, we have that

Z qidj =d.
i=1

Consider the point P = (ag, ..., a,) € W2 and flxo,...,xn) € kylzo, ..., Tn]q- By
definition P = (A%ay, ..., \"a,) for any A € G,,, and particularly we can assume that
A # 1, then we have that

f(Aag, ..., N"a,) = f(ag,...,a,) if and only if f(ag,...,a,) =0.

Thus, it is well defined to write f(P) = 0 for some f(xg,...,Zn) € kw[Zo,-..,ZTnld
and P € W],. We say that an ideal is a weighted homogenous ideal if and only if every
element of f € I can be written as

deg f
f=>_f
i=0
with f; € ky[zo,...,z,)i N 1. Given I < ky[x,, ..., x,], a weighted homogenous ideal,

define the weighted projective variety by
V(1) = {P ewr

F(P)=0 forall fe I} :
Conversely, given V' C W, define the ideal associated to V' by

(V) = {f € kulzo, - .., zn]
In the next lemma we prove that (V) it is actually an ideal.
Lemma 31. Let V C W} and define I(V') as above

1(V) = {f € kuloo, ... ] ‘ f(P)=0 forall peV}
then I(V) is a radical weighted homogenous ideal.

Proof. Let f and g be two polynomials in I(V'). Then, f(P) = g(P) = 0 for all points
P €V, i.e. they both vanish at all points P in the variety V' then, so does f + ¢g and fh
where h is any polynomial in (V). Therefore, I (V) is an ideal.

f(P)=0 forall pEV}.

Since, k[0, . - . , ] is Noetherian then I(V) is finitely generated, say
I(V)=(fi,-- fn)-
But, f; € kylxo,...,2,] for all i and therefore every f; is weighted homogenous. Hence

I(V) is weighted homogenous since it is generated by finitely many weighted homogenous
polynomials.

Lastly let us prove that I(V') is radical. Let f” € I(V). Then, for all points P € V
we have that f7(P) = 0. But since f € k[0, ..., %], which is an integral domain, then
fT(P) = (f(P)" = 0 implies that f(P) = 0 for all P € V. Therefore, I(V') is radical.

[
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A weighted projective variety is said to be irreducible if it has no non-trivial decom-
position into subvarieties. Weighted projective varieties are projective varieties. Hence,
we can define a Zariski topology for weighted projective varieties VV,, which is given by
defining the closed sets of W to be those of the form V' (I) for weighted homogenous
ideal I C ky[xo,. .., xn].

Let f(xo,...,x,) be a weighted homogenous polynomial of degree d, then each mono-
mial in f is weighted of degree d, i.e.
flzo, ... ,xn) = Zainx?, a; €k and m € N
i=1  j=0

and for all 0 < 7 < n, we have that

Z ql‘dj =d.
i=1

We use lexicographic ordering to order the terms in a given polynomial, and
Ty > Ty > > Ty
The multiplicative height of f is defined as follows
b () =TT 171
vEMK
where

[ Flo o= mae { a1/ }

for any absolute value v. Hence, the multiplicative height of a polynomial is the height
of its coefficients taken as coordinates in the weighted projective space. The absolute
multiplicative height is defined as follows

H:P"Q) — [1,00)
H(f) = b (),

Theorem 31. Ler F(z,y) € K[z, y], where w = (qo, q1), be a given weighted homoge-
nous polynomial. Then, there are only finitely many polynomials G(x,y) € K[z, y] such

that h - (G) < b (F).
Proof. Let
Flay) = Y  azy"

i=(ig,i1)El
d=ig-qo+i1-q1

be a polynomial with coefficients in K and fix an ordering = > y. Let h(F) = ¢. By
definition

0 (F) = [T 17 = TT max{ladi} =baclao.. i Jier.
vEMg vEMEK

But, P =[ag...,a,...]icrs is a point in P* where s is the number of monomials of degree

d in 2 variables. Hence, s = ( d+1

d ) . From Thm. 30 we have that for any constant ¢

the set

{PeP°(K):bg(p) <c}
is finite. Hence there are finitely many polynomials G(z,y) with content 1 corresponding
to points P with height b (G) < ¢ = b (F).
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O
Next we see an application of the weighted projective spaces which was the main moti-
vation for the definition of the weighted gcd’s and the height in such spaces.

9.7. Space of binary forms as weighted projective spaces. It turns out that the space of
degree-d binary forms is a weighted projective space.

To start, let us determine what happens to the invariants when we change the coordi-
nates, in other words when we act on the binary form g(z,y) via M € GLa(k). Let
Iy, ..., I, be the generators of R4 with degrees qq, ..., q, respectively. We denote the
tuple of invariants by Z := (lo,...,I,). The following result is fundamental to our ap-
proach.

Proposition 13. For any two binary formal f and g, and M € GLy(k), g = f™M if and
only if
(Io(9),y - - Li(f)s -, In(g)) = AL Io(f), .. ., A L(f), ..., N I (f),) s

d
2

where A = (det M)?2.

Proof. Let f(z,y) = Zf:() a;x'y?" be a degree d > 2 binary form and I, be an invariant
of degree s in R4, say

where o;; = 0, ..., s. When we evaluate I(f™) = I(f(ax + by, cx + dy) we have
(I

Corollary 13. Let Iy, I1,. .., I, be the generators of the ring of invariants Rq of degree
d binary forms. A k-isomorphism class of a binary form f is determined by the point

Z(f) = Uo(f), Lu(f),-- - In(f)] € WE(E).
Moreover f = gM for some M € GLy(K) if and only if Z(f) = A\ I(g), for A =
(det A)%.
Since the isomorphism class of any superelliptic curve, given by
(36) C: 2"y = f(xy),

is determined by the equivalence class of binary form f(x,y) we denote the set of invari-
ants of C by Z(C) := Z(f). Therefore, we have:

Corollary 14. Let C be a superelliptic curve given by Eq. (36). The k-isomorphism class
of C is determined by the weighted moduli point p := [Z(f)] € W (k).

10. MINIMAL MODELS

Let k£ be an algebraic number field and Oy, its ring of integers. The isomorphism class
of a smooth, irreducible algebraic curve C defined over Oy, its determined by its set in-
variants which are homogenous polynomials in terms of the coefficients of C. When C is a
superelliptic curve then these invariants are generators of the invariant ring of binary forms
of fixed degree.

If C is a hyperelliptic curve over k, then the discriminant of C'is a polynomial given in
terms of the coefficients of the curve. Hence, it is an ideal in the ring of integers Oy. The
valuation of this ideal is a positive integer. A classical question is to find an equation of the
curve such that this valuation is minimal, in other words the discriminant is minimal.
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The simplest example is for C' being an elliptic curve. There is an extensive theory
of the minimal discriminant ideal D¢/ . Tate [107] devised an algorithm how to deter-
mine the Weierstrass equation of an elliptic curve with minimal discriminant as part of his
larger project of determining Neron models for elliptic curves. An implementation of this
approach for elliptic curves was done by Laska in [68]. Tate’s approach was extended to
genus 2 curves by Liu [70] for genus 2, and to all hyperelliptic curves by Lockhart [71].

10.1. Minimal discriminants over local fields. Let K be a local field, complete with
respect to a valuation v. Let O be the ring of integers of K, in other words O = {z €
K |v(z) > 0}. We denote by O, the group of units of Ok and by m the maximal ideal
of Ok. Let 7 be a generator for m and k = O /m the residue field. We assume that & is
perfect and denote its algebraic closure by k.

Let C,4 be a superelliptic curve of genus g > 2 defined over K and P a K-rational point
on C4. By a suitable change of coordinates we can assume that all coefficients of C, are
in Og. Then, the discriminant A € Og. In this case we say that the equation of C, is
integral.

An equation for C, is said to be a minimal equation if it is integral and v(A) is minimal
among all integral equations of C,. The ideal I = m?(2) js called the minimal discrimi-
nant of C,.

10.2. Minimal discriminants over global fields. Let us assume now that K is an alge-
braic number field with field of integers O . Let Mk be the set of all inequivalent absolute
values on K and MY the set of all non-archimedean absolute values in M. We denote
by K, the completion of K for each v € MY and by O, the valuation ring in K. Let p,,
be the prime ideal in Ok and m, the corresponding maximal ideal in K. Let (C, P) be a
superelliptic curve of genus g > 2 over K.

If v € MY we say that C is integral at v if C is integral when viewed as a curve over
K. We say that C is minimal at v when it is minimal over K.

An equation of C over K is called integral (resp. minimal) over K if it is integral (resp.
minimal) over K, for each v € M.

Next we will define the minimal discriminant over K to be the product of all the local
minimal discriminants. For each v € M}, we denote by A, the minimal discriminant for
(C, P) over K,. The minimal discriminant of (C, P) over K is the ideal

Ay
AC/K = H mg( ).
veM),

We denote by ac the ideal ac = [],cpr0 po(ae),

Theorem 32. Let (Cy, P) be a superelliptic curve over Q. Then its global minimal discrim-
inant A € 7 is unique (up to multiplication by a unit). There exists a minimal Weierstrass
equation corresponding to this A.

Remark 6. In general (K an algebraic number field) with class number > 1, then the
curve may not have a minimal Weierstrass equation.

10.2.1. Elliptic curves and Tate’s algorithm. Let E be an elliptic curve defined over a
number field K with equation

37 y2 + a1xy + asy = 22+ ax® + agx + ag.

For simplicity we assume that F is defined over Q; the algorithm works exactly the same
for any algebraic number field K.
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We would like to find an equation
(38) y? + adlzy + ayy = 2® + aba® + ajx + af.

such that the discriminant A’ of the curve in Eq. (38) is minimal. Since we want the new
equation to have integer coefficients, the only transformations we can carry out are

= u’zx' +r, y =1y +ulsa’ +t

for u,r, s,t € Z and u # 0. The coefficients of the two equations are related as follows:

ua) = ay + 2s, u'al = ag — saz + 2ray — (t +rs)ay + 3r* — 2st
uday = az +ra; +2t, ubaf = ag +raq +riag + 13 — taz — rta; — 2
uahy = ay — saj + 3r — 52, u2A = A

The version of the algorithm below is due to M. Laska; see [68].

STEP 1: Compute the following
cy = (a? + 4as)? — 24(ara3 + 2a4),
ce = —(a3 + 4as)® + 36(a? + 4az)(a1a3 + 2a4) — 216(a? + 4ag)

STEP 2: Determine the set .S of integers u € Z such that there exist ., ¥, € Z such that
u* = x,cq and w8y, = cg. Notice that S is a finite set.

STEP 3: Choose the largest u € S, say ug and factor it as ug = 2°2 3°% v, where v is
relatively prime to 6.

STEP 4: Choose
aj,ay € {zn:aiwiai =0 orl} and a) € {zn:aiwimi =-1,0 orl}
i=1 =1
subject to the following conditions:
(a)* =z, mod8, (ah)®= —(a})® — y, mod 3.

STEP 5: Solve the following equations for )y and ag

Ty = (a’12 + 4ab)? — 24(alaly + 2d}),

yu = —(ay” +4a3)° +36(a;” + dap) () af +2a}) — 216(aj” + dag)
STEP 6: Solve the equations for s, r, t successively

ua) = ay +2s, ulah, =ay —sa; +3r — s, wlahy = a3 +ra + 2t
For these values of af, . . ., ag the Eq. (38) is the desired result.

For a complete version of the algorithm see [68].

10.3. Superelliptic curves with minimal weighted moduli point. Now we will consider
the minimal models of curves over Oy. Let C be as in Eq. (36) and p = [Z(f)] € W[ (k).
Let us assume that for a prime p € Oy, we have v, (wged (p)) = a. If we use the
transformation x — I%a:, for 5 < «, then from Prop. 13 the invariants will be transformed
according to

E*I(f)-
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To ensure that the moduli point p still has integer coefficients we must pick 3 such that
Bd .. . _ . . . .

pz divides p*»(*¢) fori = 0,. .., n. Hence, we must pick § as the maximum integer such

that 8 < %up(;vi), forall i = 0,...,n. The transformation

@ > ().

1

has a corresponding Jacobian matrix M = {?’OB J with det M = p%. Hence, Prop. 13

/2
implies that the moduli point p changes according to p — (1%) * p, which is still an

integer tuple. We can repeat this this for all primes p dividing wgcd (p). Notice that the
new point is not necessarily normalized in W (k) since [ is not necessarily equal to c.
This motivates the following definition.

Definition 7. Let C be a superelliptic curve defined over an integer ring Oy, and p €
W (Oy) its corresponding weighted moduli point. We say that C has a minimal model
over Oy, if for every prime p € Oy, the valuation of the tuple at p

val,(p) := max {v,(z;) foralli =0,...n},
is minimal, where v, (z;) is the valuation of x; at the prime p.
The following is proved in [47].

Theorem 33. Minimal models of superelliptic curves exist. In particular, the equation

given by C : 2My?~™ = f(x,vy) is a minimal model over Oy, if for every prime p € O
which divides p | wged (Z(f)), the valuation val, of Z(f) at p satisfies

d
39) val,(Z(f)) < 5 0>

forall i = 0,...,n. Moreover, then for X\ = wged (Z(f)) with respect the weights
({%J ey Ldg" J ), the transformation

(z,y,2) — (;,y, )\Tiz>

gives the minimal model of C over Oy. If m|d then this isomorphism is defined over k.

Let C be a superelliptic curve given by Eq. (36) over Oy and p = Z(f) € W?(Oy)

with weights w = (qo, ..., qn). Then p € W (Oy) and exists M € SLs(Oy) such that
1

M = [ 6 ﬂ and A as in the theorem’s hypothesis, and Eq. (39) holds; see [47] for details.

Let us also determine how the equation of the curve C changes when we apply the

transformation by M. We have
d d—1
T X A X
2yt = (7, ):a St aa Sy ar Syt 4 agy?
Yy F(xv dya +ad-13g7Y 1Y 0y

or, equivalently,
(40) C/ . )\dzmyd—’m _ CLd(Ed + )\adfll’d_ly S )\d—lalxyd—l + )\da/()yd )
This equation has coefficients in Oy. Its weighted moduli point is

(M) = Ai ~Z(f),
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and satisfies Eq. (39). It is a twist of the curve C since A? is not necessary a m-th power in

Oy. The isomorphism of the curves over the field k (A%) is given by
($7 Y, Z) — (£7 Y, )\%Z) .
A
If m|d then this isomorphism is defined over &k and C’ has equation

d—

C': 2yt = agr? + Nag_1xy -+ X gyt 4+ Magy® .

Thus, we have the following:

Corollary 15. There exists a curve C' given in Eq. (40) isomorphic to C over the field
d

K=k (Wgcd (p)ﬁ) with minimal S Lo (Oy,)-invariants. Moreover, if m|d then C and C’

are k-isomorphic.

An immediate consequence of the above is that in the case of hyperelliptic curves we
have m = 2 and d = 2g + 2. Hence, the curves C and C’ are always isomorphic over k.
We have the following:

Corollary 16. Given a hyperelliptic curve defined over a ring of integers Oy. There exists
a curve C' k-isomorphic to C with minimal S Lo (Oy,)-invariants.

We give a detailed account of superelliptic curves with minimal invariants in [47].

11. FIELD OF MODULI

Let C be a genus g projective, irreducible, algebraic curve defined over k, say given

as the common zeroes of the polynomials P, ..., P,, and let us denote by G = Aut(C)
the full automorphism group of C. If 0 € Gal(k), then X? will denote the curve defined
as the common zeroes of the polynomials Py, ..., P7, where P7 is obtained from P; by

applying o to its coefficients. In particular, if 7 is also a field automorphism of k, then
X77 = (X7)7. For details we refer to [52].

A subfield kg of k is called a field of definition of C if there is a curve ), defined over
ko, which is isomorphic to C. It is clear that every subfield of k£ containing kj is also a field
of definition of it. In the other direction, a subfield of £y might not be a field of definition
of C. Weil’s descent theorem [109] provides sufficient conditions for a subfield k¢ of k to
be a field of definition. Let us denote by Gal(k/ko) the group of field automorphisms of &
acting as the identity on k.

Theorem 34 (Weil’s descent theorem [109]). Assume that for every o € Gal(k/ko) there
is an isomorphism f, : C — C° so that

fro = foofr, Vo,7 € Gal(k/kg).

Then there is a curve ), defined over kg, and there is an isomorphism R : C — ), defined
over a finite extension of ko, so that R = R° o f,, for every o € Gal(k/ko).

Clearly, the sufficient conditions in Weil’s descent theorem are trivially satisfied if C has
non-trivial automorphisms. This is the generic situation for C of genus at least three.

Corollary 17. If C has trivial group of automorphisms and for every o € Gal(k/ko) there
is an isomorphism f, : C — C?, then C can be defined over ky.
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The notion of field of moduli was originally introduced by Shimura for the case of
abelian varieties and later extended to more general algebraic varieties by Koizumi. If G¢
is the subgroup of Gal(k) consisting of those o so that C? is isomorphic to C, then the fixed
field M¢ of G¢ is called the field of moduli of C. As we are assuming that k is algebraically
closed and of characteristic zero, we have that G¢ consists of all automorphisms of Gal(k)
acting as the identity on M.

Every curve of genus g < 1 can be defined over its field of moduli. If g > 2, then there
are known examples of curves which cannot be defined over their field of moduli. A direct
consequence of Cor. 17 is the following.

Corollary 18. Every curve with trivial group of automorphisms can be defined over its
field of moduli.

As a consequence of Belyi’s theorem [11], every quasiplatonic curve C can be defined
over QQ (so over a finite extension of Q).

Theorem 35 (Wolfart [110]). Every quasiplatonic curve can be defined over its field of
moduli (which is a number field).

11.1. Two practical sufficient conditions. When the curve C has a non-trivial group of
automorphisms, then Weil’s conditions (in Weil’s descent theorem) are in general not easy
to check. Next we consider certain cases for which it is possible to check for C to be
definable over its field of moduli.

Sufficient condition 1: unique subgroups Let H be a subgroup of Aut(C). In general
there might other different subgroups K which are isomorphic to H and with C/K and
C/H having the same signature. For instance, the genus-two curve C defined by 3% =
z(x — 1/2)(z — 2)(z — 1/3)(x — 3) has two conformal involutions, 71 and 72, whose
product is the hyperelliptic involution. The quotient C/(7;) has genus one and exactly
two cone points (of order two). We say that H is is unique in Aut(C) if it is the unique
subgroup of Aut(C) isomorphic to H and with quotient orbifold of same signature as C/H.
Typical examples are (i) H = Aut(C) and (ii) H being the cyclic group generated by the
hyperelliptic involution for the case of hyperelliptic curves. If H is unique in Aut(C), then
it is a normal subgroup; so we may consider the reduced group Aut(C) = Aut(C)/H,
which is a group of automorphisms of the quotient orbifold C/H. In [53] the following
sufficient condition for a curve to definable over its field of moduli was obtained;

Theorem 36. Let C be a curve of genus g > 2 admitting a subgroup H which is unique in
Aut(C) and so that C/ H has genus zero. If the reduced group of automorphisms Aut(C) =
Aut(C)/H is different from trivial or cyclic, then C is definable over its field of moduli.

If C is a hyperelliptic curve, then a consequence of the above is the following result.

Corollary 19. Let C be a hyperelliptic curve with extra automorphisms and reduced auto-
morphism group Aut(C) not isomorphic to a cyclic group. Then, the field of moduli of C is
a field of definition.

Sufficient condition 2: Odd signature Another sufficient condition of a curve C to be
definable over its field of moduli, which in particular contains the case of quasiplatonic
curves, was provided in [8]. We say that C has odd signature if C/ Aut(C) has genus zero
and in its signature one of the cone orders appears an odd number of times.

Theorem 37. Let C be a curve of genus g > 2. If C has odd signature, then it can be
defined over its field of moduli.
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11.2. The locus of curves with prescribed group action, moduli dimension of families.
Fix an integer g > 2 and a finite group G. Let C1, ..., C,. be nontrivial conjugacy classes
of G. Let C = (C4,...,C,), viewed as an unordered tuple, where repetitions are allowed.
We allow r to be zero, in which case C is empty. Consider pairs (C, i), where C is a curve
and p : G — Aut(C) is an injective homomorphism. We will suppress u and just say C is
a curve with G-action, or a G-curve. Two G-curves C and C’ are called equivalent if there
is a G-equivariant conformal isomorphism C — C’. We say a G-curve C is of ramification
type (g, G, C) (for short, of type (g, G, C)) if
i) g is the genus of C,

i) G < Aut(C),

iii) the points of the quotient C/G that are ramified in the cover C — C/G can be
labeled as pq,...,p, such that C; is the conjugacy class in G of distinguished
inertia group generators over p; (fori =1,...,7).

If C is a G-curve of type (g, G, C), then the genus g of C/G is given by the Riemann-
Hurwitz formula

2(9—1) =2|Gl(go — 1) + G| Y_(1 = |C;|71).
j=1

Define H = H(g,G,C) to be the set of equivalence classes of G-curves of type
(9, G, C). By covering space theory, H is non-empty if and only if G can be generated by
elements v, 81, . .., gy, Bgys V1, - - - Yr Withy; € C; and Hj laj, B3] 11; v = 1, where
[, 8] = a7 187 ap.

Let M, be the moduli space of genus g curves, and M, , the moduli space of genus
go curves with r distinct marked points, where we view the marked points as unordered.
Consider the map

®:H — My,

forgetting the G-action, and the map ¥ : ‘H — M, . mapping (the class of) a G-curve
C to the class of the quotient curve C/G together with the (unordered) set of branch points
P1y...,pr. If H # (), then W is surjective and has finite fibers, by covering space theory.
Also ® has finite fibers, since the automorphism group of a curve of genus > 2 is finite.
The set H carries a structure of quasi-projective variety (over C) such that the maps ® and
U are finite morphisms. If # # (), then all (irreducible) components of H map surjectively
to Mg, » (through a finite map), hence they all have the same dimension

6(g7G7C) = dim Mgoﬂ” = 390_3+7’

Let M(g, G, C) denote the image of @, i.e., the locus of genus g curves admitting a G-
action of type (g, G, C). Since ® is a finite map, if this locus is non-empty, each of its
(irreducible) components has dimension (g, G, C). Thm. 35 can be stated as follows:

Theorem 38. If §(g, G, C) = 0, then every curve in M(g, G, C) is defined over its field
of moduli.

The last part of the above is due to the fact that § = 0 ensures that the quotient orbifold
C/G must be of genus zero and with exactly three conical points, that is, C is a quasipla-
tonic curve.

11.3. Field of moduli of superelliptic curves. Let C be a superelliptic curve of level n
with G = Aut(C). By the definition, there is some 7 € G, of order n and central, so
that the quotient C/(7) has genus zero, that is, it can be identified with the projective line,
and all its cone points have order n. As, in this case, the cyclic group H = (7) = C,
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is normal subgroup of G, we may consider the quotient group G := G/H, called the
reduced automorphism group of C with respect to H; so G is a degree n central extension
of G.

In the particular case that n = p is a prime integer, Castelnuovo-Severi’s inequality [23]
asserts that for g > (p — 1)? the cyclic group H is unique in Aut(C). The following result
shows that the superelliptic group of level n is unique:

Theorem 39. A superelliptic curve of level n and genus g > 2 has a unique superelliptic
group of level n.

Proof. Let C be a superelliptic curve of level n and assume that (7) and () are two dif-
ferent superelliptic groups of level n. The condition that the cone points of both quotient
orbifolds C/(r) and C/(n) are of order n asserts that a fixed point of a non-trivial power
of 7 (respectively, of ) must also be a fixed point of 7 (respectively, ). In this way, our
previous assumption asserts that no non-trivial power of 77 has a common fixed point with
a non-trivial power of 7. In this case, the fact that 7 and 7 are central asserts that nT = ¢
and that (7,7) = C2 (see also [92]).

Let m : C — P} be a regular branched cover with (1) as deck group. Then the auto-
morphism 7 induces a automorphism p € PGLy (k) (also of order n) so that 7n = prm. As
p is conjugated to a rotation z — wy,x, where w,, = 1, we observe that it has exactly two
fixed points. This asserts that 7 must have either n or 2n fixed points (forming two orbits
under the action of (7)). As this is also true by interchanging the roles of 7 and 7, the same
holds for the fixed points of 7. It follows that the cone points of 7 consists of (i) exactly
two sets of cardinality n each one or (ii) exactly one set of cardinality n, and each one
being invariant under the rotation p. Up to post-composition by a suitable transformation
in PGL4(k), we may assume these in case (i) the 2n cone points are given by the n roots
of unity and the n roots of unity of a point different from 1 and 0 and in case (ii) that the n
cone points are the n roots of unity. In other words, C can be given either as

Cr: y"=("-1)(a"-a"), a€k-{0,1}
or as the classical Fermat curve
Co: y"=2" -1
and, in these models,

T(z,y) = (z,wny), n(z,y) = (Wnt,y).
As the genus of C; is at least two, we must have that n > 3. But such a curve also admits

the order two automorphism
a ay

o= (4.2
which does not commute with 7, a contradiction to the fact that n was assumed to be
central. In the Fermat case, the full group of automorphisms is C2 x S3 and it may be
checked that it is not superelliptic.
O
The group G is a subgroup of the group of automorphisms of a genus zero field, so
G < PGLy(k) and G is finite. It is a classical result that every finite subgroup of PGLy (k)
(since we are assuming k of characteristic zero) is either the trivial group or isomorphic
to one of the following: C,,,, Dy, A4, Sy, As. All automorphisms groups of superelliptic
curves and their equations were determined in [92] and [93]. Determining the automor-
phism groups G, the signature C of the covering C — C/G, and the dimension of the
locus M(g, G, C) for superelliptic curves is known; see [92]. We have seen in Thm. 39
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that its superelliptic group of level n is unique. As a consequence of Thm. 36, we obtain
the following fact concerning the field of moduli of superelliptic curves:

Theorem 40. Let C be a superelliptic curve of genus g > 2 with superelliptic group
H = C,. If the reduced group of automorphisms Aut(C) = Aut(C)/H is different from
trivial or cyclic, then C is definable over its field of moduli.

As a consequence of the above, we only need to consider the case when the reduced
group G = G/ H is either trivial or cyclic. As a consequence of Thm. 37 we have:

Theorem 41. Let C be a superelliptic curve of genus g > 2 with superelliptic group
H = C), sothat G = G/ H is either trivial or cyclic. If C has odd signature, then it can be
defined over its field of moduli.

As a consequence, the only cases we need to take care are those superelliptic curves
with reduced group G = G/ H being either trivial or cyclic and with C/G having not an
odd signature.

11.4. Superelliptic curves of genus at most 10. We proceed, in each genus 2 < g <
10, to describe those superelliptic curves which are definable over their field of moduli.
Observe that in the cases left (which might or might not be definable over their field of
moduli) the last column in Table 4 provides an algebraic model y* = f(x), where f(z)
is defined over the algebraic closure and not necessarily over a minimal field of definition.
The branched regular covering 7 : C — P} defined by 7(x,y) = « as deck group H =
<T($7y) = ({,C, Cny)> = Ch.

Genus 2: This case is well known since in this case for every curve C with | Aut(C)| > 2
the field of moduli is a field of definition.

Genus 3: There are 21 signatures from which 12 of them are hyperelliptic and 3 are
trigonal.

Lemma 32. Every superelliptic curve of genus 3, other than Nr. 1 and 2 in Table 5, is
definable over its field of moduli.

Proof. If Aut(C) is isomorphic to A4 or Sy then the corresponding locus consists of the
curves y* = z* + 222 + % and y?> = 28 + 142* + 1 which are both defined over their
field of moduli. If Aut(C) is isomorphic to a dihedral group and C is not hyperelliptic,
then Aut(C) is isomorphic to V4 x Cy, G5, Dg x Cs, and Gs. These cases G5, Dg X Cs,
and Gg correspond to y* = 2% — 1, y3 = z(2® — 1), and y* = z(2% — 1), which are
all defined over the field of moduli. If Aut(C) is isomorphic to a cyclic group, then in the

TABLE 5. Genus 3 curves No. 1 and 2 are the only one whose field of
moduli is not necessarily a field of definition

’ Nr. \ G \ G \ n \ m \ sig. \ 4] \ Equation 4™ = f(x) ‘
1 (0] o 21 |28 502 (mﬁ +30 i + 1)
2 | Cy |V 212 |26 3| 28 +a1x? +asxt +aszxb +1
3 Cy | C4 2102 (23,42 |2z (Iﬁ + a12% + agzt + 1)
4 Cy | Cg 312 |2, 32, 6|1 |z*+a12®+1
5 ‘/4 V4 X 04 4|2 2374 1 x4+a1z2+1

cases when it is isomorphic to C4, C1 there are two cases which correspond to the curves

Albanian J. Math. 13 (2019), no. 1, 107-200


http://albanian-j-math.com/vol-13.html

MALMENDIER, SHASKA 171

y?> = 27 + 1 and y® = x* + 1. The left cases are given in Table 5. The curve No. 5 is

definable over its field of moduli by Thm. 40. All the other cases, with the exception of Nr.
1 and 2, the curves are of odd signature, so they are definable over their field of moduli by
Thm. 41. O

Genus 4: We have the following:

Lemma 33. Every superelliptic curve of genus 4, other than Nr. 1, 3 and 5 in Table 6, is
definable over its field of moduli.

Proof. There is only one case when the reduced automorphism group Aut(C) is not iso-
morphic to a cyclic or a dihedral group, namely G = S;. In this case, the curve is
y> = x(2* — 1) and is defined over the field of moduli. If G is isomorphic to a dihe-
dral group, then there are only 6 signatures which give the groups Dg x C3, Dy X C3,
D12 X 03, D4 X 03, Dg X 03, and D4 X 05. The groups D12 X 03, Dg X 03, and D4 X C5
correspond to curves y® = % — 1, y3 = z(z* — 1), and y° = x(2® — 1) respectively. The
remaining three cases are given by Nrs. 7, 8 and 9 in Table 6 which are definable over their
field of moduli by Thm. 40.

TABLE 6. Genus 4 curves No. 1, 3 and 5 are the only ones whose field
of moduli is not necessarily a field of definition

’ Nr. \ G \ G \ n \ m \ sig. \ ] \ Equation y™ = f(x) ‘
1 ; 201 20 (7 ]a(at+ 2 @ +1)
2 Vi 212 |27 42043 a1
3 Ch | Cy 212 (2442 |3 | 2(2® + azab + agat + a12% + 1)
4 Cs 213 123622 +a123+axb+1
5 Cs 311 |3 3| z(xt + a1z + agxr? + azxd + 1)
6 CoxCs |32 122,35 | 2|28+ az* +aix?+1
7 DgxCs |3 13 [2232 1|26 +a123+1
8 Dopm | VaxCs |32 223,61 (22—1)(z* +a12®+1)
9 VixCs |32 223,61 a(@*+ax?+1)

If Aut(C) is isomorphic to a cyclic group, then there are two signatures for each of the
groups Cyg and C15. In each case, both signatures give the same curve, namely y? = 2% +1
and y3 = x® + 1 respectively. The left cases are given by cases 1 to 6 in Table 6. As all
cases, with the exception of cases 1, 3 and 5, the curves are of odd signature; so definable
over their field of moduli by Thm. 41. O

12. THETA FUNCTIONS

In this section we describe the theory of theta functions for hyperelliptic curves and
steer the reader toward the theta functions for superelliptic curves in the light of recent
developments in the area [65], [29], [31].

An algebraic function y(z) is a function which satisfies some equation

f(,y(x)) =0,

where f(z,y) € C[z,y] is an irreducible polynomial. Recall from calculus that [ F(x) dx,
for F(x) € C(x), can be integrated using partial fractions and expressing this as a sum of
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rational functions in z or logarithms of x. Also, the integral

[ Pl

where F' € C(z,y) and 2,y € C(t), can be easily solved by replacing for x = z(t) and
y = y(t) this reduces to the previous case. Similarly, we can deal with the case

/F (x, vaz? + bx + c) dz.

Indeed, let y = v/ax? + bx + c. Then, y? = az? + bx + c is the equation of a conic. As
such it can be parametrized as x = x(t), y = y(¢) and again reduces to the previous case.
However, the integral

/F(x,\/ax3+bx2+cx+d> dx

can not be solved this way because
vr=ax®+bx® +cx+d

is not a genus 0 curve, and therefore can not be parametrized. Such integrals are called
elliptic integrals. To solve them one needs to understand the concept of elliptic functions
which will be developed later. It can be easily shown that these integrals can be transformed
to the form

/ p@) .
Valz)
where p(x), g(z) are polynomials such that deg ¢ = 3,4 and ¢(x) is separable. The term
elliptic comes from the fact that such integrals appear in the computation of the length of
an ellipse.

A natural generalization of the elliptic integrals are the hyperelliptic integrals which
are of the form [ \;%dx where p(z), ¢(x) are polynomials such that deg ¢ > 5 and ¢(x)

is separable. Naturally, the square root above can be assumed to be a n-th root. We will
call such integrals superelliptic integrals. Hence, a superelliptic integral is of the form

/ pe) .

Val(x)

where n > 3, p(x),q(x) are polynomials such that degq > 5 and ¢(z) is separable.
What about the general case when [ R(z,y) dz, where R € C(z,y) and y is an algebraic
function of x given by some equation F'(z,y) = 0, for F(z,y) € Clz,y]? An integral of
this type is called an Abelian integral.

There are several version of what is called the Abel’s theorem in the literature. For
original versions of what Abel actually stated and proved one can check the classic books
[9] and [25]. For modern interpretations of Abel’s theorem and its historical perspectives
there are the following wonderful references [44], [45] and [63]. In this short notes we
will try to stay as close as possible to the original version of Abel. Let y be an algebraic
function of x defined by an equation of the form

flay)=y" + Ary" '+ A4, =0,
with Ao, ..., A, € C(z). Let R(z,y) € C(z,y).
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Theorem 42 (Abel). The sum

(whyl) (Im)ym)
/ R(z,y)+~~+/ R(z,y)
(a1,b1) (@m bm)

for arbitrary a;, b;, is expressible as a sum of rational functions of the variables (x1,y1),
e oy (Tm, ym) and logarithms of such rational functions with the addition of

(21,81) (2k,8K)
_/ R(x7y)__/ R((E,y),

where z;, s; are determined by x;,vy; as the roots of an algebraic equation whose coeffi-
cients are rational coefficients of x1,Y1,- .., Tm,Ym. Moreover, si,...,Ssy are the cor-
responding values of y, for which any s; is determined as a rational function of z; and
T13 Y1y - -« y T, Ym- The number k does not depend on m, R(x,vy), or the values (x;,y;),
but only on the equation

f(z,y) =0.

For more details of this version of Abel’s theorem and its proof see [9, pg. 207-235]. A
modern version of the Abel’s theorem, which is found in most textbooks says that the Abel-
Jacobi’s map is injective; see Thm. 43 for details. A nice discussion from a modern view
point was provided in [63]. The new idea of Jacobi was to consider integrals fcw R(z,y)
as variables and to try to determine w in terms of such variables. This idea led to the
fundamental concept of theta functions, which will be formally defined in the next section.

First, consider the Abelian integrals

Zi = / LR(Iay)

7

fori =1,...g. Consider z; as variables and express w; as functions of z;,

This is known as the Jacobi inversion problem.

Example 1 (Elliptic integrals). Let be given the integral (i.e. g = 1)

w1 dt _.
o JI-o)-ke)
o U3 1V
wy =sn(z1) = sn (u; k) = W’

where u = v 03(0) and 0y, 01,0, 03 are the Jacobi theta functions; see [9] for details.

It was exactly the above case that motivated Jacobi to introduce the theta functions. In
terms of these functions, he expressed his functions sn u, cn u, and dn w as fractions with
the same denominator whose zeroes form the common poles of sn u, cn u, and dn u. For
g = 2, Gopel found similar functions, building on work of Hermite. We will say more
about this case in the coming sections. Gopel and later Rosenhain notice that integrals of
the first kind, which exist for ¢ = 2 become elliptic integrals of the first and third kind,
when two branch points of the curve of g = 2 coincide. This case corresponds to the
degenerate cases of the £,, spaces as described in [97] and later in [99]. Both Gopel and
Rosenhain, when developing theta functions for genus g = 2, were motivated by the Jacobi
inversion problem. Weierstrass considered functions which are quotients of theta functions
for the hyperelliptic curves, even though it appears that he never used the term "theta
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functions". In their generality, theta functions were developed by Riemann for g > 2. It is
Riemann’s approach that is found in most modern books and that we will briefly describe in
the next section. Most known references for what comes next can be found in [61, 82—84].

12.1. Riemann’s theta functions.

12.1.1. Introduction to theta functions of curves. Let C be an irreducible, smooth, pro-
jective curve of genus g > 2 defined over the complex field C. We denote the moduli
space of genus g by M, and the hyperelliptic locus in M, by H,. It is well known that
dim M, = 3g — 3 and H, is a (2¢g — 1) dimensional subvariety of M. Choose a sym-
plectic homology basis for C, say

{Ay,..., Ay, By,..., By}

such that the intersection products A; - A; = B; - B; = 0 and A; - B; = §;;. We choose a
basis {w; } for the space of holomorphic 1-forms such that f 4 Wy = dij, where 0;; is the

Kronecker delta. The matrix O = [ i) B wj] is the period matrix of C. The columns of the

matrix [I |O] form a lattice L in C9 and the Jacobian of C is J(C) = C9/L. Fix a point
po € C. Then, the Abel-Jacobi map is defined as follows

€= J(C)

P P
p—)(/ wl,...,/ wg> mod L.
Po Po

The Abel-Jacobi map can be extended to divisors of C the natural way. For example, for a
divisor D = ). n; P; we define

p(D) = niu(P).
i

The following two theorems are part of the folklore on the subject and their proofs can be
found in all classical textbooks.
Theorem 43 (Abel). The Abel-Jacobi map is injective.
Theorem 44 (Jacobi). The Abel-Jacobi map is surjective

We continue with our goal of defining theta functions and theta characteristics. Let

g = {t : t is symmetric g x g matrix with positive definite imaginary part}

be the Siegel upper-half space. Then O € §),. The group of all 2g x 2g matrices M €
GLyy(Z) satisfying

" . . (0 I
M'JM =J with J_<—Ig 0

is called the symplectic group and denoted by Spz,(Z). Let M = (g 5) € Spay(Z)

and t € ), where R, S, T and U are g x g matrices. Spag(Z) acts transitively on )4 as
M(t)=(Rt+S)(Tt+U)"".
Here, the multiplication is matrix multiplication. There is an injection
Mg = $g/5p2g(Z) =: Ay,

where each curve C' (up to isomorphism) is mapped to its Jacobian in A. If £ is a positive
integer, the principal congruence group of degree g and of level / is defined as a subgroup
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of Spag(Z) by the condition M = I, mod ¢. We shall denote this group by Spag(Z)(£).
For any z € CY and t € $),; the Riemann’s theta function is defined as

G(Z,t) _ Z eﬂ'i(u"tu+2utz)
uczZI

where u and z are g-dimensional column vectors and the products involved in the formula
are matrix products. The fact that the imaginary part of ¢ is positive makes the series
absolutely convergent over every compact subset of C9 x §,.

The theta function is holomorphic on CY x $), and has quasi periodic properties,

0(z+u,7)=0(2,7) and 0(z+ur,7) = "W T gz 1)
where u € Z9; see [82] for details. The locus
©:={2eCI/L:0(z,0) =0}
is called the theta divisor of C. Any point e € J(C) can be uniquely written as e =

(b,a) <g) where a,b € RY are the characteristics of e. We shall use the notation [e]

. a . .
for the characteristic of e where [e] = bl For any a,b € QY, the theta function with

rational characteristic is defined as a translate of Riemann’s theta function multiplied by an
exponential factor

41 0 {Z] (z,t) = e”i(atta+2at(z+b))9(z +ta+b,t).
By writing out Eq. (41), we obtain

a _ mi((uta)tt(uta)+2(uta)t (z+b))
9[4 (z,t)—Ze .

u€ezZI

The Riemann’s theta function is 6 [ } . Theta functions with rational characteristics have

0
the following properties:

glot ”} (2,) = e2mia'mg m (2,1),

_b +m b
“2) G ﬂ (2 +m, 1) = *mi'mg m (2,1),

0 (zj (2 + tm, 1) = emi(- 2 momim=2m'z)g m (2,1)

with n,m € Z™. All of these properties are immediately verified by writing them out. A
scalar obtained by evaluating a theta function with characteristic at z = 0 is called a theta
constant or theta-nulls. When the entries of column vectors @ and b take values in {0, %},

b
theta functions with rational characteristics are called theta characteristics.
Points of order n on J(C) are called the 1-periods. Any point p of J(C) can be

then the characteristics {a] are called the half-integer characteristics. The corresponding

a

written as p = ta + b. If [b

} is a L-period, then a,b € (1Z/Z)9. The L-period p can
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be associated with an element of H;(C,Z/nZ) as follows: Let a = (aq,--- ,a4)", and
b= (b1, - ,by)". We have

t
pzta—i—bz( ai/ Wi, ai/ w) + b/w,---,b/ w
Z B, ' Z B ' A ' T Ja,

g

(S e o) (e ot )

i i i

([ )

with C' =} a; B; + b; A;. We identify the point p with the cycle C € H,(C,Z/nZ) where
C =>"a;B; + b;A;, a; = na; and b; = nb; for all i; see [3] for more details.

12.2. Half-Integer Characteristics and the Gopel Group. In this section we study the
groups of half-integer characteristics. Any half-integer characteristic m € %ZQQ /729 is

given by
_ 1 . 1 mip Mmg -0 My

!
where m;, m/, € Z. Form = {ZZ,, € 179/7%, we define e, (m) = (—1)*™ )'m” We

say that m is an even (resp. odd) characteristic if e, (m) = 1 (resp. e,(m) = —1). For any
curve of genus g, there are 2971 (29 + 1) (resp., 297 1(29 — 1) ) even theta functions (resp.,
odd theta functions). Let a be another half-integer characteristic. We define

Lttty
ma2<t/1 th - t’g

where t; = (m; + a;) mod 2 and t; = (m; + a;) mod 2. We only consider characteristics
%q in which each of the elements g;, ¢, is either 0 or 1. We use the following abbreviations:

g g
|m| = Zmim;, |m,a| = Z(m;ai —myay),
i=1 i1
m mi > 9_ mja/
6] = o]+ o]+ fmal, (1) = ert S,

The set of all half-integer characteristics forms a group G' which has 229 elements.
We say that two half integer characteristics m and a are syzygetic (resp., azygetic) if
|m,a] = O0mod 2 (resp., [m,a] = 1 mod 2) and three half-integer characteristics m, a,
and b are syzygetic if |m, a, b| = 0 mod 2. A Gopel group G is a group of 2" half-integer
characteristics where r < g such that every two characteristics are syzygetic. The elements
of the group G are formed by the sums of r fundamental characteristics; see [9, pg. 489]
for details. Obviously, a Gopel group of order 2" is isomorphic to C%. The proof of the
following lemma can be found on [9, pg. 490].

Lemma 34. The number of different Gopel groups which have 2" characteristics is
(220 —1)(2%972 —1)--- (22972712 — 1)
2r—-1n@Eer-t-1---(2-1)

If G is a Gopel group with 2" elements, it has 229" cosets. The cosets are called
Gopel systems and are denoted by aG, a € G. Any three characteristics of a Gopel
system are syzygetic. We can find a set of characteristics called a basis of the Gopel system
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which derives all its 2" characteristics by taking only combinations of any odd number of
characteristics of the basis.

Lemma 35. Let g > 1 be a fixed integer, r be as defined above and o = g — r. Then there
are 2°71(27 + 1) Gopel systems which only consist of even characteristics and there are
2971(29 — 1) Gopel systems which consist of odd characteristics. The other 227 (2" — 1)
Gopel systems consist of as many odd characteristics as even characteristics.

Proof. The proof can be found on [9, pg. 492]. U

Corollary 20. When r = g, we have only one (resp., 0) Gopel system which consists of
even (resp., odd) characteristics.

Consider s = 227 Gopel systems which have distinct characters and denote them by
a1G,aG, - -+ asG.
We have the following lemma.

Lemma 36. It is possible to choose 20 + 1 characteristics from aj,as,--- ,as, say a1,
ag, -+, Oay41, Such that every three of them are azygetic and all have the same character.
The above 20 + 1 fundamental characteristics are even (resp., odd) if c = 1,0 mod 4
(resp.,= 2,3 mod 4).

The proof of the following lemma can be found on [9, pg. 511].

Lemma 37. For any half-integer characteristics a and by, we have the following:

43)  0%[a](21,1)0%[ab](za, 1) = 2% > emileel <:e> 62[¢] (21,1)6°[eb] (22, 1),

(4

where the sum runs over all half-integer characteristics.

We can use this relation to get identities among half-integer thetanulls. We know that we
have 2971(29 + 1) even characteristics. As the genus increases, we have multiple choices
for e. In the following, we explain how we reduce the number of possibilities for ¢ and how
to get identities among thetanulls. First we replace ¢ by ¢h and z; = 22 = 0 in Eq. (43).
Eq. (43) can then be written as follows:

44 02 02 — 9279 Ti|aeh| h 92 92 )

(44) [a]67[ab] Z e ach ) & 1107 [¢0]

We have e™1o¢b (| h) =emilol()e 7”‘”‘ b1, Next we put z; = z = 0 in Eq. (43) and add
it to Eq. (44) and obtain the following identity:

(45) 260%[a)0%[ab] =279 e™¢l(1 + ™% 01) 7 [¢]6% [eh].

If |ae,h| = 1 mod 2, the corresponding terms in the summation vanish. Otherwise 1 +
emaehl — 9 In this case, if either ¢ is odd or ¢h is odd, the corresponding terms in the
summation vanish again. Therefore, we need |ae, h| = 0 mod 2 and |e| = |eh| = 0 mod 2,
in order to get nonzero terms in the summation. If ¢* satisfies |¢*| = |e*h*| = 0 mod 2 for
some h*, then ¢*h* is also a candidate for the left hand side of the summation. Only one
of such two values ¢* and ¢*h* is taken. As a result, we have the following identity among
thetanulls

(46) 0%[a]6%[ab] = 5 — Z '( )92[e]92[eh],

albanian-j-math.com/archives/2019-03.pdf


http://albanian-j-math.com/archives/2019-03.pdf

FROM HYPERELLIPTIC TO SUPERELLIPTIC CURVES 178

where a, h are any characteristics and ¢ is a characteristics such that |ae, h| = 0 mod 2,
le| = |eh| = 0 mod 2 and ¢ # ¢b.

By starting from the Eq. (43) with z; = 25 and following a similar argument to the one
above, we can derive the identity,

(47) 6*[a] + e™!%016% [ap] = 2%_1 > emlecl{6*fe] 4 €106 eh]}

where a, h are any characteristics and ¢ is a characteristic such that |h| + |e, h| = 0 mod 2,
le| = |eh| = 0 mod 2 and ¢ # eb.

Remark 7. |ae, h| = 0 mod 2 and |eby| = |¢| = 0 mod 2 implies |a, b| + [b| = 0 mod 2.
We use Eq. (46) and Eq. (47) to get identities among theta-nulls.

12.3. Hyperelliptic curves and their theta functions. A hyperelliptic curve C, defined
over C, is a cover of order two of the projective line P'. Let C — P! be the de-
gree 2 hyperelliptic projection. We can assume that oo is a branch point. Let B :=
{a1, a9, -+, 9441} be the set of other branch points and let S = {1,2,---,2g + 1}
be the index set of B and ¢ : S — 1729 /729 be a map defined as follows:

o --- 0 X o ... 0 o --- 0 X o0 ... 0
C(2i_1):|:1 1 2 }, C(%):[l 1 1
i 200 -0 i ... 120 -0
where the nonzero element of the first row appears in i*" column. We define ¢(c0) to be
[8 8 8} . For any T' C B, we define the half-integer characteristic as
=Y k)
ap €T

Let T° denote the complement of T in B. Note that (g € Z29. If we view (r as an
element of %ZQQ /79 then (r = (r-. Let /A denote the symmetric difference of sets, that
isTAR = (T'UR) — (T N R). It can be shown that the set of subsets of B is a group
under A. We have the following group isomorphism:

1
{TCB|#T =g+ 1mod2}/T ~T° = §Z29/ZQ~‘7.

!

For v = D,,] € %Z%’/ZQQ, we have

(48) 0](=2,t) = e.(MON](2,1).

It is known that for hyperelliptic curves, 2971(29 + 1) — (29;1) of the even thetanulls are
zero. The following theorem provides a condition for the characteristics in which theta
characteristics become zero. The proof of the theorem can be found in [83].

Theorem 45. Let C be a hyperelliptic curve, with a set B of branch points. Let S be the
index set as above and U be the set of all odd values of S. Then for all T C S with even
cardinality, we have 0[Cr| = 0 if and only if #(TAU) # g + 1, where 0[(7) is the theta

constant corresponding to the characteristics (.

When the characteristic -y is odd, e.(y) = 1. Then from Eq. (48) all odd thetanulls are
zero. There is a formula which satisfies half-integer theta characteristics for hyperelliptic
curves called Frobenius’ theta formula.
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Lemma 38 (Frobenius). Forall z; € C9, 1 < i < 4 such that z1 + z9 + 23 + z4 = 0 and
forallb; € Q39,1 < i < 4 such that by + by + bs + by = 0, we have

4
> ) [ ol + <iiz:) =0,
=1

jESU{c0}

<A<k>:{1 yhe s

where for any A C B,

—1 otherwise.

Proof. See [82, pg.107]. ]
A relationship between thetanulls and the branch points of the hyperelliptic curve is
given by Thomae’s formula:

Lemma 39 (Thomae). For all sets of branch points B = {a1, g, - -+ , Qag41}, there is a
constant A such that for all T C B, #7T is even,

Olnr)(0;t)* = (-1)#T"0 A H (i — ) H (0 — )
i<j i<j
i,j€ETAU i,j¢TAU
where N is a non singular even half-integer characteristic corresponding to the subset T’
of branch points.

See [82, pg. 128] for the description of A and [82, pg. 120] for the proof. Using
Thomae’s formula and Frobenius’ theta identities we express the branch points of the
hyperelliptic curves in terms of even thetanulls. In [15] and [89] it is shown how such
relations are computed for genus g = 2, 3.

12.4. Superelliptic curves and their theta functions. Generalizing the theory of theta
functions of hyperelliptic curves to all cyclic covers of the projective line has been the
focus of research of the last few decades. The main efforts have been on generalizing
the Thomae’s formula to such curves. In the literature of Riemann surfaces such curves
are called for historical reasons the C), curves. As a more recent development and new
developments on this topic see [31].

13. JACOBIAN VARIETIES

Let C be a smooth, irreducible, algebraic curve of genus g > 2, defined over a field K.
Let S,; denote the symmetric group of permutations. Then Sy acts on C? as follows:

Sy x Ct— ¢l
(0,(Pr,...,P)) = (...,P7,...)

?

(49)

We denote the orbit space of this action by Sym?(C). Denote by Div¢(C) the set of degree
v divisors in Div(C) and by Div?(C) the set of positive ones in Div?(C).

Lemma 40. Divt?(C) = Sym?(C).

Let j : C? — P(»+1d4=1 pe the Segre embedding. Let R := C[C%] be the homogenous
coordinate ring of C?. Then Sy acts on R by permuting the coordinates. This action
preserves the grading. Then j is equivariant under the above action. Hence, the ring of
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invariants R4 is finitely generated by homogenous polynomials fo, . . ., fy of degree M.
Thus, we have

C[fo,--- fn] € {f € RS such that M|deg f} C R%*.

Hence, every element in C|fy, ..., fx] we can express it as a vector in PV via the basis
{fo,.-., fn}. Then we have an embedding

Sym?(C) — PV

with the corresponding following diagram:

cd__L p(n+1)d-1

l |

Sym?(C)— PN

Thus, any divisor D € Div' ¢(C) we identify with its correspondent point in Sym?(C) and
then express it in coordinates in PV, The variety Sym®(C) is smooth because Sym?(C) \
{A = 0} is biholomorphically to an open set in C.

The known result which we will use in our approach is the following:

Theorem 46. Let C be a genus g > 2 curve. The map
¢ :Sym?(C) — Jac C
S

is surjective. In other words, for every divisor D of degree zero, there exist Py, . ..
such that D is linearly equivalent to le P; — goo.

Py

9

See [81, pg. 3.30]. The simplest case (hyperelliptic case) of the above construction was
suggested by Jacobi and worked out by Mumford in [81]. We explained it briefly below.

13.1. Hyperelliptic curves. We would like to see how the above construction applies to
hyperelliptic curves. Let’s start with a hyperelliptic curve C with affine equation

2g9+1
v =f@)= ] (@ - )
i=1
defined over a field k. Then C has a point at infinity and (z)oe = 2 - 00 and (y)eo =
(29+1) - 0.
Denote by Div®(C) the set of degree v divisors in Div(C) and by Div™%(C) the set of
positive ones in Div?(C). Then Div{?(C) is the set

d
Divi?(C) = {D eDiv(C)| if D= P, then P; # oo, forall i
i=1
andPZ- 75 TPj, for ¢ #]}
d
where 7 is the hyperelliptic involution. Let D € Diva' ’d(C ) given by D = Z pi, where

i=1
p; = (i, u;). By 2(p;) we denote the value of z at p;. Thus 2(p;) = A; and y(p;) = u,.
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We follow the idea of Jacobi [62] explained in details in [81] and define
d

(50) Uz) =[]z = N)

i—1
We want to determine a unique polynomial V' (z) of degree < d — 1 such that
VN =u, 1<i<d.
Then we have:
Lemma 41. The unique polynomial V (x) of degree < d — 1 such that
V) =u;, 1<i<d

is given by
A [ (RPN
i
(51) Vie) =Y u 32—
= TN
i#i
Moreover, U(z) | (f(x) — V(x)?).
Let W(z) be defined as follows
1

(52) W(z) =

xXr) — LUQ
o (F@) = V@?).

which from the above is a polynomial. Then we have the following:

Proposition 14. There is a bijection between Divg ’d(C) and triples (U, V, W) such that
U and W are monic anddeg V< d—1,degU = d, degW =2g+1—d.

Proof. See [85, Prop. 1.2]. O

Polynomials U(z), V(z), and W (x) are called Jacobi polynomials. Take a genus
g > 2 hyperelliptic curve C with at least one rational Weierstrass point given by the affine
Weierstrass equation

(53) We: y* + h(z)y = 2t 4 a29x29 + -+ a1z +ag

over k. We denote the prime divisor corresponding to P, = (0 : 1 : 0) by ps. The affine
coordinate ring of W¢ is

0= k[x7y]/(y2 + h(z),y — (x29+1 + a29x29 + - F a1z + ap))

and so prime divisors p of degree d of C correspond to prime ideals P # 0 with [O/P :
k] = d. Let w be the hyperelliptic involution of C. It operates on O and on Spec(Q) and
fixes exactly the prime ideals which "belong" to Weierstrass points, i.e. split up in such
points over k.

Following Mumford [85] we introduce polynomial coordinates for points in Jac ;(C).
The first step is to normalize representations of divisor classes. In each divisor class ¢ €
Pic’ (k) we find a unique reduced divisor

D:n1P1+"'+anr*dPoo
with
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p; # w(p;) for i # j and p; # poo (We use Riemann-Roch and the fact that w induces
—id ).
Using the relation between divisors and ideals in coordinate rings, we obtain that

nlpl +--- nrpr

corresponds to an ideal I C O of degree d and the property that if the prime ideal P; is
such that both P and w(P) divide I then it belongs to a Weierstrass point. The ideal [ is a
free @-module of rank 2 and we have

I = k[z]u(z) + k[z](v(z) — y).
u(z), v(x) € klz], u are monic of degree d, deg (v) < d, and
u| (v + h(z)v — f(z)).

Moreover, c is uniquely determined by I, I is uniquely determined by (u, v) and so we can
take (u, v) as coordinates for c. Polynomials u and v are determined by the following:

Theorem 47 (Mumford representation). Let C be a hyperelliptic curve of genus g > 2 with
affine equation
v +h(z)y = f(x),

where h, f € k[z], deg f =29+ 1, deg h < g.

Every non-trivial group element c € Picg(k) can be represented in a unique way by a
pair of polynomials u,v € k[z], such that

i) u is a monic,

ii)deg v < degu < g,

iii) u|v? 4+ vh — f.

How does one find the polynomials u, v? We can assume without loss of generality that
k = k and identify prime divisors p; with points P; = (x;,y;) € k X k. Taking the reduced
divisor D = nip1 + -+ - + nyp,r — dpoo With r = d < g, we have
i=1

Since (x — x;) occurs with multiplicity n; in u(x) we must have for v(x) that

(;;) [w(e)? + o) hz) - f@)],_, =0,

and one determines v(x) by solving this system of equations; see [32] for details.
Take the divisor classes represented by [(u1,v1)] and [(u2,v2)] and in "general posi-
tion". Then the product is represented by the ideal I € O given by

(urug, uy(y —v2), uz(y —v1), (y — v1)(y — va)).

We have to determine a base, and this is done by Hermite reduction. The resulting ideal
is of the form (u%(X),v5(X) + w5(X)Y') but not necessarily reduced. To reduce it one
uses recursively the fact that u | (v? — hv — f). Generalization of this procedure is called
Cantor’s algorithm; see [32] for details.

Another approach to describing addition in the Jacobians of hyperelliptic curves is to
use approximation by rational functions; see [69]. This is analogous to the geometric
method used for elliptic curves.
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For simplicity we assume that k = k. Let Dy and D5 be reduced divisors on Jac ,C
given by
(54) Dy =p1+p2+-+pPr — MiPoo,
Dy =q1+d2+ -+ qn, — haboo,

where p; and q; can occur with multiplicities, and 0 < h; < g, ¢ = 1,2. As usual we
denote by P; respectively (Q; the points on C corresponding to p; and q;.

Let g(X) = % be the unique rational function going through the points P;, Q;. In
other words we are determining b(X') and ¢(X) such that hy + hy — 27 points P;, @, lie
on the curve

Ye(X)—b(X) = 0.
This rational function is uniquely determined and has the form

b(X boXP +...b,_1 X +b
(55) Yy = ( ): 0 + p—14 +bp
(X)) X9+ Xil4+-+¢

where

hi4+ho+9g—2r—( hi4+ho—g—2r—2+4¢
p= B y 4= D) )
¢ is the parity of h; + ha + g. By replacing Y from Eq. (55) in Eq. (53) we get a
polynomial of degree max{2p, 2¢(2g — 1)}, which gives hs < g new roots apart from
the X -coordinates of P;, ();. Denote the corresponding points on C by Ry, ..., Ry, and
Ry,..., Ry, are the corresponding symmetric points with respect to the y = 0 line. Then,
we define

Dy + Dy =Ry +...Rp, — h30.
For details we refer the reader to [69].

Remark 8. For g = 1,2 we can take g(X) to be a cubic polynomial.

13.1.1. Curves of genus 2. Let C be a genus 2 curve defined over a field k£ with a rational
Weierstrass point. If & # 2,3 the curve C is birationally isomorphic to an affine plane
curve with equation

(56) Y2 =a5X"+ as X' + a3 X® + aa X? + a1 X + ao.
Let p., be the prime divisor corresponding to the point at infinity. Reduced divisors in
generic position are given by
D =p1+p2— 2P,
where Py (z1,y1), P2(22,y2) are points in C(k) (since k is algebraically closed) and x; #

T9. For any two divisors D1 = p1 4 p2 — 2P and Do = 1 + g2 — 2P in reduced form,
we determine the cubic polynomial

(57) Y = g(X) =bg X3 + b1 X% 4+ by X + bs,

going through the points Py (x1,y1), Pa(22,92), @Q1(zs,ys3), and Q2(x4,y4). This cubic
will intersect the curve C at exactly two other points R; and Rs with coordinates

(58) Ry = (25,9(z5)) and Ry = (z6,9(s)),

where x5, g are roots of the quadratic equation

4 b2 —a
(59) 2+ (Zx) T+ b?)% — 0.

i=1 (%Hi:l i
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FIGURE 2. A geometric interpretation of addition on a 2-dimensional Jacobian.

Let us denote by Ry = (x5, —g(w5)) and Ry = (26, —g(7s)). Then,
(60) [D1] @ [D2] = [R1 + Ry — 2poo)-

Example 2. Let C be a genus 3 hyperelliptic curve with equation y* = f(x) where deg f =
7. Then g(x) = Y2) st be such that

c(x)
2
(b(x))” = c(x) - f(z) =0,
must have degree 9. Hence, deg b = 4 and deg c = 2. This is the first case where one has
to use a rational function instead of a polynomial.

13.2. Addition on superelliptic Jacobians, generalized Jacobi polynomials. A natural
question is the following:

Problem 8. Is it possible to generalize the above procedure to a general curve?

A complete answer to Problem 8 would be challenging for the very simple reason that
in general we are not even able to write down an equation for a curve. However, from
Section 7 we know that we can write down precise equations for superelliptic curves. Thus,
the following question seems more reasonable:

Problem 9. Is it possible to generalize the Cantor’s algorithm to superelliptic curves?

The main difference between hyperelliptic and superelliptic curves is that the hyperel-
liptic involution 7 : (z,y) — (x, —y) is now replaced by the order n > 2 automorphism
a: (z,y) = (x,(, y), where ¢, is a primitive n-th root of unity. Hence, a naive extension
of the Cantor’s algorithm to superelliptic curves would be to determine the degrees of the
b(x) and c(x) now for the curve C : y™ = f(x) so that the graph of y = % intersect the
curve C in exactly g places Ry, ..., R,. This is not possible. Hence, we have to attempt
a more general function, which is not necessary rational in one variable, in order to solve
the problem. A further discussion on this is intended in [66].

There are a few issues that still are mysterious. For example, there is a long and detailed

discussion in [85], [91], [90]. on what the Jacobi polynomials mean in terms of differential
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equations. Do the corresponding generalized Jacobi polynomials for superelliptic curves
have any significance in the theory of differential equations along the lines of [91], et al.

Problem 10. Investigate whether Jacobi polynomials of hyperelliptic curves can be gener-
alized to superelliptic curves and determine their significance in the theory of differential
equations.

13.3. Superelliptic Jacobians. A superelliptic Jacobian is the Jacobian of a superelliptic
curve. We assume that the reader is familiar with the basic definitions of Abelian varieties.
For details one can check [85] or [32].

Let A, 5 be abelian varieties over a field k. We denote the Z-module of homomorphisms
A — 9B by Hom (A, B) and the ring of endomorphisms A — .4 by End A. In the
context of Linear Algebra it can be more convenient to work with the QQ-vector spaces
Hom (A, B) := Hom (A, B) ®z Q, and End ° A := End A ®; Q. Determining End A
or End ° A is an interesting problem on its own; see [88].

A homomorphism f : A — B is called an isogeny if Img f = BB and ker f is a finite
group scheme. If an isogeny .4 — B exists we say that .4 and B are isogenous. The degree
of an isogeny f : A — *B is the degree of the function field extension

deg f = [k(A) : f7k(B)].
It is equal to the order of the group scheme ker(f), which is, by definition, the scheme
theoretical inverse image ' ({0.4}).
The group of k-rational points has order

#(ker f)(k) = [k(A) : f*k(B)]*7,

where [k(A) : f*k(B)]*P denotes the degree of the maximally separable extension in
k(A)/f*k(B). f is a separable isogeny if and only if

#ker f(k) = deg f.
The following result should be compared with the well known result for quotient groups of
abelian groups.

Lemma 42. For any Abelian variety A/k there is a one to one correspondence between
the finite subgroup schemes K < A and isogenies f : A — B, where B is determined up
to isomorphism. Moreover, K = ker f and B = A/K.

Isogenous Abelian varieties have isomorphic endomorphism rings.
Lemma 43. If A and B are isogenous then End °(A) = End °(B).

Lemma 44. If A is a absolutely simple Abelian variety then every endomorphism not equal
0 is an isogeny.

We can assume that & = k. Let f be a nonzero isogeny of A. Its kernel ker f is a
subgroup scheme of A (since it is closed in the Zariski topology because of continuity
and under @ because of homomorphism). It contains 0 4 and so its connected component,
which is, by definition, an Abelian variety.

Since A is simple and f # 0 this component is equal to {0 4 }. But it has finite index in
ker f (Noether property) and so ker f is a finite group scheme.

The ring of endomorphisms of generic Abelian varieties is "as small as possible". For
instance, if char (k) = 0, then End (.\A) = Z in general. If k is a finite field, the Frobenius
endomorphism will generate a larger ring, but again, in the generic case. Determining
endomorphism rings of superelliptic Jacobians is an interesting problem. A concrete result
is the following [112]:
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Theorem 48 (Zarhin). Let C be a hyperelliptic curve with affine equation y* = f(x),
n =deg f, and f € Q[z]. If Gal(f) is isomorphic to A,, or S,, then End@(Jac C) = Z

The theorem is actually true over any number field K. See [113] for detailed results on
endomorphisms of Jacobians of hyperelliptic and superelliptic curves. It is an interesting
task to find Abelian varieties with larger endomorphism rings. This leads to the theory of
real and complex multiplication. For instance, the endomorphism ring of the Jacobian of
the Klein quartic contains an order in a totally real field of degree 3 over Q.

An abelian variety A/ is said to have complex multiplication over k if End (A) is
larger than Z. Normally we say that an Abelian variety with complex multiplication by
CM; see next section for more details.

13.4. Jacobians of genus 2 curves. For char k # 2, a point p in the moduli space Mo is
determined by the tuple (J2, J4, Jg, J10), for discriminant D := Jy19 # 0. In the case of
char £ = 2 another invariant Jg is needed.

Forevery D := Jjg > 0there is a Humbert hypersurface Hp in M5 which parametrizes
curves C whose Jacobians admit an optimal action on Op; see [49]. Points on H,,> param-
etrize curves whose Jacobian admits an (n, n)-isogeny to a product of two elliptic curves.

For every quaternion ring R there are irreducible curves Sg 1, ..., Sg,s in My that
parametrize curves whose Jacobians admit an optimal action of R. Those Sg 1, ..., Sk s
are called Shimura curves.

We have the following:

Proposition 15. Jac (C) is a geometrically simple Abelian variety if and only if it is not
(n,n)-decomposable for some n > 1.

The endomorphism rings of Abelian surfaces can be determined by the Albert’s classi-
fication and results in [88]. We summarize in the following:

Proposition 16. The endomorphism ring End %(Jac C) of an abelian surface is either
Q, a real quadratic field, a CM-field of degree 4, a non-split quaternion algebra over Q,
Fy ® Fs, where each F; is either Q or an imaginary quadratic field, the Mumford-Tate
group F, where F is either Q or an imaginary quadratic field.

Remark 9. Genus 2 curves with extra involutions have endomorphism ring larger than 7.
Let C be a genus 2 curve defined over Q. If Aut(C) is isomorphic to the Klein 4-group Vi,
then C is isomorphic to a curve C' with equation

y? = f(z) = 2® —az® + ba? — 1.
We denote u = a® + b® and v = ab. The discriminant
Ay =—25. (27— 180+ du—u?)?,

is not a complete square in Q for any values of a,b € Q. In this case Galg(f) has order
24. There is a twist of this curve, namely y> = f(z) = 2% +a’2* + V2% + 1, in which case
Ay is a complete square in Q and Galg(f) has order 48. In both cases, from Thm. 48 we
have that End g(Jac C') # Z.

Next, we turn our attention to determining the endomorphism ring of abelian surfaces.
Let us first recall a few facts on characteristic polynomials of Frobenius for abelian sur-
faces. The Weil g-polynomial arising in genus 2 have the form

(61) f(T)=T* - aT?® + (b+29)T? — aqT + ¢°,
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for a, b € Z satisfying the inequalities
1
20aly/g—4g <b< zaz < dq.

We follow the terminology from [20]. Let C be a curve of genus 2 over F, and J = Jac C.
Let f be the Weil polynomial of J in Eq. (61). We have that #C(F,) = ¢+ 1 — a,
#J(F,;) = f(1) and it lies in the genus-2 Hasse interval

HP =[(va-1" (Va+ 1)
In [20] are constructed decomposable (3, 3)-Jacobians with a given number of rational
points by glueing two elliptic curves together.

Next we briefly summarize some of the results obtained in [72] for End x (.A) in terms
of the characteristic polynomial of the Frobenius. We let K be a number field and Mk be
the set of norms of K. Let A be an abelian surface defined over K and f,, the characteristic
Frobenius for every norm v € M.

Lemma 45. Let v be a place of characteristic p such that A has good reduction. Then A,
is ordinary if and only if the characteristic polynomial of the Frobenius

folz) = z* + az® + bx? + apz + p°,
satisfies b Z 0 mod p.
Then from [72, Lemma 4.3] we have the following.

Lemma 46. Let A be an absolutely simple abelian surface. The endomorphism algebra
End ?—( (A) is non-commutative (thus a division quaternion algebra) if and only if for every
v € Mk, the polynomial f,(x1?) is a square in Z[z).

The following gives a condition for geometrically reducible abelian surfaces.

Proposition 17 ([72]). i) If A/ K is geometrically reducible then for all v € My, for which
A has good reduction the polynomial f,(z'?) is reducible in Z|x].

ii) If C is a smooth, irreducible genus 2 curve with affine equation y* = f(x) such that
f(z) € Klz] is an irreducible polynomial of degree 5 then Jac C is absolutely irreducible.

13.5. Decomposition of superelliptic Jacobians. Let C be a superelliptic curve and o €
Aut(C,) such that its projection & € Aut(C) has order m > 2 and equation y" = f(x).
We can choose a coordinate in P! such that 7(z) = ™. Since o permutes the Weierstrass
points of C and it has two fixed points then the equation of the curve will be y™ = f(x™)
or y™ =z f(x™); see [16] for details of this part.

Assume that C has equation

(62) yn — f(CEm) — xém +a1m(6—1)m codagqx™ + 1.

We assume that 7 lifts to G to an element of order m. Then, o(z,y) — ({2, y). Denote
by t : (z,y) — (x,(,y) its superelliptic automorphism. Since ¢ is central in G then
to = ot. We will denote by C; and C; the quotient curves C/(o) and C/(to) respectively.
The next theorem determines the equations of C; and Co. We denote by K the function
field of C and by F' and L the function fields of C; and Cs respectively.

Theorem 49. Let K be a genus g > 2 level n superelliptic field and F' a degree m subfield

fixed by o : (s,y) = ((ms,y).
i) Then, K = k(x,y) such that

(63) yn _ f(a:m) — xém +a1x(6—1)77l . —i—a(;,lx’” +1.

albanian-j-math.com/archives/2019-03.pdf


http://albanian-j-math.com/archives/2019-03.pdf

FROM HYPERELLIPTIC TO SUPERELLIPTIC CURVES 188

for A(f,) # 0.
ii) F =k(U,V) where U = 2™, V = y and

(64) vt = f(U).
iii) There is another subfield L = k(u,v) where u = 2™, v = z'y, and
(65) v =wu- f(u),

Sform = A nandi= \n—1).

s
F=Fk@my

FIGURE 3. Lattice of subfields

For the rest of this section we want to find necessary and sufficient conditions on n and
m such that the Jacobian Jac (C) is isogenous to the product Jac (C1) x Jac (Cz). First we
focus on hyperelliptic curves.

Theorem 50. Let C, be a hyperelliptic curve. We denote its reduced automorphism group
by Aut(Cy) = Cy, = (o). Then C, is isomorphic to a curve with equation

Cy: Y2 =29 4 gz D" 4 g 2™+ 1

There exists subcovers 7; : Cqg — C;, for i = 1,2 such that

Ci: Y2=X0+4a X0 ' das_ 1 X +1,

Co: Y2 =X(X°+a1 X'+ das 1 X +1).
The Jacobian of C is isogenous to the product

Jac (C) = Jac (Cy) x Jac (C2)

if and only if the full automorphism group Aut(C) is isomorphic to the Klein 4-group V.
Next, we generalize the previous theorem.

Theorem 51. Let C, be a level n superelliptic curve and C,, = (5) — Aut(C,), where
m > 2 and the equation of Cy is y" = f(z™), with deg (f) = d = 6 m, d > n. Then there
exist degree m coverings w: Cg — C;, 1 = 1,2 where
Ci: y"=f(x) and Co: y"=zxf(x).
Then,
Jac (C) =2 Jac (Cy) x Jac (C2)
if and only if

(66) d(n—1)(m—2) =1— (ged(d + 1,n) + ged (4, n) — ged(dm,n)) .
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Proof. Let C, be a superelliptic curve with and extra automorphism of order m > 2 and
equation y"™ = f(x™). There is the superelliptic automorphism

T (zy) = (2,6y), and G (2,y) = ((ma,y).
We denote by o the lifting of & in Aut(C). Then, o7 = 70.

Let Hy := (o) and Hy := (o7) be subgroups in G. Then, |H;| = n and |H3| =
lem (n, m). Thus, we have H := Hy x Hy — G. Itis easy to check that g (C,/(H1 H>))
0.

Moreover, o and o7 fix the curves

Ci: Y'=X4a, X'+ 4as_ 1 X+1

and
Co: Y"=XX+a X'+ tas 1 X +1).

Let g; and g5 denoted their genera respectively. Then
1
g1 = 1+§(n6—n—6—gcd(§,n))
and )
92:1+§(n(6+1)7n7(5+1)fgcd(5+1,n)).

Hence, we have

3 1
g +92:§+n5—g—5—5(gcd(5,n)+gcd(5+1,n)).

The genus of C is
g=1+ % (ném —n — om — ged(md, n)).
Then, g = g1 + g2 implies that
d(n—1)(m—2) =1— (ged(d +1,n) + ged (4, n) — ged(dm, n)) .
Thus,
Jac (X,) = Jac (C/H,) x Jac (C/H>)
which completes the proof. (]
13.6. Jacobians with superelliptic components. Next let us consider a family of non-

hyperelliptic curves whose Jacobians decompose into factors which are superelliptic Jaco-
bians. In [111] were studied a family of curves in P**2 given by the equations

2w = com2 + cixw + 02w2

1

Yl = hi(z,w) = 2" +era2" tw A el zw”T W

(67)
ye = hs(z,w) = 2"+ clvszT_lw + et cr,lyssz_l +w",

where ¢; € k,©1=0,1,2,and¢;; € kfori =1,---,7,j =1,---,s. The variety C, ,
is an algebraic curve since the function field of C, ; is a finite extension of k(z). C, ;s is a
complete intersection.

Let C, ; be as above. Assume that C,. ¢ is smooth and ¢y # 0. Then the genus of C, , is

g(Crs) = (r—1)(rs- 251 _ 95 4 1).
r > 3 and s > 1, then C, ; is non-hyperelliptic.

albanian-j-math.com/archives/2019-03.pdf


http://albanian-j-math.com/archives/2019-03.pdf

FROM HYPERELLIPTIC TO SUPERELLIPTIC CURVES 190

Fix r > 2. Let A be an integer such that 1 < A < s. Define the superelliptic curve
Cr.x,m as follows

A
Coam: Y =]h(x™ 1),
=1

for some m > 2. The right side of the above equation has degree d = rmA. Using
Lemma 12 we have that

1
g(Cram) =1+ 3 (r2m>\ —r —mAr — ged(Arm, T)) .
Hence,

(68) 9(Cram) =1+ % ((r — 1)Am —2).

In [16] automorphism groups of such curves were determined. We have Aut (C,. x ) =
C,, or Aut (027 am) = Dayp,. From Thm. 17 we can now determine the automorphism
group as follows.

If Aut (Cyam) = Chy, then G = Cpyy, or G is isomorphic to

(rio|r =1,0m =1,0rc~ =)
where (I,n)=1 and I"* = 1 (mod n). But if (m,n) =1, thenl = n — 1.
If Aut (C»,")\’m) =~ D, then
(1) If nis odd then G = Ds,, x C,,.
(2) If nis even and m is odd then G = D,,,, x C, or G is isomorphic to the group
with presentation
(root|r" =1,0° =7t ="~ (ot)" =%, 0r0 = rtrt™" =7).
(3) If nis even and m is even then G is isomorphic to one of the following groups
Doy, X Chy Dopan, or one of the following
Gy =(r,o,t|r" = 1,02 =rt>=1, (o)™ =1,0r0 t =rtrt ' = r”71>,
Gy =(r,ot|r" =1,0% =r,t> = 1" (ot)™ = 1,010 ' =r,trt "t =7),
n—1>

Gy =(rot|r" =1,0> =r,t> =1,(ct)" =712, 0rc * =rtrt ' =71

)

1

Gy=(rotlr" =102 =rt>=r""1 (ct)" =72, 0r0c L =rtrt L =7).

Let C, s be a generic algebraic curve defined over an algebraically closed field £ and
Cy.x,m as above. Then we have the following.

Theorem 52 ([16]). The Jacobian Jac (Cy,s) is isogenous to the product of the Cy. x , for
1 <\ <'s, namely

Jac (Cp5) = H Jac (Cy am),
1=x

if and only if
14s5—25
ms(s+1) —s-25+1°

(69) r=4

Proof. We denote by o;(x,y;,2) — (x,(y:,2), fori = 1,...,s. Then the quotient
spaces C s/ (0;) are the curves C,.; ,, fori = 1,...,s. Since o; is a central element in
G = Aut(C, ) then H; := (0;) <G, forall i = 1,..., s. Obviously, for all i # j we have
H; N Hj = {e}. Hence, Hy, ..., H, forms a partition for G.
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The genus for every C, ; s, by Lemma 12 is given by Eq. (68). Then we have

S

> g(Cram) = Z (1 n g ((r — DAm — 2))

A=1 A=1
=s(r—1) (gm(s +1)— 1) .
Then we have that ,
zms(s—i-l)—s:rs-QS_l—Zs—i—l.

Hence,
1+s—2°%

ms(s+1) —s-25+1°

r==4-

This completes the proof.

O

Remark 10. For m = 2 this result is the case of Theorem 4.2 in [111]. We get r =

2

2.
Hence, s = 1 or s = 2. Therefore, Theorem 4.2 in [111] is true only for curves Fy, 1 or
Eo o

Suppose r, m, s € N satisfy Eq. 69. Then mrs = 4k for some odd integer k. Moreover,

i)If s=1(mod2),thens = 1.

ii) If s = 2 (mod 4), then s = 2t for some odd integer ¢ which satisfies 4° = 1 ( mod ).
Furthermore, ¢ is a multiple of 3.

iii) If s = 0 (mod 4), then s = 4u for some odd integer u which satisfies 16* =
1 (mod u). Furthermore, u is a multiple of 3 or 5.

14. JACOBIANS WITH COMPLEX MULTIPLICATION

We start with some preliminaries. An Abelian variety defined over & is an absolutely
irreducible projective variety defined over k which is a group scheme. A morphism of
Abelian varieties A to 5 is a homomorphism if and only if it maps the identity element
of A to the identity element of 8. An abelian variety A/k is called simple if it has no
proper non-zero Abelian subvariety over k, it is called absolutely simple (or geometrically
simple) if it is simple over the algebraic closure of k.

Let A, B be abelian varieties over a field k. We denote the Z-module of homomor-
phisms A — B by Hom (A, B) and the ring of endomorphisms A — A by End A.
It turns out to be more convenient to work with the Q-vector spaces Hom °(A4,B) :=
Hom (A, B) ®z Q, and End ° A := End A ®; Q. Determining End A or End ° A is an
interesting problem on its own; see [88].

The ring of endomorphisms of generic Abelian varieties is "as small as possible". For
instance, if char (k) = 0 then End (A) = Z in general. If k is a finite field, the Frobenius
endomorphism will generate a larger ring, but again, this will be all in the generic case.

End °(A) is a Q-algebra of dimension < 4 dim(.A)2. Indeed, End °(A) is a semi-simple
algebra, and by duality one can apply a complete classification due to Albert of possible
algebra structures on End O(A), which can be found on [85, pg. 202].

We say that an abelian variety .4 has complex multiplication over a field K if the
algebra End %(A) contains a commutative, semisimple Q-algebra of dimension 2 dim .A.

The natural question is which algebras occur as endomorphism algebras? The situation
is well understood if k has characteristic 0 (due to Albert) but wide open in characteristic
p>0.

For g = 1 (elliptic curves) everything is explicitly known due to M. Deuring. The
endomorphism ring of an elliptic curve over a finite field IF,, is never equal to Z since there
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is the Frobenius endomorphism ¢, ¢ induced by the Frobenius automorphism of F, which
has degree q.
Let C be a genus 2 curve defined over k. What can we say about the End ! (Jac C)?

Proposition 18. Given a genus-two curve C defined over Q and its abelian surface Jac C,
the endomorphism ring End % (Jac C) is either Q, a real quadratic field, a CM field of
degree 4, a non-split quaternion algebra over Q, Iy @& F5, where each F; is either Q or an
imaginary quadratic field, the Mumford-Tate group F', where F is either Q or an imaginary
quadratic field.

Remark 11. Genus 2 curves with extra involutions have endomorphism ring larger than
Z. Let C be a genus 2 curve defined over Q. If Aut(C) is isomorphic to the Klein 4-group
Vi, then C is isomorphic to a curve C' with equation

y? = f(z) = 2® —az® + ba* — 1.
We denote u = a3 + b® and v = ab. The discriminant
Ay =—25. (27— 180+ du—u?)?,
is not a complete square in Q for any values of a,b € Q. In this case Galg(f) has order
24. There is a twist of this curve, namely y?> = f(x) = x5 + a’z* + b'2? + 1, in which

case Ay is a complete square in Q and Galg(f) has order 48. In both cases, from 48 we
have that End g(Jac C') # Z.

The following are proved in [113].

Theorem 53. Let K be a field, char K # 2 and f(z) € Klx] an irreducible polynomial
with deg f > 5. If one of the following conditions is satisfied:

o char K # 3 and Galk (f) = A,, or S,

o Galg(f) = M, (Mathiew group) forn = 11,12,22,23,24
then the curve C : y? = f(x) has End J = 7. In particular, Jac C is absolutely simple.

Theorem 54. If f(x) is as above, char K = 0, and p an odd prime then the superelliptic
curve C : y? = f(x) has Jac (C) absolutely simple and End (Jac C') = Z[e,).

14.1. Curves with many automorphisms. Let C be e genus g > 2 curve defined over C,
p € M, its corresponding moduli point, and G := Autc(C).

We say that C has many automorphisms if p € M, has a neighborhood U (in the com-
plex topology) such that all curves corresponding to points in U \ {p} have automorphism
group strictly smaller than p.

Lemma 47. The following are equivalent:
o C has many automorphisms
o There exists a subgroup H < G such that g (C/H) = 0 and C — C/H has at
most 3 branch points.
e The quotient C/G has genus 0 and C — C/G has at most three points.

Question 1 (F. Oort). If C has many automorphisms, does End (Jac C) have complex mul-
tiplication?

Wolfart answered this question for all curves of genus g < 4. For the remainder of this
paper we will determine which superelliptic curves of genus g > 10 have CM.

Wolfart answered this question for all curves of genus g < 4. We now determine all
superelliptic curves with many automorphisms with genus 5 < g < 10. The automorphism
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groups of superelliptic curves, the ramification structure of C — C/G, and the moduli
dimension of each family are determined in [92, Table 1] for every characteristic p > 5.

Corollary 21. A curve C with automorphism group G and signature o has many auto-
morphisms if and only if g(C/G) = 0 and the moduli dimension of the Hurwitz space
H(g,G,0)is 0.

See [75] on details the moduli dimension.

Lemma 48. Superelliptic curves of genus 5 < g < 10 which are not hyperelliptic and with
many automorphisms are presented in Table 7.

Proof. From [92, Table 1] we picked all cases such that § = 0. These cases are exactly
superelliptic curves with many automorphisms. Since the hyperelliptic curves with many
automorphisms and CM were already studied in [79], we delete the cases for whichn = 2.
The rest of the cases are presented below. (I

Problem 11. Determine which curves from Table 7 have Jacobians with complex multipli-
cation.

Our goal is to determine which of the curves in the above table have CM. We have a
first simple criteria.

Lemma 49. Let C be an algebraic curve and ¢ : C — & a degree n covering to an elliptic
curve. If the j-invariant j(E) is not an algebraic integer then Jac (C) does not have CM.

Moreover, a formula for Sym?y similar to the one in [79] can be possibly obtained for
superelliptic curves by using the a basis for the space of holomorphic differentials on C is
given in Thm. 18. A complete discussion of this problem is intended in [87].

l Nr. [ G [ G [ n [ m [ sig. [ 6 [ Equation y™ = f(z) ]
Genus 5
2 c Cao 2 11| 11,22 0fazT+1
2 ™ | Caa 112 |22 0 z2+1
5 Daom 2 [12]2,412 [0]22—-1
8 2 [ 102,420 [0 | 2(z9-1)
20 | Sy 2 [0 3,42 0| 2™ —3328 —332% +1
25 | As 2 23,10 0 | x(x'0 +112° — 1)
Genus 6
2 Ca6 2 [13]13,26 0z +1
Cm 7
2 021 3 7 77 21 0 ' +1
2 Cao 4 |5 |5,20 0] zb+1
2 Cao 5 |4 |4,20 0| zt+1
2 Co1 7 |3 |3,21 0] a3+1
2 Cag 1312 ]2,26 0| z2+1
5 Gs 2 [14]2,4,14 [0] 2™ -1
5 D DigxCo |5 |5 2,510 |0]a®—-1
8 m ol Gy 2 | 12]2,424 | 0| z(@=2-1)
8 DiaxCs |3 |6 [2618 |0 | z(zf—-1)
8 Gs 4 |4 | 2,816 |0 z(x*-1)
8 DexCs |5 |3 [210,15|0 | z(z®—1)
8 DyxCr |7 |2 |2,142 0| z(z?—1)
18 | Sy G1s 4 [0 [2316 [0]az@Er=1
19 G1o 2 [0 |26,8 0 | x(x* —1)(28 + 142* + 1)
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TABLE 6. (Cont.)

‘ Nr. ‘ G ‘ G ‘ n ‘ m ‘ sig. ‘ 0 ‘ Equation y™ = f(x)

Genus 7

2 C30 2 [ 157 15,30 0]z +1

Cm 8

2 Co4 3 |8 |8,24 0|a®+1

2 C30 152 |230 0] az2+1

5 Gs 2 162,416 [0]a®—1

5 Do | DigxCs3 |3 |9 |2.69 0]a%—-1

8 Gs 2 | 142,428 |0 |z -1)

8 DiaxCs |3 |7 2621 |0]|x@"—1)

8 Gs 8 |2 | 2162 0| z(z?—1)
Genus 8

2 Cm | Csa 2 |17 ] 17,34 0fal"+1

2 C34 1712 |234 0|a2+1

51 p Gs 2 [18]2,418 [0|z®—1

8 m ol Gy 2 |16 24,32 |0 z=6-1)

22 | Sy G2 2 [0 [3,438 0 [ z(z* — 1) (2™ — 332% — 33z% 4 1)
Genus 9

2 C3s 2 [19719,38 0fz19+1

2 C30 3 |10 10,30 0| =x0+1

C’m 7

2 028 4 7 7, 28 0 '+ 1

2 Cag 7 |4 | 4,28 0] az*+1

2 C30 10 |3 3,30 0|ax®+1

2 Ciss 192 |238 0|z2+1

5 Gs 2 202420 [0]|a220—-1

5 D Gs 4 |8 | 282 0]a%—1

8 m o Ge 2 | 182,436 | 0| a8 —1)

8 DigxCs |3 |9 2627 |0|z(@=-1)

8 Gs 4 16 [2,824 |0]z(f-1)

8 DexCr |7 |3 |2,1421 |0 | z(z®—-1)

8 Gs 10 |2 2,202 0| x(x?—1)

17 [ 5,4 Gir 4 [0 [2412 [0]28+142T+1

21 Ga1 2 |0 |4%6 0 | (28 + 142* + 1)(2'? — 3328 — 332* + 1)

27 | As 2 2,5,6 0 [ 220 — 228215 + 494210 + 22845 + 1
Genus 10

2 Ci2 2 [21]21,42 0 x2T+1

2 |4 Cs3 3 |11 11,33 0|att+1

2 ™ | Cs0 5 16 |630 0] a8+1

2 C30 6 |5 |530 0|ax®+1

2 Cs3 11]3 |3,33 0] a3+1

2 Cy2 21 |2 | 2,42 0|x2+1

5 Gs 2 [ 2212422 [0]22-1

5 Doy xCs |3 | 122,612 |0 |z2-1

5 Gs 6 |6 2612 |0]|ab—1

8 Gs 2 (202440 |0 z(220-1)

8 DooxCs |3 | 102,630 |0 | z(z-1)

8 DioxCs |5 |5 210,250 | x(z®—1)

8 Gs 6 |4 [2,12,24 |0 | z(z*—1)

8 D4 X C]l 11 2 2, 222 0 a:(z2 — 1)

18 [ Sy Gis 6 [0 [2324 [0]z@*-1

20 Sy x Cs 3 10 |3,4,6 0| 212 —332% —332% +1

25 | As AsxCs |3 [0 [23,15 [0 |z +1125 - 1)

TABLE 7. Superelliptic curves for genus 5 < g < 10
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15. A WORD ON ABELIAN COVERS AND FURTHER DIRECTIONS

The story obviously doesn’t end with superelliptic Jacobians. What is the natural way
of extending the study of algebraic curves and their Jacobians? There have been many
attempts to study coverings where the monodromy group is more general that a cyclic
group. The next natural groups would be dihedral groups; see [33]. Another class of
coverings (curves) would be the coverings when the monodromy groups is an Abelian
group. Below we briefly suggest two classes of curves which seem the natural extension
of problems presented in this paper.

15.1. Curves with separated variables. There is a special class of algebraic curves satis-
fying an equation of the form f(x)—g(z) = 0, where f, g are polynomials with coefficients
in k. They were first introduced by by Fried and Macrae in the wonderful paper [37]. They
showed that

(@) fi(x) — g1(2) divides f(x) — g(z) if and only if there exists a polynomial F' such
that f(t) = F(f1(t)), g(t) = F(g1(t)).

(b) f(x) — g(=) is said to be a minimal separation for a(z, z) if a(x, z) divides f(z) —
g(z) and if whenever a(z, z) divides F'(x) — G(z) then f(x) — g(z) divides F(z) — G(z).

The polynomial a(z, z) possesses a minimal separation if and only if there is a polyno-
mial F(z) — G(2) in k[z, 2] such that a(z, z) divides F(z) — G(z). Most of these results
depend on a lemma giving a necessary and sufficient condition for an element z € k(x)
to lie in k[z]. The automorphism group of such curves is a degree m central extension
of Gali(f(x)), where n := |Gali(g(y))|. As far as we are aware, nobody has studied
in detail automorphism groups of such curves. Clearly all superelliptic curves are special
classes of such curves.

Problem 12. For a given genus g > 2 list all groups which occur as automorphism groups
of curves with separable variables. For each group determine parametric equations of the
corresponding family of curves.

For more interesting ramifications to this class of curves check [34], [35] and [36].

15.2. Abelian covers. Consider a curve C such that it has a covering 7 : C — P! which
has monodromy group an Abelian group. Then this monodromy group is a direct product
of cyclic groups. In this case the theory of cyclic covers can be used to study such Abelian
covers. We simplify the setup by considering only Galois coverings. Hence, the following
setup.

Let C be an algebraic curve defined over & such that G — Aut(C) is an Abelian group.
Let G = Gy X - -+ X G, be the decomposition of G into cyclic groups. If one of C/H; is a
genus zero quotient space, then the equation of C is a superelliptic curve. Suppose non of
the H; fix a zero genus quotient. Then we check all quotient groups G; := G/ H;. Since G
is Abelian, these quotient groups act on the curves as well. If one of these groups G fixes
a genus zero quotient then again we are in the superelliptic case.

Is G has no subgroup which fixes a genus 0 field, then we consider all quotients C; :=
C/H;. They have smaller genii, therefore more manageable automorphism groups (which
are also Abelian. going down the lattice of the corresponding function fields we should
be able to determine the equation of each quotient curves and therefore the equation of
C. Thus, for a given g > 2, we have a way of determining equation of all curves C such
that Aut(C) is an Abelian group. To the best of our knowledge, this has not been pursued
systematically for g > 4.
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