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Preface

The story of algebraic geometry is deeply intertwined with the theory of elliptic
and hyperelliptic curves, where many of its most profound ideas—elliptic inte-
grals, theta functions, Thomae’s formula, and the very notion of Jacobians—first
took root. These concepts, painstakingly developed through computations and con-
structions, have long served as the bedrock for broader generalizations, as seen
in the classical works of Jacobi and the foundational texts of Mumford and oth-
ers [90,92-94]. Hyperelliptic curves, in particular, hold a special allure: over an
algebraically closed field, a generic hyperelliptic curve emerges as a degree-two
cyclic Galois cover of the projective line, its identity pinned down (up to isomor-
phism) by the branch points of this hyperelliptic projection. This perspective sim-
plifies their study into an exploration of degree-two branched coverings, offering a
concrete entry point into the vast landscape of algebraic curves.

But what happens when we push beyond degree two? This book embarks on
that journey, venturing into the realm of superelliptic curves—those defined by
cyclic Galois covers of degree n > 2. Here, a curve X’ boasts an automorphism
group Aut (X) containing a cyclic normal subgroup H = (7) such that the quo-
tient X'/ H is isomorphic to P*. The automorphism 7, dubbed the superelliptic
automorphism, becomes our guide as we generalize the hyperelliptic framework.
Rooted in the tradition of Riemann, Clebsch, Hurwitz, Severi, Grothendieck, Ful-
ton, and Fried, this text examines algebraic curves through the lens of P! cover-
ings, spotlighting cyclic covers to trace the natural evolution from hyperelliptic to
superelliptic territory. Our mission is twofold: to illuminate which theories ex-
tend seamlessly and to spotlight the tantalizing open problems that emerge in this
broader domain.

Superelliptic curves reveal remarkable properties as we travel this path. They
admit affine equations of the form " = f(z) over algebraically closed fields, their
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2 CHAPTER 0. PREFACE

full automorphism groups can be cataloged, and their equations often pinned down
explicitty—many even definable over their field of moduli. Crucially, the classi-
cal invariant theory of binary forms unlocks their isomorphism classes, lending a
tangible concreteness to their moduli spaces that general curves often lack. This
invariant theory also forges a bridge to weighted projective moduli spaces, a frame-
work enriched by the weighted heights introduced in prior work [14], enabling a
fresh arithmetic exploration of these spaces.

The book unfolds in a structured arc. We begin with the essentials: Chap-
ter 1 dives into covering spaces and the fundamental group, laying the topologi-
cal groundwork for understanding cyclic covers, while Chapter 2 explores func-
tion fields, equipping readers with the algebraic tools to navigate these structures.
Chapter 3 introduces algebraic curves themselves, from affine and projective spaces
to their morphisms as branched coverings, setting the stage for Chapter 4’s deep
dive into automorphisms—where superelliptic curves emerge as a natural exten-
sion of their hyperelliptic kin, complete with equations like 4™ = f(z) and detailed
automorphism lists. Chapter 5 then shifts to Hurwitz spaces, weaving group theory
into the study of covering families and offering a stratification of the moduli space
for low genera, a vivid illustration of superelliptic loci.

The journey continues with Chapter 6, tackling invariant theory to describe
isomorphism classes via binary forms, with explicit computations for sextics and
octavics, and Chapter 7 introducing weighted moduli spaces as a powerful lens for
superelliptic study. Chapter 8 turns to theta functions, extending Thomae’s formula
to cyclic covers, while Chapter 9 explores Jacobian varieties, generalizing addition
methods from hyperelliptic to superelliptic contexts. Chapter 10 probes Jacobians
with complex multiplication, cataloging superelliptic curves with rich automor-
phism groups. Chapter 11 addresses the classical question of fields of moduli ver-
sus definition, building on recent progress [60] to clarify when superelliptic curves
align with their moduli fields.

The arithmetic heart of the book beats in Chapters 12 through 14. Chapter
12 lays out the theory of heights—both classical and weighted—to count ratio-
nal points in moduli spaces, a novel application to weighted varieties. Chapter 13
revisits binary forms through reduction theory, connecting to classical quadratics
and cubics while tackling higher degrees. Chapter 14 then seeks minimal mod-
els for superelliptic curves, extending Tate’s and Liu’s workwith algorithms and
conditions for minimality over integer rings. Though originally planned to span
further chapters, the text concludes here, leaving room for future editions to ex-
plore Neron-Tate heights and Mordell-Weil groups—topics ripe for expansion.

Aimed at advanced graduate students and researchers in algebraic and arith-
metic geometry, this book assumes a baseline familiarity with curves, Riemann
surfaces, and Jacobians—staples of the mathematical folklore. Its strength lies



in its concrete, constructive approach: equations are written out, algorithms pro-
vided, and abstract theory grounded in computation. While we touch on coverings’
ties to the Inverse Galois Problem—nodding to giants like Thompson, Fried, and
Volklein—we leave deeper connections and topics like cryptography or genus-
three computations for others to pursue. Rare gems like binary form reduction and
weighted projective spaces, often absent from modern texts, are presented with
clarity and completeness, tailored to this level.

My hope is that this book sparks new research avenues while championing a
classical yet vibrant approach to algebraic geometry. I owe a debt to mentors and
collaborators—Mike Fried, John Thompson, Helmut Vélklein, Gerhard Frey, Kay
Magaard, Emma Previato, and many others—whose insights shaped this work.
May it serve as both a bridge from foundational study to cutting-edge inquiry and
an invitation to explore the arithmetic soul of superelliptic curves.

Tony Shaska






Chapter 1

Coverings

We assume that the reader has some familiarity with the basic concepts of algebraic
topology; [103]. A more detailed account of coverings and some of the topics
covered in the chapter can be found in [130].

1. Covering spaces and the fundamental group

Coverings are a fundamental tool in algebraic geometry, providing the topological
framework for studying maps between spaces such as the cyclic covers of the pro-
jective line P! that define hyperelliptic and superelliptic curves. In this section, we
introduce the fundamental group and covering spaces, equipping the reader with
essential concepts for our later exploration of algebraic curves via coverings of P!
While we assume basic topological knowledge (see [103] for a detailed treatment),
we focus here on definitions and results critical to this book.

1.1. Fundamental groups. Let X be a topological space and I = [0,1] C R. A
path in X is a continuous map ~ : [0,1] — X’. The point v(0) is called the initial
point and (1) the end point. A path v is closed if v(0) = (1). We say X is path
connected if, for any two points x1, x2 € X, there exists a path between them.

5



6 CHAPTER 1. COVERINGS

Two paths ~y; and 72 with initial point
p and endpoint q are called homotopic if
there exists a continuous map

I xI—~&,
such that p
ro,t)=p, TI'(l,t)=gq
for every t € I and I xIT (1, cX
['(s,0) =m(s), T'(s,1)=n2(s),
for every s € I. The map I is called a \&)

homotopy between 7; and 2. Y2

The equivalence class of v is called a homotopy class and denoted by [7]. Fix
xg € X. The set of homotopy classes of closed paths « with initial and endpoint
x¢ is denoted 71 (X, zp). For paths 1 and 72 with 71 (1) = 72(0), their product
Y1v2 : I — X is defined as:

B (2t), ift €[0,1/2],
(1172)(t) = { 1;(275 —1), ifte(1/2,1].

For a path v, its inverse path is v~ 1(¢) := (1 —t). The group 7 (X, zg) is called
the fundamental group of X based at z.

A space X is simply connected if it is path connected and 71 (X, zy) = {id}
for every zg € X.

Example 1.1. The circle X = S* = {2z € C : |z| = 1} has fundamental group
m1(S1, 1) = 7Z, generated by the loop v(t) = >, which winds once around S".
In contrast, R is simply connected, as any closed path is homotopic to a constant
path.

1.2. Covering spaces. Let X’ and X be topological spaces, and ¢ : X — X acon-
tinuous function. An open set U C X is evenly covered by ¢ if o~ 1(U) = |, S;.
where the S; are disjoint open sets in X and ¢|s, : Si — U is a homeomorphism
for each i.

Definition 1.1. The map ¢ : X — X is a covering if X is X
a path connected topological space and every x € X has
a connected open neighborhood U, that is evenly covered

by ¢. The set U, is called an admissible neighborhood of . @

x € X for the covering ¢.

The ordered pair (é’? , @) is called a covering space of X'. ¢

The set ¢~ 1(z) is called the fiber of x. pe @




1. COVERING SPACES AND THE FUNDAMENTAL GROUP 7

Example 1.2. The map ¢ : R — S%, ¢(t) = >, is a covering. Forx =1 € S,
the fiber is p~1(1) = {n € Z}, and an admissible neighborhood U = S* \ {—1}
is evenly covered by the disjoint intervals (n — 1/2,n + 1/2) in R, each mapped
homeomorphically to U.

Let v be a path in X with initial point 2z € X. A path 7 in X is a lift of ~ at
Zo if ¢ o ’Ny =7.
Lemma 1.1 (Lifting Lemma). Let ¢ : X = Xbea covering and vy a path in X
with initial point xq. For each &; € ¢~ (xq), there exists a unique lift Yz, 0 L — X
with 4z,(0) = Z;.

Proof. Since v : I — X is continuous and I is compact, v([) is compact. Cover
v(I) by finitely many admissible neighborhoods Uy, ..., U, with y~1(U) =
Uj Iy.j, where the Ii; are disjoint intervals in I. For each k, ¢~ (Uy) = U, Skis
and ¢|g,, : Ski — Uy is a homeomorphism. Start at Z; € S1;, with ¢(Z;) = 0.
Define 7z, (t) = (qﬁ\glil)*l(fy(t)) for t € I ;. At the endpoint ¢t; of Iy}, pick
the unique Sa;, containing ¥z, (¢1), and continue inductively. Uniqueness follows
from the disjointness of the Si; and continuity. (I

The covering ¢ : X — X, with a fixed base point xp € X, induces a homo-
morphism

¢* : Wl()e,i'o) — 7(1(.)(,.%'0)
(3] = [o(M)];

where Zo € ¢! (o).

X y =1
The fundamental group 71 (X, zg) acts on ¢~ (z0) as follows:
for every & € ¢~ (wg),
W m1 (X, 20) x ¢~ (x0) = ¢ (w0)
where ¥; is the lift of y with 97(0) = Z. We denote this end- -
point by Mz, When X is connected, this action is transitive, v
as shown below. Jf’
X Zo

Theorem 1.1. Let ¢ : X — X be a covering with X connected, and fixxg € X.
() 7 (X, x0) acts transitively on ¢~ (z0).
(ii) The stabilizer Staby (x .,)(Zo) = by (m1 (X, Z0)) for Zg € ¢ (o).
(iii) The cardinality of the fiber is | ¢~ ()| = [m1(X, z0) : ¢u(m (X, %0)))-

Proof. That Eq. (1) defines a group action follows from Lem. 1.1. For (i), let
Z,y € ¢~Y(zg). Since X is connected, there exists a path & : I — X with



8 CHAPTER 1. COVERINGS

a(0) = #, a(1) = y. Set a = ¢(&); then a € (X, x0) and [¥F = y, proving
transitivity.

For (ii), let v € 7 (X, z¢) with lift 3, (0) = Zo. If Mg = &g, then 7z, (1) =
T, 50 [Fz,] € T (X, Z0) and ¢.([3z,]) = [7]. Conversely, if [y] = ¢«([3]) for
[8] € m1(X, %), then (1) = &, and uniqueness of lifts implies zy = .

Part (iii) follows from group theory: the orbit size equals the index of the
stabilizer. O

Lemma 1.2. Let f; : X; — X be coverings for i = 1,2, with X connected. Let
x; € X; such that p := f1(x1) = fo(x2). Assume that for each [y] € 71 (X, p) we
have [y|x1 = 1 if and only if [y|xo = xo. Then there exists a homeomorphism
a: Xy — Xowith faoa = f1 and a(x1) = xa.

Proof. Exercise O

Definition 1.2. The action of w1 (X, xq) on ¢~ *(x0) is called the monodromy ac-
tion of the covering ¢.

Exercises
1.1. Prove that homotopy of paths is an equivalence relation.

1.2. Prove that [y1][v2] = [7172] for paths v1,v2 with y1(1) = 72(0).

1.3. Check that (X, xy) with the multiplication defined above is a group for
every xg € X.

1.4. If X is path connected and xq, 1 € X, prove 71 (X, x¢) = m (X, 21).
1.5. Prove that any covering ¢ : X = Xis surjective and X is path connected.
1.6. Prove that ¢, : w1 (X, &0) — w1 (X, x0) is an embedding.

1.7. For the covering ¢ : R — S1, t v e®™ compute ¢.(71(R,0)) and describe
the monodromy action on ¢~ *(1).

1.8. Show that C is simply connected by constructing a homotopy from any closed
path to a constant path.

1.9. Consider the covering ¢ : C* — C*, ¢(z) = 2% Compute the fiber over 1 €
C* and find an admissible neighborhood of 1. (Hint: Consider U = C* \ {-1}.)

1.10. Let ¢ : X - Xbea covering with X simply connected. Show that
bw(m1 (X, T0)) = {id} and deduce that the monodromy action on ¢~ (x) is free.
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2. Deck transformations

Let X and X be topological spaces. Two coverings f; : /'\N,’l- - X, i =12,
are called equivalent if there exists a homeomorphism h : X} — A5 such that

foh = f1.

A deck transformation of a covering f : X — Xisa
homeomorphism i : X — X such that fh = f. The set
of deck transformations is denoted Deck( f), and it forms ¥ ——————— X

a group under composition of functions.
Let f : X — X be a covering, a, f € X two points, and f f
v a path in X with v(0) = « and v(1) = (. For each X
a € X, the group Deck(f) acts on the fiber f~1(a) by:
Deck(f) x f~H(a) = f~(a)
(0,b) = o(b)
For each b € f~!(), let 7b denote the endpoint of the lift of  with initial point b.
The action of 71 (X, @) on f~!(a) by path lifting is given by:
m (X, @) x f7Ha) = [ (a)
(v, 0) =70
Lemma 1.3. The following hold:
(i) Forall o € Deck(f), o(7b) = 7(co(b)). Moreover, the action of Deck( f)
on f~Y(a) commutes with that of 71 (X, ).
(ii) If X is connected and o € Deck(f) fixes a point b € X, then o = id.

(i) If X is connected and Deck(f) has a subgroup H that acts transitively
on some fiber f~' (), then H = Deck(f).

Proof. For (i), let 4 be the lift of v with 4(0) = b. Then o o7 is a lift of +y starting at
o(b), since f(o(Y(t))) = f(3(t)) = 7(£). Thus, 0(7b) = o(7(1)) = (o 0F)(1) =
Y(o(b)). Commutativity follows as both actions preserve the covering structure.

For (ii), suppose o (b) = b. For any b’ € X, since X is connected, there exists
apathy : I — X with4(0) = b, 4(1) = ¥'. Lety = f o~4. Then V) = 7b, and by
(i), o(t)) = a(7b) =7(o(b)) =7b = b'. Hence, o = id.

For (iii), let H < G := Deck(f) act transitively on f~!(a). For any o € G
and b € f~1(«), there exists h € H such that k(o (b)) = b. Then h o o(b) = b,
and by (ii), hoo =id,so 0 = h™' € H. Thus, H = G. O

If X is connected, then by (ii) of Lem. 1.3, all fibers f~!(a) for o € X have
the same cardinality, called the degree of covering of f.

Corollary 1.1. If Deck(f) acts transitively on some fiber, then it acts transitively
on every fiber.
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Example 1.3. For the covering ¢ : R — S1, ¢(t) = e*™, the deck transforma-
tions are translations o,(t) = t + n for n € Z, since ¢(t + n) = >m(+n) =
e?™t = ¢(t). Thus, Deck(¢) = Z, and it acts transitively on ¢~ (1) = {n € Z}.

A covering f : X — X is a Galois covering if X is connected and Deck(f)
acts transitively on some fiber f~1(«), for € X. Galois coverings are also called
regular coverings or normal coverings, as justified by the following theorem.

Theorem 1.2. Let X' be connected and locally path connected, and fix xo € X. A
covering f : X — X is Galois if and only if it is regular.

Proof. If f is Galois, Deck(f) acts transitively on f ~!(xq). For 21, x5 € f~1(x0),
there exists ¢ € Deck(f) with o(z1) = x2. Since oy (71 (X, 21)) = 71 (X, x2),
and f*(m(i’ ,x1)) = f*(m()e ,x2)) (both stabilizers of points in the fiber), nor-
mality follows from conjugation in 71 (X, zp). The converse is left as an exercise
(see Problem 1.13). O

Corollary 1.2. Every degree 2 covering is a Galois covering.

Example 1.4. For any integer n > 1, the map f : C* — C*, f(z) = 2", is a Ga-
lois covering with Deck(f) = (&), where &, is an n-th primitive root of unity. For
y € C*, the fiber f~*(y) = {€.y"/" | i = 0,...,n—1}, and deck transformations
0i(2) = &,z satisfy f(0i(2)) = f(2).

Proof. For each y € C*, 2" = y has n roots, and 0;(z) = £z maps f~1(y)
to itself transitively, forming a cyclic group of order n. Hence, deg f = n =
| Deck(f)]. O

Lemma 1.4. Let f : X — X be a Galois covering with G := Deck(f).
(i) deg f = |G].
(ii) For each admissible neighborhood U C X, f~Y(U) has deg f compo-
nents, permuted transitively by G.
(iii) Foreacha € X andb € f~1(«), there exists a surjective homomorphism

Oy, : (X, ) — Deck(f).

Proof. (i) Since G acts transitively on f~!(«), and by Lem. 1.3(ii) fixes no points
unless trivial, | f~!()| = |G]. (ii) Each U is evenly covered by deg f sets S;, and
G permutes them via homeomorphisms. (iii) Define ®;([y]) = o where o(b) = 7b.
This is well-defined by Lem. 1.3(i), and surjective since G acts transitively. ([

Example 1.5. Consider f : C — C\ {b*/4—c}, f(2) = 22+ bz +c, forb,c € C.
For w # b?/4 — ¢, f~Y(w) has two points (roots of 2> + bz + ¢ — w = 0), and
Deck(f) = {id, o} where o(z) swaps the roots, making it a Galois covering of
degree 2.

Exercises
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1.11. For a covering f : X — X and points o, 3 € X connected by a path -,
show there is a bijection between the fibers f~1(a) and f=1().

1.12. Verify that Deck(f) for f : R — SY, f(t) = >, is isomorphic to 7, and
compute its action on ¢~ (1).

1.13. Prove the converse of Thm. 1.2: if f : X = Xis regular, then it is Galois,
assuming X is connected and locally path connected.

1.14. For f : C* — C*, f(2) = 23, determine Deck(f) and verify it acts transi-
tively on f~1(1).

1.15. Let f : X — X be a covering with X connected. Show that if Deck(f) is
trivial, then f is a homeomorphism.

1.16. For a Galois covering [ : X — X, prove that the quotient map X —
X/ Deck(f) is a homeomorphism onto X.

1.17. Consider f : S* — S, f(z) = 2% (where S' = {2 € C : |z| = 1}). Show
this is a Galois covering and compute Deck(f).

3. Orbit spaces

Orbit spaces arise naturally when a group acts on a topological space, providing a
quotient structure that is essential for understanding coverings, particularly Galois
coverings of algebraic curves. In this section, we define orbit spaces and explore
their properties in the context of regular coverings, where the deck transformation
group plays a central role. These ideas will later connect to the quotient structures
of superelliptic curves under their automorphism groups.

Let X be a topological space and GG a group acting on it. The orbit space of
this action, denoted X' /G, is the set of G-orbits:

X /G :={O0rb(x) | x € X},

where Orb(z) = {g(z) | g € G}. We equip X' /G with the quotient topology via
the natural projection 7 : X — X'/, defined by z — Orb(x).

Suppose f : X — X is a covering, and Deck(f) acts on X. If f is a regular
(Galois) covering, then by Lem. 1.4(iii), there exists a surjective homomorphism:

¢ m (X, z9) — Deck(f),

and from Thm. 1.1(iii), Deck(f) = m (X, 20)/ f+(m1(X, o)) This induces an ac-
tion of 1 (X, zp) on X via:

T (X, z0) x X = X, ([7],%) — Az(1),

where 7; is the lift of v starting at .
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Lemma 1.5. Let f : X — Xbea covering map, where X is connected and locally
path connected, and let G = Deck(f) be the group of deck transformations of f.
Assume G acts transitively on each fiber f~1(x), meaning that for any v € X
and any ¥1,%y € f~1(x), there exists g € G with g(Z1) = To. There exists a
homeomorphism ¢ : X — X /G such that the following diagram commutes:

N
—~ /G

2

f

-~

=

Moreover, T+ X — é‘Z’/G is a covering map.

Proof. Fix a basepoint 79 € & and choose Zo € f~!(xg). For each z € X,
since X is path connected, there exists a path v : [0,1] — X with v(0) = ¢
and y(1) = x. As f : X — X is a covering map, there exists a unique lift
4 :[0,1] — X such that f o4 = v and (0) = Z. Define ¢ : X — X/G by
o(x) = m(7(1)), where 7 : X — X /G is the quotient map sending 7 to its orbit
[Z] = {g(Z) | g € G} under the action of G = Deck(f).

To verify ¢ is well-defined, consider another path 7" : [0,1] — X from zg
to =, with lift 4’ satisfying f o 4/ = +' and 4/(0) = Zo. Since f(5(1)) = =
and f(7/(1)) = z, both (1) and 7/(1) lie in f~!(x). By the assumption that
G = Deck(f) acts transitively on f~!(z), there exists g € G such that 7/(1) =
g9(7(1)). Thus, 7(5'(1)) = 7(g(5(1))) = 7(5(1)), since 7 identifies points in the
same G-orbit, making () independent of the path chosen.

The diagram commutes because for any = € X withz = f (Z), there is a path
7 from z¢ to = whose lift 4 satisfies f(7(1)) = x, and since G acts transitively on
f~Y(x), there exists g € G such that # = g(7(1)). Hence, 7(%) = 7(g(7(1))) =
m(Y(1)) = p(x) = ¢(f(Z)), as g is a deck transformation and f o g = f.

To show ¢ is bijective, first consider surjectivity. For any [Z] € X /G, let
x = f(Z), and take a path v from x( to x with lift 4 such that 4(0) = Zo. Then
7(1) € f~!(x), and by the transitivity of G, there exists g € G with & = g(5(1)),
s0 ¢(x) = 7(3(1)) = 7(g(3(1))) = n(#) = [¢]. For injectivity, if o (z) = ¢(y).
then (7, (1)) = 7(7,(1)) for lifts 4, and 7, of paths from z( to x and y, implying
Ay(1) = g(52(1)) for some g € G. Since f o g = f for all g € Deck(f), we have
y= F(3(1) = £(9(3.(1))) = F(Fa(1)) = 2, 50 o is injective.

Now, ¢ is a homeomorphism. Since f is continuous and X is path connected,
( is continuous by the path-lifting property of covering maps (Lemma 1.1). For
any open set U C /f’/G, 7~ 1(U) is open in X because 7 is a quotient map, and
f(mx=X(U)) = ¢ Y(U) is open in X since f is an open map as a covering map.
Conversely, for any open set V. C X, f~1(V) is open in X, and n(f~1(V)) =
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©(V) is open in X /G because 7 is continuous and the action of G preserves the
topology, ensuring ¢ is open.

Finally, 7 : X — X /G is a covering map. For each z € X and Z € f~!(x),
take an admissible neighborhood U C X of x such that f~1(U) = |, S;, where
the S; are disjoint open sets in X and f |s, : Si — U is a homeomorphism. Since
G = Deck(f) acts transitively on f~!(x) and consists of homeomorphisms fixing
f, the sets g(S;) for g € G are disjoint, open, and cover f~1(U). Moreover,
7 : S; — m(S;) is a homeomorphism onto an open set in X' /G, and 7! (7(S;)) =
Ugec 9(S:) is a disjoint union of open sets, satisfying the definition of a covering
map. Thus, 7 is a covering map.

Therefore, ¢ : X — X/G is a homeomorphism, and 7 : X — X/G is a
covering map.
(]

Example 1.6. For f : R — S!, f(t) = ¢*™, Deck(f) = Z acts by translations
t + t + n. The orbit space R/Z is homeomorphic to S* via ¢ : S — R/Z,
o(e¥™) = [t],and f = o~ Lom.

Lemma 1.6. Let X be a connected, locally path connected space, and let fy :
X = X, fo: X = X, be regular coverings with a covering g : Xo — X1 such
that fi = g o fa. Denote G = Deck(f1) and H = Deck(f2). Then there is a
commutative diagram of covering spaces:

X X
N AN
fl -)(2 el .;E'/H
/ ;/d>
A X/G

where each space in the second diagram is equivalent to the corresponding space
in the first.

Proof. Since f| = go fo, H < G (as deck transformations of fs preserve fibers of
f1). Define ¢ : X/H — X /G by ¢([z]x) = [2]q, where [z] g is the H-orbit. This
is well-defined, continuous, and a covering map, with m1¢ = ¢ o my. Equivalence
follows from Lem. 1.5. U

Example 1.7. Consider f1 : C* — C*, f1(z) = 25 and fy : C* — C*, fo(2) =
23, with g : C* — C*, g(w) = w? so fi = go fo. Here, Deck(f1) = Z/6Z,
Deck(f2) = Z/37Z, and C*|7/37 — C* |7 /67 corresponds to g.

Letf: X — Xbea covering, where X is a connected, locally path connected,
semilocally simply connected space. Denote G = Deck( f), and for each subgroup
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H <G, letiy: X — X /H be the natural projection. Define:
F={¢p:X/H-X|H<G}, S:={H|H<G}.
Theorem 1.3. There is a one-to-one correspondence between F and S given by:
®:(¢: X/H — X) — Deck(vp),
with inverse ' (H) = ¢ : X/H — X.

Proof. For ¢ : X/H — X, Deck(¢y) is the subgroup of G fixing ~/'\?/H and ¢
is the unique map making f = ¢ o ¢7. Conversely, given H < G, X/H — X is
determined by f. This mirrors the Galois correspondence for field extensions. [

Exercises

1.18. Verify that for f : R — S1, f(t) = €>™, the orbit space R /7 is homeomor-
phic to S, and compute the fibers of 7 : R — R/Z.

1.19. Prove that v : X — ?e/G in Lem. 1.5 is a regular covering when f : X — X
is regular.

1.20. For f : C* — C*, f(2) = 2%, identify Deck(f) and describe the orbit space
C*/ Deck(f). Construct the homeomorphism ¢ : C* — C* / Deck(f).

1.21. In Lem. 1.6, show that H is a normal subgroup of G if g : Xo — X} is a
regular covering.

1.22. Let G = Z/6Z act on C* via z + £Fz, where & is a 6th root of unity. For
H = (2) 2 Z/3Z, compute C*/H and C* /G, and verify Thm. 1.3 for this case.

1.23. Prove that if X is simply connected, then X /G = X implies Deck(f) is
trivial.

4. Coverings of the punctured sphere and ramification type

In this section, we explore coverings of the Riemann sphere P* = C U {oo} over
the complex numbers k£ = C, a key setting for defining algebraic curves such as
hyperelliptic and superelliptic curves. While coverings of P! itself are restrictive,
puncturing it at finitely many points yields a richer class of coverings, characterized
by their ramification over these punctures. Our goal is to classify these coverings
using monodromy and ramification type, laying the topological foundation for the
algebraic constructions in later chapters.

We assume familiarity with the complex plane C. Here, z denotes a complex
variable, |z| its magnitude, i the imaginary unit (i2> = —1), and e* the complex
exponential function. A punctured open disc centered at zy with radius » > 0 is:

D(zg,7):={2€C|0<|z— 2| <r}.
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When centered at the origin, we write:
D,:={ze€C|0< |z| <71},

or simply D for the unit punctured disc D;. Since every D, is homeomorphic to
D (e.g., via z — z/r), we often work with D for simplicity.

4.1. The punctured disc. Denote the left half-plane by:

H:= {z € C| Re(z) < 0},
and consider the complex exponential map ¢ : H — D, defined by ¢(z) = €*.
Example 1.8. The map v : H — D is a covering. For w = 1 € D, the fiber

is Y1) = {—27mi | m € Z}, and deck transformations are shifts \,(z) =
z + 27wmi, forming Deck(v) = Z.

Exercise 1.1 (Exponential map). Prove that the complex exponential map i) : H —
D is a Galois covering and that:

Deck(y)) = {\n(2) = 2z 4+ 2mmi | m € Z},

an infinite cyclic group.

Fix o € H and ¢y = ¥ (a) € D. There is a map:
bo : T (D, o) — Deck(1)),
where for y(t) = 20e®™, ¢o([7]) = A_1 : 2+ z — 2mi.

Exercise 1.2. Prove that ¢, is an isomorphism and conclude that m (D, z) =
([v]) is an infinite cyclic group.

Let £ denote an n-th primitive root of unity and U,, the group of n-th roots of
unity.

Lemma 1.7 (Power map). For n € N and £ an n-th primitive root of unity, the
n-th power map ¥y, : D({/r) — D(r), defined by 1,(z) = 2", is a cyclic Galois
covering of degree n with:

Deck(tp,) = {2z &2 | & € Up}.

Proof. To show v, is a covering, take b € D(r) and a small open disc V' C D(r)
around b. The preimage 1, 1(V') consists of n disjoint open sets Vi = {z €
D({/r) | 2™ € V,arg(z) € [2nj/n,2n(j + 1)/n)}, 7 = 0,...,n — 1, each
mapped homeomorphically to V' by 1,,. Thus, V' is admissible, and deg v, = n.
The maps o¢(2) = &z, for £ € Uy, satisty ¢, (0¢(2)) = (§2)" = 2" =
Yn(2), forming a subgroup of Deck(4),). Since o¢ acts transitively on fibers (e.g.,
Y1) = {e2™* /™ | k= 0,...,n — 1}), and | Deck(1,,)| = n by Lem. 1.4(i),
Deck(1),,) = U, which is cyclic. O
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Example 1.9. For n = 2, 15 : D(\/7) = D(r), 12(2) = 2% has Deck(1)s) =
{id, z +— —z}. The fiber over 1 is {1, —1}, permuted by z — —z.

Proposition 1.1. Let X’ be a connected topological space and ¢ : X — D(r) a
covering of finite degree n. Then:
(i) ¢ is equivalent to the power covering vy, : D({/r) — D(r), ¥y (z) = 2™
(ii) Deck(¢) is cyclic of order n, say Deck(¢) = (o). For any homeomor-
phism o : X — D(3/r) such that 1, o ¢ = ¢, ¢ 0o 0~ = £, where
€ = e/ and o is unique.

Proof. (i) We seek a homeomorphism ¢ : X — D(/r)
such that ¢, o p = ¢. Fixu € X, p = ¢(u), and let ' =

71 (D(r),p). Since ¢~(p) has n points, I',, = Stabr(u) X T D(y/r)
has index n in T' (Thm. 1.1). Similarly, for v € 1, 1(p),

', = Stabp(v) has index n. As I' & Z, subgroups of ¢ ¥n

index n are unique (isomorphic to nZ), so I', = I';,. By D,

Lem. 1.2, there exists ¢ : X — D({/r) with ¢ = 1, 0 .
(i) Since ¢ ~ 1, Deck(¢) = Deck(t),,) via g — pogopt. From Lem. 1.7,
Deck(,) = (o¢), where a¢(2) = £z, € = €*™/". Thus, Deck(¢) = (o) is

cyclic of order n. For , n(o(0~ () = 6o~ (w)) = 6(u) = wn(p(u), s0
o(07 (u)) = &p(u). Testing with o = ¢t o 05—1 op,wegetpoo !l = Ep.
Uniqueness follows from Deck(¢) being cyclic. O

Definition 1.3. The element o € Deck (o) such that Deck(¢) = (o) is the distin-
guished generator of ¢.

Exercises
1.24. Show that ) : H — D is surjective and compute 1)~1(1).

1.25. Prove that ¢ : H — D in the Exponential Map exercise is a covering by
finding admissible neighborhoods.

1.26. Verify that Deck(vo) = {id,z — —z} for ¥o : D(y/r) — D(r), and
compute the fiber 1y ' (1/2).

1.27. For v, : D(/r) — D(r), show that each fiber 1,1 (b) has n points, and
describe the action of Deck(v,).

1.28. Prove that any two coverings ¢1, ¢ : X — D(r) of degree n are equivalent
if X is connected.

4.2. The punctured sphere. Having classified coverings of the punctured disc,
we now extend our focus to coverings of the punctured sphere, P* \ {b1,...,bs},
where branch points introduce ramification critical to algebraic curves. This sub-
section examines finite Galois coverings of such spaces, emphasizing how the deck
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transformation group permutes local components over punctures. These ideas are
foundational for understanding superelliptic curves as branched coverings of P!, a
theme we’ll develop in later chapters.

Let B := {by,...,bs} C Cand P! = C U {co}. Consider a finite Galois
covering:
f: X —P\B
Fix b € B. Let D be an open disc centered at b with radius r, chosen small enough
to contain no other points of B. Denote the punctured disc by D* := D \ {b}.
Define the map:

¢p : D* — D(r)

o z—b ifb# oo,
‘ L ifh= oo,

Example 1.10. For B = {0}, take D = D(0,1), so D* = Dy. Then ¢o(z) = z,
mapping D* to itself. If B = {oo}, D* = {z € C | |2| > 1}, and ¢o(2) = 1/2
maps to D;.

Lemma 1.8. For each connected component E of f~(D*), the map:
op:=¢po flp: E — D(r)

is a covering. Moreover, G := Deck(f) permutes the components E of f~1(D*)
transitively, and the stabilizer Stabg(E) is cyclic and isomorphic to Deck(¢g).

Proof. Since f : X — P!\ Bis a covering and D* C P!\ Bis open, f~}(D*) —
D* is a covering. Composing with the homeomorphism ¢y, : D* — D(r), we get a
covering f~1(D*) — D(r). Each connected component E of f~!(D*) is mapped
to D* by f|g, so ¢ = ¢p o flp : E — D(r) is a covering, as connectedness
preserves the local homeomorphism property.

The group G = Deck(f) acts on X, hence on f~!(D*), permuting its com-
ponents. Since f is Galois (Thm. 1.2), G acts transitively on f~!(a) for a € D*.
Each component F intersects f~!(a) nontrivially, and transitivity on fibers implies
G permutes the components E transitively.

For g € Stabg(E), g(E) = E, and g|g : E — E satisfies ¢ o g = ¢, so
g|E € Deck(¢g). Define ¢ : Stabg(E) — Deck(¢g), g — ¢|g. By Lem. 1.3(ii),
1 is injective (if g|p = id, g = id on X since X is connected). Since ¢ is a finite
covering, Deck(¢g) is finite, and by Prop. 1.1(ii), it is cyclic. As Stabg(E) acts
on ENf -1 (a) (a subset of the fiber), and G’s action is transitive, v is surjective,
making Stabg(E) = Deck(¢g) cyclic. O

Definition 1.4. Let hp € Stabg(FE) correspond to the distinguished generator of
Deck(¢g) (as in Prop. 1.1). We call hg, the distinguished generator of Stabc;(E).

Exercise 1.3. For each h € Deck(f) and E' = h(FE), prove that:
hhph™ = hp.
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Hence, the set { h} over all components F forms a conjugacy class in Deck( f),
denoted (%, called the conjugacy class of b.

Example 1.11. Consider f : C — C\ {0}, f(z) = 2% For D* = D(0,1) \
{0}, f~Y(D*) has two components: By = {z | 0 < |z| < 1,Re(z) > 0} and
Ey = {2z ]| 0 < |z] < 1,Re(z2) < 0}. Here, Deck(f) = {id,o : z — —z},
Stabpea(r)(E1) = {id}, and o(Ey) = E». The conjugacy class Cy = {o}.

Let D* := D\ {b} and:

A(t) = ¢y ' (e2™),
a closed path in D* based at « € D*, winding once
counterclockwise around b. Let § be a path in P!\ {b}
fI‘OIn q tO . \ o ,
The lift 0 of & with initial point b € f~'(g) ends at b* € E, a component of
f~1(D*). Let 7 be the lift of 7y := §~ ' \é starting at b. Then (1) = gg(b), where
g is the distinguished generator of Stabg (E).

Proposition 1.2. Forb € f~'(q), the path y = 6~ \J is a closed path in P* \ {b}
based at q, and the map:

P; 71 (P1\ {b}, q) — Deck(f),

satisfies ®;([v]) = gg € Cp,.

Proof. The path v = §~1\¢ is closed at ¢ since (0) = ¢, (1) = a, and X loops
from a to o. The lift & ends at b*, and A from b* ends at gz (b*) (by definition of
gE). The reverse lift 6~ from gz (b*) to gz (b) completes the lift of 5, so ®;:([]) =
g, which lies in Cj, by the conjugacy property. ([

Lemma 1.9. The conjugacy class Cy, is independent of the choice of disc D. The
common order of elements in Cy, equals the degree of the covering ¢ : E — D,
for any component E of f~1(D*).

Proof. For any disc D’ around b, the loop \' = ¢;," (¢?™**) in D"\ {b} is homotopic
to Ain P!\ B. Thus, ®;([6-'\'é]) = g, and C}, remains unchanged. The order
of gg is | Deck(¢ )|, which is deg ¢ by Prop. 1.1(ii). O

Exercise 1.4. Show that Cy, = {id} if and only if ¢ is a homeomorphism.

Proposition 1.3. Every finite Galois covering f : X — P!\ B extends to a con-
tinuous surjective map:

f: X — P,
where X is a connected compact Hausdorff space. Moreover, every o € Deck(f)
extends uniquely to a homeomorphism & : X — X such that f o @ = f.
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Proof. Let B = {b1,...,bs} C P!, where P! = CU {oo},and f : X — P!\ Bis
a finite Galois covering of degree n with Deck(f) = G. Since X is a topological
space and f is a covering, X’ is Hausdorff and connected (by Problem 1.5, Exercise
1.5). We aim to construct X by compactifying X to include the preimages of B,
ensuring f is continuous and surjective, and extending G’s action.

For each b; € B, choose a small open disc D; C P! centered at b; such that
D;ND; =0fori # jand D; N B = {b;}. Define D = D; \ {b;}, which is
homeomorphic to the punctured unit disc D via ¢y, (as in Lem. 1.8). Since f isa
covering, f~1(Dy) is a disjoint union of connected components Ej1, .. ., Ej,, and
each ¢, = ¢y, © fl E;; * Eij — D is afinite covering of degree m;; (Lem. 1.8).
By Prop. 1.1(i), ¢, is equivalent to ¢, : D( ™¥/r) — D(r), and Deck(¢p,;) =
(hE,;) is cyclic of order m;;.

Define X as the space obtained by attaching a point p;; to each component
E;j for every b; € B. Topologically, for each E;;, consider E;; = D( ™y/r), and
attach p;; at the "puncture” (the origin in D( mi/1)) to form Eij = D, the closed
unit disc, via the one-point compactification. Thus:

.)E':XU{pij‘Z'Zl,...,s,j:l,...,ki},

with the topology where a basis around p;; consists of sets U;j(¢) = E;;N f~1(D;\
{z | |z —b;| < €})U{pi;}, and the subspace topology on X. Since X" is Hausdorff
and each F;; is compactified locally, X is Hausdorff. Connectedness follows from
X being connected and the attachment points being limits of paths in X'. As a finite
union of compact sets (one per Ej;), X is compact.

Extend f to f : X — P! by:

Flz) = {f(a?) ifreX,

b; if x = p;; for some j.
Continuity holds on X since f is continuous. For p;;, take an open set V' C P!
containing b;. Then f~*(V) = f‘i(V \ {bi}) U{pkj | f(prj) = bi}, which
includes Uj;(¢) for small €, making f continuous at p;;. Surjectivity follows as f
covers P! \ B and f maps Dij to b;.
For o € G, define & : X — X by:
a(z) ifrelX,
(z) = {

piy  ifx=p;and a(Ey) = E; ;.

Q

Since G permutes the components E;; (Lem. 1.8), & is well-defined. Continuity
at p;; follows as a(Uyj(€)) = Uj j(€), an open set around p; js. As « is a home-
omorphism on X and permutes compact sets, & is a homeomorphism. Moreover,
foa = fsince f(a(z)) = f(z) = f(z) on X and f(pij) = bi = f(pi).
Uniqueness holds because any extension must preserve the G-action on fibers and
agree on the dense set X. ([
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Definition 1.5. The map f is a branched covering, and points by, . .., b, are the
branch points of f.

Example 1.12 (Degree 2 coverings). Every degree 2 branched covering is a Galois
covering.

Proof. By Cor. 1.2, every degree 2 covering is Galois, as Deck(f) = Z/2Z acts
transitively on fibers of size 2. U

Exercises

1.29. For f : C — C\ {0}, f(2) = 22, identify the components of f~1(D;) and
compute Deck( f|g) for one component E.

1.30. Show that ¢y, : D* — D(r) is a homeomorphism for b # oc.

1.31. Verify that Deck(f) = {id,z — —z} permutes the components in Exam-
ple 1.11 transitively.

1.32. Prove that if Stabc;(E) = {id}, then E is homeomorphic to D(r).

1.33. For a Galois covering f : X — P\ {0, 1} of degree 3, if f~1(D(0,1)\ {0})
has 3 components, compute the possible orders of Stabg (E).

4.3. Ramification type. With the extension of Galois coverings to branched cov-
erings of P! established, we now define the ramification type, a triple encoding
the monodromy structure over branch points. This concept is central to classify-
ing coverings, especially for superelliptic curves, where cyclic ramification profiles
determine their geometry. In this subsection, we formalize ramification type using
conjugacy classes and explore its behavior through examples, setting the stage for
the Riemann Existence Theorem.

Let B = {b1,...,b,} C Cand X = C\ B. Choose a base point g € X" such
that the lines from x¢ to b; contain no other by for j # s.

Exercise 1.5. Prove that each b; can be written as:

05
)

bj = w0+ pj - ¢
forpj € Rt and 0 < 0; < 2m, forall j=1,...,r.

Relabel b; so that:
0 >05>--->0,.
Choose lines Mj, ..., M, in C through x, such that each connected component
of C\ U7_, M; contains exactly one b;. Denote by S; the component containing
bj and D; an open disc centered at b; with closure in .S;. Let v; be a closed path
in S; U {zo} with v;(0) = 7;(1) = o, encircling b; counterclockwise.

Example 1.13. For B = {0, 1}, set xy = 1/2. Lines M; (to 0) and My (to 1) split
C into two regions, with v1 looping around 0 and ~2 around 1, both based at 1/2.
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Exercise 1.6. Prove that the paths v, j = 1,...,r, are closed and that w1 (X, z()
is generated by [v1], . .., [Vr]-

Proof. Each ; starts and ends at ¢, encircling only b;, and is closed in X'. The
fundamental group 71 (X, x¢) is the free group on r generators with the relation
41+ -7 = 1 (reflecting P1’s trivial 71), but here we consider C \ B, so it’s freely
generated by [7;]. O

Let G be a group generated by g1,...,g,. There exists a Galois covering
f X — X and an isomorphism:

6 : Deck(f) — G,
with a point b € f~!(z() such that the composition 6 o ®; (Prop. 1.2) maps:
[vil = gi, i=1,...,m
Exercise 1.7. Prove that 0 is an isomorphism.
Proposition 1.4. Identify G with Deck(f) via the isomorphism 6. If G is finite,
then:
f: X =P\ {a,...,a, 0}

is a finite Galois covering. Denote the conjugacy classes Cg; by C; in G. Then
gi€Ciand (g1 g) ' € COuo, fori=1,...,r.

Proof. Since G is finite, f has finite degree, and by Prop. 1.3, it extends to a

branched covering f : X — P! with branch points B U {c0}. For each a;,
®;([vi]) = gi € C; (Prop. 1.2). The loop around oo, homotopic to (1 - --7,) " in

P!\ B, has monodromy (g; - - - g,) ! € Cxo. O

Definition 1.6. Let B = {a1,...,a,} be the ordered set of branch points. The
ramification type of f : X — X is the triple (G, B, (C1,...,C;)).

Example 1.14. Consider f : P! — P!, f(z) = 2%(xz — 1), a degree 3 cov-
ering. Branch points are 0, —4/27, and oo (from your Example on page 22).
At 0, f71(0) = {0,1}, with 0 having ramification index 2 (Cy = {(12)}); at
—4/27, fN(=4/27) = {~1/3,2/3}, with 2/3 index 2 (C_yy; = {(23)});
at oo, index 3 (Co = {(132)}). Thus, G = Ss, and the ramification type is
(Ss {0, /27, 00}, ((12), (23), (132)).

Exercises

1.34. For B = {0, 1}, compute the polar coordinates of by = 0 and by = 1 relative
to xg = 1/2.

1.35. Sketch the lines My and Mo and paths 1,y for Example 1.13.

1.36. Show that ~y; in Exercise 1.6 does not encircle by, for k # j.
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1.37. For f : C — C\ {0}, f(2) = 22 identify the generators g, and C for the
branch point Q.

1.38. Verify that g1g2gs = id in Example 1.14 using g1 = (12), go = (23),
g3 = (132).

4.4. Change of coordinates and ramification type. The ramification type of a
Galois covering captures its monodromy structure, but its representation depends
on the coordinates chosen for P!. In this subsection, we examine how a change
of coordinates affects the ramification type, showing that the group and conjugacy
classes remain invariant up to relabeling of branch points. This invariance is crucial
for superelliptic curves, where coordinate choices vary but the underlying covering
structure persists, preparing us for a topological classification in the next subsec-
tion.

Let f : X — P!\ B be a finite Galois covering with Deck(f) = G. For
each b € B, let ('}, be the associated conjugacy class in GG (as in Lem. 1.8). Define
B :={b e B|C, # {id}}. The ramification type of f is the triple:

(G’ Blv (Cb>bEB’)'

Lemma 1.10. Let f : X — P!\ B be a finite Galois covering with Deck(f) = G,
and consider a change of coordinates o : P* — P'. Then a o f is a finite Galois
covering with Deck(a o f) = G. Moreover, the ramification type of ao f is:

(G7 Q(B/)a (Ca—l(c))cea(B’))'

I\

P! — P!

Proof. Since a : P! — P! is a homeomorphism (e.g., a Mobius transformation
like a(z) = z — Aora(z) = 1/2), a0 f : X — P! is a covering of P! \ «(B),
with the same finite degree as f. Forg € G, f o g = f, so:

aofog=acof,
making G C Deck(a o f). As f is Galois (Thm. 1.2), G acts transitively on fibers,
and since « is bijective, Deck(a o f) = G.

Now, consider the ramification type. For ¢ ¢ B, take a loop v € 71 (P! \ B, q)
around b € B. Define ¥ = a0, a loop in P! \ a(3) around a(b), based at a(q).
For & € f~1(q), the lift of y via f from & ends at g(Z), where g, € Cj, (Prop. 1.2).
The lift of 4 via « o f is the same path, since:

ao f(3(t) = a(f(3(1))) = aly(t) = 7(D).
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Thus, ®;([7]) = g» € C, but now associated to a(b). Hence, the conjugacy class
at a(b) for a o f is Cy, where b = a~!(a(b)). The ramification type becomes
(G, a(B'), (Co-1(c))cea(s))> as B' maps to points where Cy, # {id}. O

Example 1.15. For f : C — C\ {0,1}, f(z) = 2% Deck(f) = {id, z — —z},
B=1{0,1}, B'={0,1}, and Cy = C1 = {z — —z}. Apply a(z) = z — 1. Then
aof(z) =2 =1, P\ a(B) =C\{-1,0}, «(B') = {~1,0}, C4-1(1) = O,

and Cy-1(g) = Co, preserving the ramification type structure.

Example 1.16. For the same f, apply a(z) = 1/z. Then oo f(z) = 1/2%
P! \ 04(8) =C \ {1700}, OZ(B,) = {1,00}, Ca—l(l) = (1, and Ca—l(oo) = ().

The group G and classes remain unchanged, relabeled by c.

Exercises
1.39. For a(z) = z+ 2 and B = {0, 1}, compute a(B).

1.40. Verify that Deck(f) = Deck(a o f) for f(z) = 2% and a(2) = z — 1 in
Example 1.15.

1.41. Show that a(z) = 1/z maps the branch point 0 to oo and compute P* \
a({0,1}).

142. For f : C — C\ {0}, f(2) = 23 and a(z) = z + 1, determine the
ramification type of a o f.

1.43. Prove that if « fixes a branch point b € B, then C), = Co(v) in the ramifica-
tion type of a o f.

4.5. Riemann Existence Theorem. The Riemann Existence Theorem is a corner-
stone of this chapter, linking the topological properties of coverings to their alge-
braic realization over C. It asserts that a Galois covering of the punctured sphere
exists precisely when the monodromy data—encoded as a ramification type—satisfies
a generation condition. This theorem is pivotal for superelliptic curves, as it guar-
antees the existence of cyclic coverings with specified ramification, bridging topol-
ogy and complex geometry. Here, we present its topological version and explore
its implications.

Theorem 1.4 (Riemann Existence Theorem). Let T = (G, B, C) be a ramification
type, where G is a finite group, B = {b1,...,b,} C Pl is a set of distinct branch
points, and C = (C,...,C}) are conjugacy classes in G. There exists a finite
Galois covering f : X — P\ B with ramification type T if and only if there exist
generators gi, . . ., gr of G such that g; € C; and ¢y - - - g, = id.

Proof. Assume B = {by,...,b,_1,b, = oo} (via a coordinate change if needed,
Lem. 1.10). Set X = P!\ B.
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Suppose there exists a finite Galois covering f : X — X with Deck(f) =G
and ramification type (G, B, (C1, ..., C;)). Choose a base point ¢ € X" and paths
Y, +,Yr—1 in X around by, ..., b,_1, with v, = (71 ---7,_1)~"! encircling co
(Exercise 1.6). For b € f~1(q), the monodromy map

Q; :m(X,q) = G
(Prop. 1.2) assigns g; = ®;([v:]) € C; (Prop. 1.4). Since 71 (X, q) = ([v1],-- -, [w] |
y1 -+ -7 = 1) and [ is Galois, ®; is surjective (Lem. 1.4(iii)), so g1, ..., g, gener-
ate G. The relation y; - - - v, = 1 implies g; - - - g, = id.

Given generators g1, ..., g, of G with g; € C; and g; - - - g, = id, construct a
covering as follows. Define S = P! \ B and fix ¢ € S. The fundamental group
m1(S,q) = (Y1, | 71+ = 1) (Exercise 1.6). Let H = {1} be the trivial
subgroup of G. By covering space theory (Thm. 1.1), there exists a connected
covering f : X — S with 71 (X, b) = H and

Deck(f) & m1(S,q)/ fu(m1(X,1)) = G,

since |G| = n < oco. Define ®;([v;]) = g;, which is a homomorphism because
g1 - gr = 1. The covering is Galois (Thm. 1.2), and for each b;, the monodromy
gi; € C; matches the ramification type by Prop. 1.4. Thus, f has ramification type
T.

The topological space X exists by the classification of coverings ([130, Thm.
4.32]), and f : X — P! extends it (Prop. 1.3). O

Example 1.17. For G = Z/2Z = {id,o}, B = {0,1}, C1 = Cy = {0}, set
g1 = g2 = 0. Since 0? = id, g1go = id. The covering f : C — C\ {0,1}, f(z) =
22, has Deck(f) = {id, z — —z}, ramification type (Z/27,{0,1}, ({c},{o})),
satisfying the theorem.

Example 1.18. For G = S3, B = {0,—4/27, 00},

Cr={(12)}, Co={(23)}, C3={(132)},
take g1 = (12), g2 = (23), g3 = (132). Check that
919293 = (12)(23)(132) = (13)(13) = id,

and G is generated by transpositions. This matches f(x) = z*(z — 1) (Exam-
ple 1.14).

Exercises
1.44. For G =7/27Z, B ={0,1}, Cy = Cy = {c}, verify that o - 0 = id.
1.45. Compute the product g1 g for g1 = (12), g2 = (23) in Example 1.18.

1.46. Show that G = {id}, B = {0}, C; = {id} satisfies the theorem, and
describe the covering.



5. RIEMANN SURFACES 25

1.47. For G = 7Z/3Z, B = {0,000}, C1 = Cy = {0}, 0 = id, explain why no
covering exists.

1.48. Construct generators for G = 7,/AZ with B = {0,1, <}, C; = Cy = {02},
Cs = {0}, o* =id.

5. Riemann surfaces

A Riemann surface X is a connected complex manifold of complex dimension one.
This means that X is a connected Hausdorff space that is endowed with an atlas of
charts to the open unit disk of the complex plane: for every point x € X there is
a neighbourhood of x that is homeomorphic to the open unit disk of the complex
plane, and the transition maps between two overlapping charts are required to be
holomorphic. We explain the details.
Let X be a topological space. A complex chart on X is a homeomorphism
®: U — V C C such that:
(1) Uisopenin X.
(i1) V is openin C.
U is called the domain of the chart. If p € U such that ®(p) = 0, then U is called
centered at p. Charts define a local complex coordinate on the domain U.
Let®: U - VandV :V — W, whereU C XandU, W Cc C. If Visa
holomorphic bijection (as a complex-valued function of a single complex variable)
and W is open in C, then show that

Vod:U—-W

is complex chart on U. U is called a change of coordinates of U .

Let ®; : U; — V;, where ¢ = 1, 2 be complex charts. We call them compatible
ifU NUy =0 or

Dy o ® 1 By (U NUs) — Bo(Uy NTUy)
is holomorphic (as a complex-valued function of a single complex variable).

Exercise 1.8. Show that if ®, : Uy — Vi is compatible with ®5 : Us — Vs, then
by is compatible with .

The function T" = &5 o <I>1_1 is called the transition function since it changes
from one coordinate to the other.

Lemma 1.11. Let T be the transition function as above. Then, the derivative T is
never zero on the domain of T'.

Proof. Let 7! = S. Then, Yw € U; N Us, we have S(T(w)) = w. If we
differentiate we have S’ (T'(w)) - T (w) = 1, which implies that T’ (w) # 0. O
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A complex atlas A on X is a collection
A={d,:U, — V,}

of a pairwise compatible complex charts whose domains cover X'. Two complex
atlases are equivalent if every chart of one is compatible with every chart of the
other. A complex structure on X is a maximal complex atlas on .

Let X be a topological space. We say that X’ is Hausdorff if Vz,y € X there
exists disjoint neighborhood U and V' of x and y respectively. X is called second
countable if there is a countable basis for its topology.

Definition 1.7. A Riemann Surface is called a second countable, connected, Haus-
dorff topological space together with a complex structure.

Example 1.19. Let X = C. C is topologically R?, so it is connected, Hausdorff,
and second countable. C has the complex structure since ®,, : R? — C defined by

(x,y) = x+1iy
is a complex chart as shown above.

Exercise 1.9. Let Co, := C U oco. Show that it is a compact Riemann surface.

Definition 1.8. A continuous function f : X — Y between two Riemann surfaces
is called analytic if for every coordinate (V, ¢) in X and (V',¢') in Y such that
F(V) c f(V"), the function

¢'ofod (V) — ¢'(V')

is holomorphic. A meromorphic function on X is called a non-constant analytic
function X — P, different from the constant function cc.

5.1. Holomorphic and meromorphic functions on Riemann surfaces. Let X
be a Riemann surface, p € X and f : W — C, such that W is a neighborhood of
p. We say that f is holomorphic at p if there existsachart ® : U — V withp € U
such that f o @1 is holomorphic at ®(p). Then, we say that f is holomorphic
on the neighborhood W if it is holomorphic at every point of W. The following
lemma is straightforward.

Lemma 1.12. Let X be a Riemann surface, p € X, and f a complex valued
function defined in a neighborhood U of p, say f : U — C. Then, the following
hold true:

() f is holomorphic at p if and only if for any chart ® : U — V, p € U we
have f o @1 is a holomorphic at ®(p).
(i) f is holomorphic atw if and only if there exists a set of charts {®; : U; — V;},
with W C \J,; U; such that f o ®; is holomorphic on ®;(W N U;).
@iii) If f is holomorphic at p, then f is holomorphic at a neighborhood at p.
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Next we will define singularities for Riemann surfaces. Recall that for a function
f : C — C we singularities are defined as follows:

(i) f(z) has a removable singularity at z( of it is possible to assign a com-
plex number such that f(z) becomes analytic, or f(z) is bounded around
20.

(i) f:U\{a} — C, where U is open. Then, a is an essential singularity if

it is not a pole or a removable singularity.
Let X be a Riemann surface, p € X, U a neighborhood of p,and f : U — C
a complex valued function and holomorphic. The function f is defined to have a
removable singularity at p if and only if f o ®~! has a removable singularity at

®(p). f has a pole at p if and only if f o ®~! has a pole at ®(p) <i.e. f(z) =

(Z‘Z (j;n ) ) . f has an essential singularity at p if and only if fo®~! has an essential

singularity at ®(p).

Lemma 1.13. f has a removable singularity if and only if for every chart ® : U —
V such that p € U, the function f o ®~! has a removable singularity.

Summarizing we have that for any holomorphic function f : U\{p} — V/, the
following statements hold:
(i) If | f(z)] is bounded in a neighborhood of p, then f has removable sin-
gularity at p. Moreover, the limit lim,_,, f(z) exists, and if f(p) :=
lim,_,, f(z), then f is holomorphic at p.
(i) If |f(z)] — oo as © — oo, then f(x) has a pole at p.
(iii) If | f(z)| has no limit as x — oo, then f(x) has an essential singularity at
P.

Definition 1.9. A function f on X is meromorphic at a point p € X if it is either
holomorphic, has a removable singularity, or has a pole at p. f is meromorphic
on X if it is meromorphic at every point of X.

The following are elementary properties of meromorphic functions.

Exercise 1.10. Let f, g be meromorphic on X. Then, f+g, f-g, 5 are meromorphic
on X provided g(x) # 0 (i.e, is not identically zero).

If W C & is an open subset of the Riemann surface X we denote the set of
meromorphic functions of W by

Mx (W) ={f: W — C| fis meromorphic}.

Hence, M x (W) is a field. Let f : U\{p} — V be holomorphic. Let z be the
local coordinate on X' near p. Hence, z = ®(x), which implies that f o ®~! is
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holomorphic near f(p) := zp. Then, there exist a series expansion

f(<1>1(2)> = ez —20)"

n
which is called the Laurent series for f about p with respect to ®. The Laurent
series tells us about the nature of singularity at p.

(i) f has a removable singularity at p if and only if the Laurent series has no
negative terms.
(ii) f has a pole at p if and only if the Laurent series has finitely many neg-
ative terms.
(iii) f has essential singularity if and only if the Laurent series has infinitely
many negative terms at p.

Let f be a meromorphic function at p, and z some local coordinate around p. Let
the Laurent series be given by

f(q)_l(z)) = ch(z — zp)".
The order of f at p, denoted by ord,(f), is
ord,(f) = min{n|c, # 0}.

Lemma 1.14. ord,(f) is independent of the choice of the local coordinate z.

Proof. Let U : U’ — V' be another chart such that p € U’ and w = ¥(x) near
p be the local coordinate. Denote wy = W(p). The transition function 7'(w) =
® o U~ expresses z as a holomorphic function of w. If T is invertible at wy, then
T'(wg) # 0. Hence, we have

z=T(w) =20+ »_ an(w —wp)",
n>1
where a1 # 0.
Let ord,, f(z) = cp, be the order of f computed via z. Then,
z—20= Y an(w—wp)"
n>1

is the Laurent series of f(w) at p, where z — z is the lowest term is ay,, (w —wg)™°,
and for ) - an,(w — wo)™ the lowest possible order in (w — wy) 18 ¢p, a7 (W —
wp)™. But cp, # 0, and a; # 0, which implies that ord,, f(w) = ng. Hence,
ord, f(z) = ord, f(w) = no. O

The following statements are true for any function f holomorphic at p.

(1) f is holomorphic at p if and only if ord, f > 0. Moreover, f(p) = 0 if
and only if ord, f > 0.

(2) f hasapole at p if and only if ord, f < 0.
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(3) f has either a zero or a pole at p if and only if ord,, f = 0.

We say f has a zero (resp. pole) of order n at p if ord, f = n > 1 (resp. ord,, f =
—n < 0).

Exercise 1.11. The following are true:
(1) ordy(f - g) = ord,(f) + ordy(g).

(2) ord, (ch) = ord,(f) —ordy(g).

(3) ord, (}) = —ord,(f).
(4) ord, (f £ g) > min{ord,(f),ordy(g)}.

Any rational function on the Riemann sphere is meromorphic, since it has only

zeros and poles (no essential singularities). Let f(z) = ’; 8 be a rational function.

Then, f(z) = c¢- [[;(# — \i)%, where )\; are distinct complex numbers, and e; €
Z. Thus, ordy,(f) = e;, ordeo(f) = degp — deggq, and ord, f = 0 if x #

007)\17'” 7>\T-

Theorem 1.5. Any meromorphic function of Co is a rational function. In other

words, M (Cs) = C(2).

Proof. Let f be meromorphic function on C,. Recall that C, is compact and f
has finitely many zeros and poles. Let {\1,--- , A\ } be the set of zeros and poles
in C. Assume that ordy,(f) = e;. Consider the function r(z) = [[, (z — ;).
Then, r(z) and f(z) have the same zeros and poles on C. Then, g(z) = i
meromorphic function on C, since f € M(Cy) and r € M (C). Thus, g(z)
has no zeros and no poles in C. Hence, g(z) is holomorphic on C, and so g(z) has
Taylor series g(z) = >, ¢, 2", which converges everywhere on C.

n
Since g(z) is meromorphic at z = oo, then g (1) = 3 cn<1> and

z
g(w) =30, cuaw™™ for a coordinate w, which means that g(w) is meromorphic
at w = 0. This fact implies that g(w) is a polynomial.
If g is constant, then % is constant, and so f is rational. If g is not constant,
then it has no zeros in C, and this is a contradiction. O

Corollary 1.3. Let f be any meromorphic function on C,. Then, Ep ord, f = 0.

Proof. Every meromorphic function on C, is rational by the preceding theorem,
ie, f(z) = 58 where p(z) and ¢(z) are polynomials. Let p(z) = ¢[[/%;(z —

a;)k and q(z) = d [[=i(z— b;), with a; and b; distinct zeros and poles in C, and
ki, l; > 0. Then: - In C, the zeros of f are at a; with ord,, f = k;, and the poles
are at b; with ordy, f = —l;. - Atoo, ordy f = degq—degp = Zj li—=> ki -
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Total sum: »_ ordy, f =}, ordg, f+ >, ordy; f+ordee f = ki — 32,1 +
(Zj lj — Zz ki) = 0.

Thus, the sum of the orders over all points (zeros, poles, and co) is zero. [

5.2. Holomorphic functions between Riemann surfaces. Let X', ) be two Rie-
mann surfaces. A map f : X — Y is called holomorphic at p € X if and only if
there exist charts ®; : Uy — V3 on X and ®5 : U3 — V5 on Y such that p € Uy,
f(p) € Uz and

dy0 fo <I>1_1
is holomorphic at ®;(p). Then we have the following lemma.

Lemma 1.15. Let f : X — Y be a map between Riemann surfaces. Then, we have
(1) f is holomorphic at p if and only if for any pair of charts ®; : U; — V;,
i =1,2suchthatp € Uy, f(p) € Us we have ®y0 fo®d ! is holomorphic
at ®1(p).
(ii) f is holomorphic on W if and only if there are two collections of charts
(1) U = v on X such that w < \J, U, and {2¥ : UY) —
Vz(j)} on Y with f(W) C U; UQ(j), such that @éj) ofo ((IJgi)>_1 is
holomorphic for every i, j where it is defined.

Proof. (i) Suppose f is holomorphic at p. By definition, there exist charts ®; :
Uy — Vi and @y : Uy — Vo with p € Uy, f(p) € Us, such that &5 0 f o &' is
holomorphic at ®;(p). For any other pair ¥; : U] — V/, Uy : Uy — V5 withp €
Ui, f(p) € Uj, consider the transition maps 77 = ®; o \111—1 U (U NU) =W
and T = Uy 0 O L@y (Usn U}) — V3, both holomorphic and invertible. Then:

Tyofoll=Tho(Profodh)oTy .

Since ®5 0 f o <I>1_1 is holomorphic at ®;(p), and 7" LTy are holomorphic with
non-zero derivatives (by compatibility), their composition is holomorphic at ¥ (p).
Conversely, if f satisfies this for all chart pairs, it holds for any specific pair, ful-
filling the definition.

(ii) If f is holomorphic on W, take atlases {@gz)} covering W and {@gj )}
covering f(W). For each p € W, f is holomorphic at p, so @gj) ofo (@gl))_l is
holomorphic where defined (by (i)). Conversely, if such collections exist, for any
p € W, choose charts (I)gz)’ <I>;J ) with pE Ul(z), f(p) € UQ(J ): the composition is
holomorphic, so f is holomorphic at p, hence on all of W. U U

Remark 1.1. A holomorphic map is a covering since differentiability implies con-
tinuity.
Let f : X — ) as above. Then, for every open set W C ) we have
Oy (W) = {the ring of holomorphic functions on W}.
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F~Y(W) is open in X. Then, we have Ox <f_1 (W)) . There is the induced map

7 0y00) = 0x (57 0)

such that g — g o f, where f : f~'(W) — W. For meromorphic functions we
have

7 My () > M (17200
such thatg — g o f.

Definition 1.10. An isomorphism between two Riemann surfaces is a holomor-
phic map f : X — Y which is bijective, and whose inverse is holomorphic. An
isomorphism f : X — X is called an automorphism.

The term isomorphism here comes from algebra since two Riemann surfaces
which are isomorphic have isomorphic function fields.

Proposition 1.5. Let f : X — Y be a non-constant map between Riemann sur-
faces. Then for everyy € Y, f~1(y) is a finite non-empty set of ).

Proof. Fix a local coordinate w around y € ) with w(y) = 0, via chart &3 :
Us — Vo C C. Forz € f~!(y), fix a local coordinate z around = with z(z) = 0,
via chart ®; : Uy — V3 C C. Then f locally is w = g(z) = ®20 fo (I>f1,
holomorphic, with g(0) = 0. Since f is non-constant, g(z) = > 70 cz* with
m > 1, ¢y, # 0. The zeros of g(z) near 0 are isolated (a property of holomorphic
functions in C), so in a small neighborhood U, x is the only preimage of y. Thus,
f _l(y) is discrete. If X is compact, a discrete subset is finite; if non-compact,
local finiteness holds near each x. Non-emptiness follows as f is holomorphic and
non-constant, implying openness locally unless constant. O

Lemma 1.16. Let f : X — ) be a non-constant map between compact Riemann
surfaces. Then, for any two points z,y € Y the fibers f~'(z) and f~(y) have the
same cardinality.

Proof. Since X and ) are compact, f is a proper map, and by Prop. 1.5, each
fiber f~1(y) is finite and non-empty. Define the function deg, (f) = If “L(y)],
the cardinality of the fiber. For y € ), take a chart &5 : Us — Vo C C with
y € Uz, ®2(y) = 0, and Uy small enough to exclude other branch points. For
eachp € f~Y(y), f locally is w = 2™ (by the Local Normal Form, below), where
my = mult, f. The number of preimages of a nearby pointy’ € U, under f equals
2_pef—1(y) Mp> constant in Uy \ {y} as f is a covering there (see Section 2). Since
Y is connected, this cardinality is constant across all y € ), matching deg f from
Section 2. O
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Exercise 1.12. Let f : X — Y be a meromorphic map on the Riemann surface X.
Define F : X — Cy by
f(z) € C, ifxisnotapole
F(x): o
oo ifxisapole.
Prove that F' is holomorphic and there is a 1 — 1 correspondence between the set

of meromorphic functions f on X and holomorphic maps F : X — C, which are
not constant at infinity.

5.3. Global Properties of Holomorphic Maps. Next, we see some of the local
and global properties of the holomorphic maps.

Proposition 1.6 (Local Normal Form). Let f : X — ) be a non-constant holo-
morphic map defined at p € X. Then, there is a unique integer m > 1 such that:
for every chart ®9 : Uy — Vi on'Y such that F(p) € Us, there exists a chart
®, : Uy — Vi on X centered at p such that

P, <F(q>;1(z))> = 2™,

Proof. Fix a chart @3 : Uy — V5 on Y with f(p) € Us, ®2(f(p)) = 0. Take a
chart U : U — V on X withp € U, ¥U(p) = 0. Then h(z) = 30 fo U~}
is holomorphic near z = 0, with 2(0) = 0. Since f is non-constant, h(z) =
S ckz®, where m > 1, ¢, # 0. Define g(z) = h(2)/2™ = e+ Cmi12+- -+,
holomorphic near 0, with g(0) = ¢, # 0. Thus, g has a holomorphic m-th root
r(2) near 0 (since C is simply connected locally), so h(z) = (r(z)z)™. Setn(z) =
r(2)z, with '(0) = r(0) # 0, making 7 invertible locally. Define ®; = 1o V;
then ®;'(2) = U~ (n~'(2)), and:
Dr0fodil(2) =By0fo Ul on T (2) = h(n 7 (2) = (n ' (2))" = 2™

Uniqueness of m follows as it’s the order of the first non-zero term in any local
expansion. U

Definition 1.11. The multiplicity of f at p, denoted by mult, f, is the unigue
integer m such that there are local coordinates near p and f(p) having the form
z— 2™

Notice that from the definition we have that for any f : X — )/, the multiplic-
ity of p is mult,, f > 1. Take a local coordinate z near p and w near f(p) (i.e., p
corresponds to zy and f(p) to w). Then, the map f can be written as w = h(z),
where h is holomorphic. Then, we have the following result.

Lemma 1.17. The multiplicity mult,, f of f at p is I plus the order of the vanishing
derivative h'(zo) of h at zo. In other words,

dh
mult, f = 14 ord,, <d>
z
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Proof. Let h(z) = w = ®y 0 f o &%, with ®1(p) = 29 = 0, Bo(f(p)) = 0.
By Prop. 1.6, h(z) = 2™ in some coordinates, where m = mult,, f. Compute the
derivative: h'(z) = mz™"1, so ord,, i = m — 1 (since ' (0) = 0if m > 1,
and the first non-zero term is at m — 1). In any chart, h(z) = ¢n(z — 20)™ +
higher terms, 1/(2) = mem (2 — 20)™ L + -+, and ord,, b’ = m — 1, as ¢, # 0.
Thus, mult, f =m =14 (m —1) =1+ ord,, 1. O

If h(z) is given as a power series around z( as

h(z) = h(zo) + Z ci(z — z0)',

with m > 1 and ¢, # 0, then mult, f = m.

Since the points where the multiplicity m > 2 correspond to the zeroes of a
holomorphic function, then there are finitely many of them. Hence, the following
definition.

Let f : X — ) be a constant holomorphic map. A point p € X is called a
ramification point for f if mult, f > 2. A point y € ) is called a branch point
for f if it is the image of a ramification point for f.

5.4. Degree of a holomorphic map between Riemann surfaces. In sectionsect-
2 we defined the degree of a covering in general. Next we will see how the degree
of holomorphic maps can be defined in terms of singular points as well.

Definition 1.12. Ler f : X — Y be a non-constant holomorphic map between
compact Riemann surfaces. For each y € ), define

deg,(f)= > mult,f.

pef~1(y)

Proposition 1.7. Then, deg, (f) is constant independently of y.

Proof. Define deg,(f) = Zpef,l(y) mult, f. For y € Y, take a chart ®; :
Uy — Vo with ®9(y) = 0, Uy excluding other branch points. For each p €
f~ Y (y), ®a o fod ! (2) = 2™ locally (Prop. 1.6), where m, = mult, f. Near
y, £+ fY(Uz) — Uy is a covering of degree Zpef,l(y) my, (each p contributes
my, preimages), constant in Us \ {y}. Since ) is connected, deg, (f) is locally
constant, hence constant across ). O
Let f : X — Y be a non-constant holomorphic map between compact Rie-
mann surfaces. The degree of f is defined as deg(f) = deg,(f), forany y € V.

Corollary 1.4. A holomorphic map between compact Riemann surfaces is an iso-
morphism if and only if it has degree equal to 1.

Proof. If f : X — ) is an isomorphism, it’s bijective, and f~! is holomorphic.
Forany y € Y, |f~(y)| = 1, and mult, f = 1 (since f is locally invertible,
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h(z) = z), so deg f = 1. Conversely, if deg f = 1, then Zpef_l(y) mult, f = 1.
Asmult, f > 1, |f~}(y)] = 1 and mult, f = 1 for a unique p, implying f is
injective and locally invertible. Since X', ) are compact, f is a homeomorphism,

and holomorphicity of f~! follows from local charts, making f an isomorphism.
O

Let f : X — Y be a non-constant holomorphic map between compact Rie-
mann surfaces. If we delete the branch points in ) then we obtainadeg f =n — 1
map, which is a covering in the topological sense. Because of this, the initial map
f X — Yiscalled a branched covering.

The following is true also for Riemann surfaces, as expected.

Proposition 1.8. Let f be a meromorphic function on a compact Riemann surface

X. Then, Zp ord, f = 0.

Proof. Define F' : X — Co as F(z) = f(z) if z is not a pole, oo if it is (Ex-
ercise 1.12). F' is holomorphic, non-constant, with deg F' = Zpe F1(y) mult, F'.
For y € C, mult, ' = ord, f (zeros), and for y = oo, mult, F' = —ord, f
(poles). Since C., has genus 0, apply the Riemann-Hurwitz formula (below):
2(9x — 1) = 2deg F'(0 — 1) + >_  y(mult, F' — 1). The total number of ze-
ros (V) and poles (P) gives deg F' = N + P, and Zpex(multp F-1)=N-P.
For C, Zp ord, f = N — P = 0 (from Section 5.1), and since I’ corresponds to
f, the result holds. ([

5.5. Triangulations and the Euler’s number. Let X be a Riemann surface. A
triangulation on X is a decomposition of X into closed subsets, each holomorphic
to a triangle, such that any two triangle are either disjoint, meet only at a single
vertex, have only an edge in common.

Let a triangulation be given with v vertices, e edges, and ¢ triangles. The Euler
characteristic is defined as
ES)=v—e+t.

The main result of the Euler number is that it does not depend on the particular
triangularization. For a closed surface X', its genus is defined by g := 2 — £.

Proposition 1.9. For a compact orientable Riemann surface of genus g, the Euler
number is 2 — 2g.

Proof. See standard texts like [84, Ch. 4] for a detailed proof involving triangula-
tion invariance and genus computation. (]

We skip the details of the proof which can be found in most undergraduate texts
on complex analysis and Riemann surfaces. Moreover, the genus will be defined
in detail for function fields and algebraic curves in the coming chapters.
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Theorem 1.6 (Riemann-Hurwitz). Let f : X — Y be a non-constant holomorphic
map between compact Riemann surfaces, where the genus of X (resp. the genus of
Y)is g(X) = gx (resp. g(¥) = gy). Then,

2(gx —1) =2deg f (gy — 1)+ Y _ (mult,, f —1).
peX

Proof. First, it is worth noticing that since X’ is compact, there is a finite set of
ramification points. Therefore, 3 3 (mult, f — 1) is a finite sum.

Take a triangulation on ) such that each branch point is a vertex. Assume
that there are v vertices, e edges, and ¢ triangles. Every triangle in ) will lift to
a triangle in X'. Let v’ vertices, ¢’ edges, and t' triangles be the corresponding
triangulation in X.

Every ramification point is a vertex in X'. A triangle lifts to deg f triangles in
X.Sot' =deg f-t. Also, e’ =deg [ -e.

Next we determine the number of vertices. Let B be the set of branch points in
Y and B’ the set of ramification points in X. Let g € B, so q is a vertex in ) and

M@= > l=degf— > (mult,f—1).

PEf~1(q) PEf~1(q)
Hence,
v = Z (degf—Z(multpf—l)) :v-degf—z Z (mult, f —1)
yeB q€B pef~1(q)
=wv-deg f — Z (mult, f —1).

peB’
From Prop. 1.9 we have that 2 — 2gy = v’ — ¢’ + ¢'. Hence,
29y —2=—v +e -t

:—v-degf—l—Z(multpf—1)+e-degf—t-degf

peB’
=degf-(—v+e—1t)+ Z (mult, f — 1)
peB’
=deg f (2gy —2) + Z (mult, f —1).
pEB’

Therefore,

2gx — 1) =deg f-(2gy —2)+ Z (mult, f —1).
peX

Exercises
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1.49. Let X = C and consider two charts:
o &y : C — C defined by ®1(2) = 2,
e &y : C — Cdefined by ®o(z) = 2% for = € U = C \ {0}.

a) Verify that ®1 and ®o are complex charts on their respective domains. b) De-
termine whether ®1 and ®4 are compatible on U N C = C \ {0}. Explain your
reasoning by computing the transition function and checking its holomorphicity.

1.50. Let X = C with its standard complex structure, and define a function f :
C — Cby f(z) = €*. a) Show that f is holomorphic at every point z € C using
the definition involving charts. b) Now consider f as a map from C to C.. Is f
meromorphic on C.,? Why or why not?

1.51. Let X = C, and consider the function f(z) = % + z. a) ldentify all
singularities of f on C, and classify them as removable, poles, or essential singu-
larities. b) Compute the Laurent series of f around z = 0 and determine ordy(f).
c) Verify that Zpe(coo ord, f = 0, as predicted by the corollary in your section.

1.52. Let f : Coo — Coo be defined by f(z) = z3. a) Find all ramification points
of f and their multiplicities. b) Identify the branch points in the target Coo. ¢)
Compute deg f using the definition deg, (f) = preffl(y) mult,, f for two distinct
points y = 1 and y = oo.

1.53. Suppose f : X — Y is a holomorphic map between compact Riemann
surfaces with deg f = 1. a) Prove directly (without using Cor. 1.4) that f is
injective. b) Show that if f is surjective, then it is an isomorphism. (Hint: Use
properties of compact Riemann surfaces and local invertibility.)

1.54. Let f : Coo — Cop be the map f(z) = 2% a) Compute the genus of Coo
(you may use Prop. 1.9). b) Find all ramification points and their multiplicities. c)
Apply the Riemann-Hurwitz formula (Thm. 1.6) to verify the relationship between
the genera of the source and target, and the ramification data.

1.55. Let X be a Riemann surface, and let f,g : X — C. be meromorphic
functions. Suppose p € X is a point where ord, f = 2 and ord, g = —1. a)
Compute ord,(f - g), ord,(f/g), and ord,(1/f). b)If h = f + g has ord, h = 1,
what can you say about the behavior of f and g near p? (Hint: Consider the
Laurent series.)

1.56. Defineamap f : Coo — Coo by f(2) = % a) Show that f is holomorphic
by checking its behavior at all points, including z = 0 and z = co. b) Determine
the degree of f. c) Find the ramification points and branch points, and compute

Zpecw (mult, f —1).

1.57. Consider a triangulation of C., (the Riemann sphere) with 4 vertices, 6
edges, and 4 triangles. a) Compute the Euler characteristic £(Coo) using this
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triangulation. b) Determine the genus of Co using the formula g = 2 — €. ¢)
Verify that your result matches Prop. 1.9 for g = 0.

1.58. Let f : X — C be a holomorphic map from a compact Riemann surface X
of genus gy = 1 with deg f = 3, and suppose there are exactly two ramification
points, each with multiplicity 2. a) Use the Riemann-Hurwitz formula to determine
the genus of the target (which is C). b) Verify that your computation is consistent
with the known genus of C.. c¢) Discuss whether such a map could exist based on
your findings.

6. Compact Riemann surfaces as coverings of the punctured sphere

Let B be a finite set of points in P!, X a Riemann surface, and f:X—= P! \ Ba
finite Galois covering. Let f : X — P! be its extension to an analytic map of the
compact Riemann surface X'. Let G = Deck(f) and M = M(X).

Theorem 1.7. M /C(f) is a Galois extension and Gal (M /C(f)) = Deck(f) via
the isomorphism

¢ : Deck(f) — Gal (M/C(f))

QO — Lq,

where Lo, : M — M is defined as 1,(g) = go o™, forall g € M.

2

Proof. We need to show that ¢ : Deck(f) — Gal (M/C(f)) is a well-defined
group isomorphism.

Since f is a Galois covering, the deck transformation group G' = Deck( f) acts
transitively on the fibers of f, and the field M consists of meromorphic functions
on X. The map ,, is defined as 1o (g) = goa ', which ensures that the action of G
on M is by field automorphisms. Since « is an automorphism of X, composition

preserves the field structure, meaning ¢, is an automorphism of M, and hence ¢ is
well-defined.

To verify that ¢ is a homomorphism, consider «, 5 € Deck(f). Then for any
g € M, we compute

tap(g) = go(aB) ™' = gof~loa™ = (gof T oa ! = ta(goB™") = talis(9)).

This shows that 1,3 = ¢4 © L, and therefore ¢ is a group homomorphism.

Next, we establish injectivity. If ¢, is the identity map on M, then for every
g € M, we have g o a~! = g, meaning « fixes all functions in M. Since M
separates points on X, it follows that & = id, proving that ker ¢ = {id} and hence
¢ is injective.

For surjectivity, consider any ¢ € Gal (M /C(f)). By the definition of the
Galois group, o permutes the fibers of f, and by the fundamental theorem of Ga-
lois theory, such an automorphism comes from some a € Deck(f). This implies
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that every automorphism of M fixing C(f) arises from an element of Deck(f),
ensuring that ¢ is surjective.

Since ¢ is both injective and surjective, it follows that ¢ is an isomorphism.
This completes the proof. (]

Remark 1.2. This theorem establishes a fundamental connection between the geo-
metric structure of a Galois covering and the algebraic structure of its correspond-
ing function field extension. The deck transformations, which describe the symme-
tries of the covering, are precisely mirrored by the Galois automorphisms of the
function field. This correspondence is crucial for understanding the interplay be-
tween Riemann surfaces and their function fields.

Corollary 1.5. The field of meromorphic functions M (X~ ) is a Galois extension of
the field C(P') of rational functions on P!,

Proof. Since f : X — P! is a Galois covering, by the theorem, /\/l(é‘? ) is a Galois
extension of C(f). Since f extends to f : X — P!, we have C(f) = C(P'). Thus,
M(X) is a Galois extension of C(P!). O

Example 1.20. Consider the Riemann sphere P' and the covering map f : P' —
P! given by f(z) = 2™ This is a Galois covering with deck transformation
group G = 7./nZ, generated by the rotation z 2/ The field of mero-
morphic functions on P* is C(2). The subfield C(f) is C(2"). The Galois group
Gal (C(z)/C(2")) is isomorphic to 7/nZ, and the isomorphism is given by o
La» Where 1,,(g(2)) = g(a™12).

This theorem and its corollary have profound implications in the study of Rie-
mann surfaces and algebraic curves. They allow us to translate geometric proper-
ties of coverings into algebraic properties of function fields, and vice versa. For
example:

e The degree of the covering f corresponds to the degree of the field exten-
sion M(X)/C(P').

e The ramification points of f correspond to the branch points of the field
extension.

e The genus of the Riemann surface X can be computed from the degree
of the covering and the ramification indices using the Riemann-Hurwitz
formula.

These connections provide powerful tools for studying Riemann surfaces and
their moduli spaces. They also play a crucial role in the study of algebraic curves
and their function fields.

Exercises

1.59. Consider a covering map f : P! — P! defined by f(z) = 2°.
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a) Show that f is a Galois covering by identifying the deck transformation
group Deck(f).

b) Compute the field C(f) = C(z3) and verify that M(P') = C(z) is a
Galois extension of C(z3).

¢) Explicitly describe the isomorphism ¢ : Deck(f) — Gal (C(z)/C(2?))
by computing v, for each « € Deck(f).

1.60. Ler X = P! and f : P! — P! be given by f(z) = 22. Suppose B = {0, 00}
and f : PL\ f~Y(B) — P\ B is the restriction of f.

a) Determine the set f —1(B) and verify that f is a finite covering.

b) Show that f is a Galois covering and identify Deck(f).

¢) Confirm that Gal (M(X)/C(f)) = Deck(f) using the definition of t.
1.61. Let X be a compact Riemann surface and f: X — P! a Galois covering of
degree 4 with B = {0, 1, c0}. Suppose Deck(f) = Z/AZ.

a) What is the degree of the field extension M(X)/C(P')?

b) If o € Deck(f) generates the group, describe the action of L, on a mero-

morphic function g € M(X).
¢) Explain why M(z’? ) separates points on X, ensuring the injectivity of ¢

in the theorem.

1.62. Consider the covering f : P\ {1} — P!\ {0,1} defined by f(z) =
2/(,2 _
a) Verify that f is a finite covering by computing the preimages of a point in
P\ {0,1}.
b) Determine whether f is a Galois covering by examining the action of
potential deck transformations.

¢) If f is Galois, identify Deck(f) and describe the corresponding Galois

group of M(X)/C(f).
1.63. Let~f . P! — P! be the map f(z) = 2° and let B = {0,00}. Define
f:PY\ f7Y(B) = P\ B
a) Show that f is a Galois covering and compute | Deck(f)|.
b) For a meromorphic function g(z) = 2*> € M(PY), compute 1,,(g) where
afz) = e?m/5y,
¢) Verify that C(f) = C(z°) and compute the degree of the extension C(z)/C(2°).
1.64. Suppose Xisa compact Riemann surface and f : X — P! is a Galois cov-
ering with Deck(f) = Ss, the symmetric group on 3 elements, and B = {0, 1, c0}.

a) What is the degree of the covering f : X — P\ B?
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b) Explain how the transitivity of Deck(f) on the fibers of [ ensures that
M(X)/C(f) is a Galois extension.

¢) Choose a transposition o € Sg and describe the effect of L on a function
g e M(X).
1.65. Let f : P — P! be defined by f(z) = 22 — 1, and B = {—1,1}. Consider
the restriction f : P\ f~1(B) — P!\ B.
a) Compute f~'(B) and determine the degree of f.
b) Show that f is a Galois covering and identify Deck(f).
c) Verify that the action of Deck(f) on M(P') via 1, is consistent with the
Galois group of C(z)/C(z% — 1).

1.66. Let X be a compact Riemann surface and f : X — P! a Galois covering
with Deck(f) cyclic of order n.
a) Prove that the degree of the field extension M(X)/C(P') is n.

b) If g € M(X) is invariant under Deck(f), i.e.,, go a = g for all a €
Deck(f), show that g € C(P*).

c) Use the Riemann-Hurwitz formula to relate the genus of X 1o n and the
number of ramification points.

1.67. Consider the example f : Pt — P! given by f(2) = 2™ from the section.

a) Forn = 4, list all elements of Deck(f) and compute 1, (2) for each c.
b) Show that Gal (C(z)/C(2*)) = 7Z/AZ by exhibiting the automorphisms
explicitly.
c) Verify that the ramification points of f correspond to the branch points
{0, 00}
1.68. Let f : X — P! be a Galois covering of degree 6 with B = {0, 1,00} and
Deck(f) = Ss. Suppose the genus of X is 1.

a) Use the Riemann-Hurwitz formula to compute the total ramification index
Zpgg(multpf —1).

b) Hypothesize a possible distribution of ramification points and their mul-
tiplicities consistent with Deck(f) = Ss.

¢) Discuss how the Galois group Gal (M(X)/C(PY)) reflects the symmetry
of the covering.



Chapter 2

Function fields

In this chapter we will study algebraic function fields. For a more detailed treat-
ment one can check more traditional sources as [123].

Let k be an arbitrary field. By char & we denote its characteristic and & will
denote an algebraic closure of k.

1. Function fields

An algebraic function field 7 /% of one variable over £ is a finite algebraic ex-
tension of k(x) for some x € F which is transcendental over k. We will use the
term function field F/k.

The set of elements of F which are algebraic over k forms a subfield of F
which is called the field of constants of 7 /k and usually denoted by k (not to be

confused with the algebraic closure k). When such field of constants is k we say
that £ is the full constant field of F.

Exercise 2.1. z € F is transcendental over k if and only if [F : k(z)] < oc.
Moreover, k [k is a finite extension and F | k is a function field.

The simplest function field is the rational function field 7 /k, when F = k(z).
This is called the rational function field. A function field F/k is called rational
if ' = k(z) for some x € F, transcendental over k.

A valuation ring of 7 /k is aring O C F such that k C O C F and for any
z € F,eitherz € Oorz7! € O.

Example 2.1. Let p(z) € k[z] and

Oty = {f;g; | f.g € Kla.plx) +g<m>}
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Prove that Oy, is a valuation ring for the function field k(x)/k.

Below we list the basic properties of a valuation ring of F/k. We expect that
the reader who is not familiar with these facts to prove them carefully.

Exercise 2.2. Let F/k be a function field, O be a valuation ring of F |k, and O*
and F* the corresponding groups of units. The following are true:

(i) O is a local ring with unique maximal ideal m = O \ O*.
(ii) Foreach z € F*, z € mifand only if 2= & O.
(iii) For the field of constants k of F [k, k C O and k N m = {0}.
(iv) mis a principal ideal.
) If m = tO then any z € F* can be written uniquely as z = t"u for some
n € Zand u € O*.
(vi) O is a principal ideal domain (PID).

A ring O as above is called a discrete valuation ring (DVR); see [9].

1.1. Places. A place p of the function field F/k is the maximal ideal for some
valuation ring O of F/k. Every element ¢ € m such that m = ¢O is called a
prime element of m, or local parameter, or uniformizing parameter of m. We
will denote by Px/;, or simply P, the set of all places of 7 /k. Let O be a
valuation ring of F/k and p its maximal ideal. Then O = {z € F|z7! ¢ p}is
uniquely determined by p. So we say that O, := O is the valuation ring of p. For
aplace p € Pr we define v, := F — Z U {o0} by

vp(z) ==

n when z = t"u # 0
oo when z =0

Theorem 2.1. Let F/k be a function field:
(i) Fory € Pr, v, is adiscrete valuation of F [ k. Moreover, Oy = {2z € F |
p(2) >0}, Oy ={2 € F | p(2) =0}, p={2€F | p(z) > 0}.
(i) x € F is a prime element for p if and only if v,(x) = 1
(iii) For every v discrete valuation of F |k the set

p:={ze€F | v(z) >0}

is a place of F k.
(iv) Every valuation ring O is a maximal proper subring of F

For any place p € Pz, the residue class map is the natural projection map
Oy — Op/p. We can extend this map to all places in F by assigning for z €
F \ Oy, the value at infinity

z:Pr— kU{oco}
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such that

oo if z€ F\O,

We denote by F, := O, /p. F, is a field, since p is a maximal ideal. It is called the
residue class field of p. The degree of the place p is defined as degp := [F, : k.
Places of degree one are called rational places of F/k.

{z+p if 2€0,
z(z) =

Exercise 2.3. Prove that the degree of a place is always finite. Moreover, degp <
[F : k(z)], for every p € Pr .

Exercise 2.4. The field of constants of F |k is a finite field extension of k. More-
over,

(i) Ifdegp = 1 then F, = k.

(ii) If k = k then any place p € Pr has degree 1.

When k = k, since every place z € Pz has degree one, we consider it as a map
z:Pr— kU {oo}
p— z(p)

where z(p) = p if p € k and infinity otherwise. This is why we say that F/k is a
function field and k its constant field. For z € F and p € Pr we say that p is a zero
of z, of order m, if 14,(2) = m > 0 and a pole of z, of order m, if v,(2) = m < 0.

Let I be a subring of F such that k C R C F and I a proper ideal of 2. From
basic commutative algebra [9] there exists a maximal ideal p containing I.

Exercise 2.5. Prove that for any p € Pr, then R C O,,.

Hence we have the immediate result.

Lemma 2.1. Let F/k be a function field and z € F transcendental over k. Then
2 has at least one zero and one pole. Moreover, Px # ().

1.2. The rational function field k(). Consider the case when F = k(z) and z,
as above, is transcendental over k. Let p(x) be an irreducible, monic polynomial
p(z) € k[x]. The valuation ring of p(x) is

3 Oy i= {ﬁx;\ f,9 € Klal,pla) +g<x>}
with maximal ideal
@ ) = {;m fg € Kal.p(e) | F(z), pla) +g<x>}

There is another valuation ring of k(x)/k,

(5) Oo i= {J;Eg‘ fg € k[z],deg f(z) < degg(a?)}
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with maximal ideal

which is called the infinite place of k(x).

fg € k[z],deg f(z) < deg g(x), }

For p = my,) € Py, let us describe the valuation vy, corresponding to O.
For any o € k(x) \ {0} we have

for some n € Z, f, g € k[z], such that p(x) t f(x), p(x) t g(x). Then we have the
map

vp i k(z)\ {0} — Z
such that v,(a) = n.

Exercise 2.6. Prove that F, = k(x)/(p(z)). So the residue class field Fy is iso-
morphic to k(x)/(p(z)). Moreover, deg p = deg p(x).

Exercise 2.7. Determine the residue class field when p correspond to p(z) = x—a,
for some o € k, or when p = oo.

Theorem 2.2. All places of k(x)/k are p = myy), for some irreducible monic
p(x) € kl[z], or p = oo. Moreover, places of degree one are in one to one corre-
spondence with k' U {oco}.

1.3. Independence of valuations. The following result known as Independence
Theorem of Valuations or the Weak Approximation Theorem says that knowing
valuations vy, ..., v, and the value of (n — 1) of them on some z € F is not
enough to determine the value of the left one on z.

Theorem 2.3 (Weak Approximation Theorem). Let F /k be a function field, 1, . .., p, €
Pr pairwise distinct places, x1,...,xn, € F, and r1,...,7 € Z. Then there is
some x € F such that

vp, (T —x;) =14, fori=1,...,n.

We skip its proof and refer to [123, Thm. 1.3.1]. As an exercise the reader
should prove the following.

Lemma 2.2. Let F/k function field, x € F, and p1, . .., p, zeroes of x.
(i) Then Y7, v, () - degp; < [F : k(a)]
(ii) Every x € F™* has only finitely many zeroes and poles.
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2. Divisors

Let F/k be a function field and k the field of constants of F. From Exercise 2.1,
k/k is a finite extension and F/k is a function field. Hence, without loss of gener-

ality we can assume that F/k is an algebraic function field such that k is the full
constant field of F/k.

The divisor group of F /k is the free Abelian group generated by the places or
F /k and denoted by Div(F/k) or simply Div(F). Elements of Div(F) are called
divisors of F/k. Hence, a divisor is a formal sum

D = Z ny p, such that n, € Z and ny = 0 for almost all p € Pr.
pelF

The support of D is defined as
supp(D) := {p € Pr | n, # 0}

A divisor D = p for p € Pr is called a prime divisor. Since divisors are elements
of a free Abelian group they are added as follows: for D = Zpe FNyp - p and
D'= 3% cxmny - p we have

D+D' =) (ny+nyp)-p.
peF

For a divisor D = Zp npp and a place q € F, we define v4(D) = nq. Hence,
every divisor can be written as

D= Y (D) p.
pesupp(D)

Choose an ordering of elements in Div(F) as follows;
D1 <Dy <— Vp(Dl) < I/p(DQ), for all pc F.

Exercise 2.8. Prove that this is a partial ordering.

D > 0if n, > 0 for every ny, such that p € supp(D). In this case D is called a
positive divisor. The degree map

deg : Div(F) — Z
such that
deg(D) := Z yp
pEsupp(D)
is a ring homomorphism.
From Lem. 2.2 every = € F it has finitely many zeroes and poles. We define

the zero divisor of x as (x)g := Z vp(z) - p for Sy the set of zeros of x, the pole
pESo
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divisor as (7). = Z vp(z) - p for S, the set of poles of z, and the principal
pESH
divisor

() == (#)o — (¥)oo
Lemma 2.3. Let be given x,y € F. Then
) (zy) = (z) + ()
) () = (=) - )
(i) (1) = ()

Exercise 2.9. Let v € F*.
() (z) = 0ifand only if x € k*
(i) deg(z) =0

The set of principal divisors, denoted by PDiv(F), is a subgroup of Div(F).
The factor group

CI(F) := Div(F)/ PDiv(F)
is called the divisor class group of F.
For a divisor D = ) n,p in Div(F) the Riemann-Roch space associated to
Dis
L(D) :={x € Fwith (z) > -D}U{0}.
Thus, the elements x € £(D) are defined by that v, (x) > —14, (D), forall p € F.

Exercise 2.10. The following are true:
(i) L£(D) is a vector space over k.

(i) If D is equivalent to D' then L(D) and L(D") are isomorphic as k-vector
spaces.

The space £(D) can be interpreted as the space of functions = € F whose poles
are bounded by D, and is often denoted by Ox[D]. This vector space has pos-
itive dimension if and only if there is a function z € F with D + (z) > 0, or
equivalently, D ~ Dy with Dy > 0.

Exercise 2.11. Prove that:
(1) L£(0) =k,
(ii) if deg(D) < 0 then L(D) = {0}.
(iii) If deg(D) = O then either D is a principal divisor or L(D) = {0}.
Proposition 2.1. £(D) is a finite dimensional vector space over k. Moreover, if
D =D, —D_withDy,D_ >0, then

dim(£(D)) < deg(D4) + 1.
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Definition 2.1. We denote the dimension of L(D) by
@) (D) :=dim(L(D)).
and call it the dimension of the divisor D.

Computing ¢(D) is a fundamental problem which is solved by the Riemann-
Roch Theorem. A first estimate is the following.

Lemma 2.4. For all divisors D € Div(F) we have the inequality
(D) < deg(D) + 1.

For a proof one can assume that /(D) > 0 and so D ~ D’ > 0. An important
fact is that one can estimate the interval given by the inequality.

Theorem 2.4 (Riemann’s inequality). For given function field F there is a minimal
number v € N U {0} such that for all D € Divr we have

(D) > deg(D) +1—1.
Definition 2.2. The genus of the algebraic function field F [k is defined as

g :=max{deg D —¢(D)+1 | D € Div(F)}

Exercise 2.12. Prove that the genus is well defined. In other words, the genus g of
F |k exists and is a non-negative integer independent of divisors D € Div(F).

Corollary 2.1. The genus is a non-negative integer.

Remark 2.1. The genus does not change under constant field extensions because
we have assumed that k is perfect. This is not true in general if the constant field
of k has inseparable algebraic extensions.

Theorem 2.5 (Riemann’s Theorem). For any genus g function field F /k the fol-
lowing hold:
(i) Forall D € Div(F), {(D) > deg D + 1 —g.
(ii) There is a number nx such that for all D with deg(D) > nr we get
equality ¢(D) =deg D + 1 — g.

Thm. 2.5 is the "Riemann part" of the Theorem of Riemann-Roch for curves.
Roch’s part of the statement of the Riemann-Roch theorem is the description of
the possible difference between the sides of the inequality. To determine n r one
needs more information about the inequality for small degrees and the concept of
a canonical divisor.
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2.1. Weil differentials. For every f € F we attach a symbol df, the differential
of f. The F-vector space €2 r is the vector space generated by symbols df modulo
the following relations:

For f,g € F and A € k we have:
(i) d(Af +g) = Adf +dg
(i) d(f - g) = fdg + gdf.
The relation between derivations and differentials is given by the

Definition 2.3 (Chain rule). Let x be as above and f € F. Then df = (0f/0x)dx.

The F-vector space of differentials 2 has dimension 1 and is generated by
dx for any x € F for which F/k(z) is finite and separable. The space Qr is also
called the module of Weil differentials or module of global meromorphic one-forms
on F.

Lemma 2.5. Qr is one dimensional F-vector space.

2.2. Canonical Divisors. A divisor IC of F/k is called a canonical divisor if
K = (w) for some w € Qr.
Exercise 2.13. Prove the following:

(i) Forx € F*andw € Qr \ {0}, (zw) = (z) + (w).
(ii) Any two canonical divisors of F |k are equivalent.

We are now ready to state the Riemann-Roch Theorem; for a proof see [123,
Section 1.5].

Theorem 2.6 (Riemann-Roch Theorem). Let K be a canonical divisor of F/k.
For all D € Div(F),

UD)=deg(D)+1—-g+ LK - D).

For our applications there are two further important consequences of the Riemann-
Roch theorem.

Corollary 2.2. The following are true:

(i) For a canonical divisor K, we have deg K = 2g — 2 and {(K) = g.
(ii) Ifdeg(D) > 2g — 2 then {(D) = deg(D) + 1 — g.
(iii) In every divisor class of degree g there is a positive divisor.

Proof. Take D with deg(D) > 2g — 1. Then deg(W — D) < —1 and therefore
¢(W — D) = 0. Take D with deg(D) = g. Then /(D) =1+ ¢{(W — D) > 1 and
so there is a positive divisor in the class of D. U

Exercise 2.14. Let be given the divisor D and p € F. Then {(K — D — p) #
(K — D) ifand only if {(D + p) = £(D)



2. DIVISORS 49

Exercise 2.15. Let D and D' be divisors such that D + D' = K. Then
1
(D) — (D) = §(deg(D) — deg(D")).

Now we can extend the Weak Approximation Theorem as follows:

Theorem 2.7 (Strong Approximation Theorem). Let S C F and p1,...,pr € S.
Given x1,...,x, € Fandny,...,n, € Z, there exists an x € F such that

Vo, (x — ) =ny and vy(x) >0
fori=1,...;randallp € S\ {p1,...,pr}

Its proof can be found in [123] among other places. Let us now go back to Weil
differentials.

Lemma 2.6. Let F /k be a function field, p € Pr, and w € Qr such that w # 0.
(1) Then vy(w) = max{r € Z | wy(x) =0,Vo € F withvy(x) > —r}
(2) Ifw,w" € QF and wy, = wy, for some p € Pr, then w = w'.

The fact that 1, (w) is determined as in Lem. 2.6 will be the special motivation
which will lead to Noether’s gaps and Weierstrass points (cf. Section 3).

Proposition 2.2. For F = k(z) the following hold:

(i) The divisor —2p is canonical.
(ii) There exists a unique Weil differential n € Qr such that (n) = —2p
and np, (z71) = -1

Let us now see a very special example.

Example 2.2 (Hyperelliptic function fields). Let k be a field such that char k =
p # 2and F = k(x,y) such that [F : k(x)] = 2. Then y is the root of a degree 2
polynomial, irreducible over k(x), say y* + a(x)y + b(x) = 0. Since char k # 2,
we can use an old trick from high school and complete the square to have

1 2 1
Y+ §a(:c) +b(z) — Za(x) =0
Hence, without loss of generality, we can assume that every degree two extension
k(z,vy)/k(x) has minimal polynomial y* = f(x), for some f € k[z].
Exercise 2.16. Assume that deg f = 2m + 1, for m > 1. Prove that

(1) k is the full constant field of F.
(ii) There is a unique pole p € Pr of x and this is also a pole for y
(ii1) For every i > 0, elements

(8) 17x7x27"'7$i7y7xy7"'7x8y7
for0 < s <i—marein L(2ip).
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3. Extensions

Let k be a perfect field, F/k an algebraic function field of one variable with full
constant field k. Fix some algebraically closed field L and consider extensions
F' /K’ such that k' is the full constant field of 7', F'/F is algebraic, k C k', and
F' C L.

3.1. Extensions of function fields. An algebraic function field 7' /%’ is called an
algebraic extension of 7 /k if 7’ is an algebraic extension of F and k C k.

Exercise 2.17. Let F'/k’ be an extension of F [ k. The following hold:
(i) k' /k is algebraic and F N k' = k.
(ii) F'/K is a finite extension of F [k if ad only if [k : k] < co.

A place p’ € Pz is said to lie over p € Px if p C p’. We write p’|p and say that p’
is an extension of p. The set of all places in F' lying over p

Spi={p" €Pr : p'lp}
is called the set of lifts of p in F’ or the fiber of p in F’.

Proposition 2.3. The following are equivalent:

@ p'lp
(iii) There exists an integer ¢ > 1 such that
9) vy (x) = e-vp(x), textll v € F.

Moreover, p = p' Nk and O, = Oy N k.

The integer ¢ will be denoted by e¢(p’|p) and called the ramification index of p’
over p. We say that p’|p is ramified when ¢(p’|p) > 1 and otherwise unramified.
A place p € Pr will be called a branched place if there is a place p’ € S, such
that e(p’|p) > 1.

Consider the canonical embedding
fp - Op/p — .F’;/ - Op//p/
given by z(p) — x(p’). Thus, we can think of 7, as a subfield of 7},. The integer
F(0lp) = [Fy = F]
is called the relative degree of a prime p’|p.
Exercise 2.18. Prove that f(p'|p) < oo if and only if [F' : F] < .

Lemma 2.7. Let F'/F be an algebraic extension of function fields. For any place
p € Pr, the set S, of liftings of p is finite.

The ramification index and relative degree are multiplicative.
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Lemma 2.8. Let p”|p’|p. Then

@) e(p"p") - e(p’|p) = e(p”[p)
(i) F(p"[p") - F(0'Ip) = F(p"Ip)

3.2. Conorms. Let 7'/k' be an algebraic extension of F/k. For a place p € Pr,
the conorm (with respect to F'/k’) is defined by

congr/x(p) := Y e(plp) - b’

P lp

p/ c Jf'/
where the sum is over all places p’ € Pz lying over p.
The conorm map is defined as
con:Pr — P pEF !
p — congr x(p) \
The map can be extended as con : Div(F) — Div(F’),

k
cong /r (an . p) — an ~congr /7 (p)
Exercise 2.19. Let F"' /| F' | F be a tower of fields. Prove that for any D € Div(F),
COII]:///]:(D) = COD]:///]:/ (COD]://]:(D))

Lemma 2.9. [f [k’ : k] < oo and x transcendental over k, then [k'(x) : k(z)] =
[k : k].

Exercise 2.20. Prove that conorm sends principal divisors to principal divisors.

As an application of conorms we can easily get the following:

Lemma 2.10. Let k' /k be a finite field extension and x transcendental over k.
Then, [K'(z) : k(x) = [k : k].

3.3. Fundamental equality. The following is known as the fundamental equality.

Theorem 2.8 (Fundamental Equality). Let F'/k’ be a finite extension of F |k and
p € Pr. Let Sy = pi,...,pm be the set of all places in F' [k lying over p. Then

i( (bs | )b | P) ) = [F: 7]

=1

Proof. Let = € k such that p is the only zero of = in F/k. Say vy(x) = r > 0.
Recall that for p’ € Py we have p'|p if and only if vy (2) > 0. Hence, the places
P1, ..., Pm € Py are exactly the zeros of &'/ F'. Then

K k(x)]=[K: F(x)][F(x): k()]
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But from Lem. 2.9, we have [F'(z)/k(x)] = [k’ : k], so

K+ k()] = (Z vp, (@) - degp, | - K : K]

=1
=> (ei-vp(@)) - ([by, K] (K K]) =7 ei- [kp, : Fol - [Fp : K]
i=1 i=1
=7 -degp Z[kp Fpl - [Fp : F] =rdegp Zezfz
=1 =1
Therefore,
(K k(z)] =[K k] [k:k(x)] =[K k] -r degp.
This completes the proof. ([

Exercise 2.21. Let F'/k' be a finite extension of F / k. Prove the following:
(i) The number of places p' € Pz lying over p is < [k’ : k]. Hence
|Sp| < [+ ]
(i) Ifp’ € Sy then e(p'|p) < [K' : k] and §(p'|p) < [k : K]
The above result says that every fiber .S, has cardinality [F’ : F] when counted
properly. Let [F' : F] = n and p € Pr. We say that p splits completely if there

are exactly n distinct places p’ € Pz lying over p. In other words, if |.Sy| = n. p s
called totally ramified if | S,| = 1. A place p € P is a branch place if |.S, | < n.

Corollary 2.3. For any divisor D € Div(F),

[F': F]
[k k]

deg cony /(D) = -deg D.

3.3.1. Irreducibility of polynomials. We can use valuations to state all results of
basic arithmetic over the integers.

Proposition 2.4. Let F /k be a function field and f(t) € F|t], say
f() = ant™ + an_1t" 14+ art + a,.

Assume that there is a place p € Px such that one of the following holds:

i) vp(an) =0, vp(a;) > vy(ag) >0, fori=1,...,n—1, ged(n, vp(ag)) = 1.

ii) vp(ay,) = 0 and vy(a;) > 0, fori = 1,...,n — 1. Moreover, vy(ag) < 0
and ged(n, vy(ap)) = 1.

Then, f(t) is irreducible in F[t|. If L = F(«), where a is a root of f(t), then
p has a unique extension p' € Pr. Moreover, e(p'|p) = n and §(p'|p) = 1.



4. INTEGRAL CLOSURE AND LOCALITY 53

Remark 2.2 (Eisenstein’s Criterion). Take F = Q(z) and f € Q[t]. Then, the
fact that vy(ayn) = 0, vy(ai) > vp(ag) > 0, fori =1,...,n — 1 means that there
exists a prime p € 7 such that p | a; fori = 0,...,n — 1, { a,. Moreover, if
ged(n, vp(ag)) = 1 implies that p* 1 ao.

4. Integral closure and locality

A subring of a function field F/k with constant field k is any ring R such that
k C R C F and Ris not a field. For a place p € Pr, we know that Oy is a subring
of F/k. Here is another example.

Example 2.3. Let x1,...,x, € F/k. Then R = klx1,...,xy,] is a subring of
F/k.

Let S be a non-empty set of places of F/k, say ) C S C Pp. Denote the
intersection of all valuation rings Oy, for p € Pr by Og. Hence,

Og={a € F|y(a)>0, forall pePp}= ﬂ O,
pePr

Any ring of the form Og is called a holomorphy ring of the function field F/k.

Exercise 2.22. Prove that Og is a subring of F k. Moreover, Os = Or if and
onlyif S=T.

Let R be a subring of F/k. An element o € F is called integral over R if
there exists some monic polynomial f(x) € R[x] such that f(«) = 0. The set
Cr(R) :=={a € F| aisintegral over R

is called the integral closure of R in F. Denote by L the quotient field of R. We
call R integrally closed if C;(R) = R, in other words if every element o« € L
which is integral over R itis in R.

Exercise 2.23. Let Og be a holomorphy ring of F /k. Then F is the quotient field
of Og. Moreover, Og is integrally closed.

Let R be a subring of 7/k and S(R) := {p € Pr|R C Oy }.

Lemma 2.11. Og(p) is the integral closure of R is F. Moreover, it is an integrally
closed subring of f/k with quotient field F.

As an immediate consequence of the above we have

Corollary 2.4. A subring R of F |k with quotient field F is integrally closed if and
only if R is a holomorphy ring.
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Theorem 2.9. Let S be a non-empty set of places of F |k and Og the holomorphic
ring of F/k. There is a 1-1 correspondence between S and the set of maximal
ideals of Og, given by

p—=my:=pnN0Og, for peb.

Moreover, the map ¢ : Og/my, — Fy, = O,/p, such that x +m, — = + p is an
isomorphism.

Proof. Letp € S and ¢ : Og — F, the ring homomorphism such that ¢(z) =
x+p. If 2+ p € F, with z € Oy, then by the Strong Approximation Theorem
Thm. 2.7 there is an x € F such that

val,(x —2) >0 and wvaly(z) >0, forall qe S\ {p}.

Then x € Og and ¢(z) = z + p, so ¢ is surjective.

The kernel of ¢ is mp = p N Og, thus we have the homomorphism ¢ :
Og/m, — F,. Since Fy is a field, then m; is a maximal ideal of Og. When
p # q, then by the Strong Approximation Theorem Thm. 2.7 we have m;, # m,.

Let m C Og be a maximal ideal. By [123, Thm.1.19] there is a place p € Py
such that m C p and Og C Op. From [123, Lem. 3.2.3 (c)] we have that p € S.
Since m C p N Og and m is a maximal ideal of Og then m = p N Og. This
completes the proof. U

Exercise 2.24. If S C Pg is a finite, non-empty set, then Og is a PID.

4.1. Local integral bases. Let F/k be a function field with constant field %, and
F'/F a finite field extension. Let R be an integrally closed subring of F/k such
that F is the quotient field of R. For o € F, let

o(t) = min(a, F = k[z],t) € F[t]
be its minimal polynomial over F. Let Trz/r : F' — F be the trace.

Proposition 2.5. The following are true:
(i) « isintegral over R if and only if p(t) € R|[t].
(i) If B € F' and B is integral over R, then Trz7() € R.

Lemma 2.12. The integral closure O}, of Oy is O, = ﬂ Oy
P’lp
There is a basis {v1,...,v,} of F'/F such that O] = > 7" | Oy - v;. Every such

basis is called a local integral basis of O}, over O,.

Theorem 2.10. Let F /k be a function field and F' | F a finite, separable extension.
Any basis B={aq,...,...a,} of F'/F is an integral basis for almost all places
pelPr.
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Proof. Let B = {a),...,...a},} be the dual basis of B. Let S C Pz be the set

of all poles of the coefficients of minimal polynomials of a1, ..., an, o, ..., .

Then S is a finite set and for any p ¢ S we have oy, ..., qn, 0], ..., € (’){,,
where O, is the integral closure of Oy. Hence, 3 Oy - a; C Oy and O), C 37 Oy -
a; see [123, Theorem. 3.3.4 (b)]. For the same reason O, C >~ O, - ;. Hence

Y 0y COCY O COCY Op-aui.
Thus B = {aq,...,...ay} is an integral basis for each p ¢ S. O

4.2. Extensions of places and Kummer’s theorem. For a given place p € Pr
we would like to describe all places lying over p. This is done via the celebrated
Kummer’s theorem.

Let k be the ground field. As before we assume k is perfect. Let F/k be a
function field and F'/k a separable extension. For a place p € P we denote by
Fy its residue class field. For any a € O, denote by a := a(p) € F, its residue
class. For a polynomial f(t) = 3" ¢;t' € Oy[t], we denote by

ft) =) e’ € Oyft] € Fplt].
Exercise 2.25. Every polynomial g(t) € JF[t] can be represented as g(t) = 1(t)
for some (t) € Oyt] and deg 1) = deg g.
Theorem 2.11 (Kummer). Let F' = F(y), where y is integral over O, and
f(t) = min(y, F,t) € Oy[t]

its minimal polynomial over F. Let f(t) = [[i_, gi(t)i be the factorization of
f(t) over F,. Choose monic polynomials f;(t) € O,|t] such that f;(t) = g;(t) and
deg f; = deg g;. Then fori = 1,...,r there are places p; € Px which lie over p,
such that fi(y) € p;, and §(p; | p) > deg gi;. Moreover, p; # p; fori # j.

Since this book is mostly on algebraic curves, we give the following corollary.

Corollary 2.5. Let f(t) = t" + fo 1(2)t" ' 4+ -+ + fo(x) € k[z][t] be an
irreducible polynomial over k[x]. Consider the function field k(x,y)/k, where
f(y) = 0and o € k such that fj(co) # oo for j = 1,...,n — 1. Denote by
Po € Py the zero of v — avin k(x) and assume that

fa(t) = t" + far (@)t + - fo(a) = Hgi(t) € k[t],

where g;(t) are irreducible, monic, and pairwise distinct. Then the following hold:
() Forall i = 1,...,r there is a uniquely determined place p; € Py
such that x — « € p; and g;(y) € p;. Moreover,

¢(pilpa) =1 and f(pi|pa) = degg;.

z,y)
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(i) If deg gi(t) = 1 for at least one i € {1,...,r} then k is the full constant
field of k(x, ).

(iii) If fo(t) has n = deg f(t) distinct roots B € k, then there is for each [ a
unique place po g € Py g,y such that v — o € pogand y — B € pa,p.
Moreover p,, g is a place of k(x,y) of degree 1.

5. Hurwitz genus formula and the different

Let F/k be a function field and F’ a finite extension of F. For a place p € Pr
let (’);’J be the integral closure of O, in F’. The complementary module over O, is
given by ¢ - O,,. Then for p’|[p we define the different exponent of p’ over p as

o(p'lp) := —up ().

The different exponent d(p’|p) is well-defined and ?(p’|p) > 0. Moreover, we have
o(p’|p) = O for almost all p € Px. The different divisor is defined as

Diff (F'/F) = Y_ Y d(p'lp)-¥"
PEPF p'lp
The following well-known formula for ramified coverings between Riemann sur-

faces of genus ¢’ and g, respectively, can now be generalized to function fields as
follows.

Theorem 2.12 (Hurwitz Genus Formula). Let F /k be an algebraic function field
of genus g and F' | F a finite separable extension. Let k' denote the constant field
of F' and ¢ the genus of F'/K'. Then,

[F': F]

(29 — 2) + deg (Diff (F'/F))

For a proof see [123, Thm. 3.4.13]. A special case of the above is the follow-
ing:

Corollary 2.6. Let F/k be a function field of genus g and x € F \ k such that
F/k(zx) is separable. Then,

29 — 2 = =2[F : k(x)] + deg Diff (F /k(x))
The ramification index and the different exponent are closely related, as made

precise by the Dedekind theorem.

Theorem 2.13 (Dedekind Different Theorem). For all p'|p we have:

(@) o(p'[p) > e(p'p) — L.
(i) o(p'|p) = e(p’|p) — 1 if and only if e(p’|p) is not divisible by the char k.
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An extension p’|p is said to be tamely ramified if ¢(p|p) > 1 and char k does
not divide e(p’[p). If e(p’|p) > 1 and char k does divide e(p’|p) we say that p'[p is
wildly ramified.

The extension F'/F is called ramified if there is at least one place p € Pr

which is ramified in 7'/ F. The extension F'/F is called tame if there is no place
p € Px which is wildly ramified in F'/F.

Lemma 2.13. Let '/ F be a finite separable extension of algebraic function fields.
Then

a) p'|p is ramified if and only if p' < Diff (F'/F). Moreover, if p'/p is
ramified then:
D)o(p'|p) = e(p’|p) — 1 if and only if p'|p is tamely ramified
i) 0(p'lp) > e(p'|p) — 1 if and only if p'|p is wildly ramified
b) Almost all places p € Prr are unramified.

Theorem 2.14 (Liiroth’s theorem). Any subfield of a rational function field is ra-
tional. In other words, if k C L C k(x) then L = k(y) for some y € L.

Proof. Let us assume that k(z)/L is separable. Let gy denote the genus of L/k.
From the Hurwitz formula we get go = 0. If p is a place of degree one of k(x)/k
then pg = p N L is a place of L/k of degree one also. Then L /k is rational.

Consider now the case that k(z)/L is not separable. There is an intermediate
field L C Ly C k(x) such that L;/L is separable and k(x)/L; is purely insep-
arable. It is sufficient to show that L;/k is rational. Since k(z)/L; is purely
inseparable then [k(x) : L1] = g = pH, where p = char £ > 0 and o € L,
for any a € k(x). Hence, k(z9) C Ly C k(x). Since [k(z) : k(xz?)] = g then
Ly = k(z9). Thus, Ly /k is rational. O

6. Galois extensions
We assume that the reader is familiar with basic Galois extensions.

6.1. Galois extensions of function fields. Let F/k be a function field as before.
An extension F'/k’ is called Galois if
F'/F is Galois of finite degree.

Fix p € Pr. As before, the set of all extensions of p is denoted by
Sp={p" : p'lp}
is called the fiber of p or liftings of p. The Galois group Gal (F'/F) acts on S
via

Gal (F'/F) x Sp — Sy
(o,p1) = p2 = {o(x) |z € p1}

This action is transitive.
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Theorem 2.15. Gal (F'/F) acts transitively on the set of extensions Sy of p.

Proof. Let p1,p2 € Sp. We want to find o € Gal (F'/F) such that o(p1) = po.
Assume the contrary, o(p1) # po forall o € G := Gal (F/F). By Thm. 2.7 there
is z € F' such that

Vp,(2) >0
and nuq(z) = 0 for all g € Pz such that q € S, and q # po. Then,

Vp, (Nr}"/}'(z)) = Vp (H U(Z)> = Z Vpy (U(z))

ceG oceG
=D o1pn)(2) = D Vol (2) =0
ceG ceG
However,
sz (NI‘]://]:(Z)) = Z I/p2 (Z) > 0
ceG
Since Nrz//7(z) € F, then vy, (Nrz,#(z)) = 0 implies vy, (Nrg/#(2)) = 0
which ias a contradiction. O

Remark 2.3. We will see an equivalent statement in terms of coverings in Chap-
ter 1 as the action of the fundamental group on a given fiber.

Theorem 2.16. Let F'/k' be a Galois extension of the function field F |k, p € Pr,
and Sy, = {p1,...,p,} the set of all the places in Pz lying over p. Then for every
1<4,5<r:
(i) e(pilp) = e(p;lp)
(i) f(pslp) = F(pjlp)
(i) o(pilp) = o(p;lp)

Thus, we can define the ramification index and the relative degree f(p) of p € Pr
as

e(p) == e(pilp) and f(p) := f(pilp)

Exercise 2.26. Let F'/k' be a Galois extension of the function field F |k, p € Pg,
and Sy, the fiber of p. Prove that

e(p) - §(p) - [Sp| = [F' = F].

The group Gz(p'lp) := {oc € G | o(p’ = p'} is called the decomposition
group of p’ over p and
Gr(p'lp) :={c € G| vy(o(z) —2) > 0forall z € Oy}
is called the inertia group of p’|p.

Exercise 2.27. Prove that Gz (p'|p) and G (p'|p) are subgroups of G. Moreover,
Gr(p'lp) < Gz(p'[p).



6. GALOIS EXTENSIONS 59

The following is the fundamental theorem of Galois extensions of function fields.

Theorem 2.17. The following are true:

@) |Gz Ip)| = e'|p) - F(0[p)
(i) Gr(p'lp) <Gz(p'|p) and |Gr(p'|p)| = e(p'lp)

(ii1) The residue class extension ]-";, /Fy is a Galois extension. For each o €
Gz(p'|p), there exists & € Gal (Fy,/Fp) such that 5(s(p')) = o(2)(p’)
for z € Oy

(iv) There is an endomorphism

¢ Gz(0'lp) — Gal (Fy | Fy)
o—0

with ker(¢) = Gr(p'|p) and Gal (,7:;//.7-}) =Gz |p)/Gr(¥|p)
(V) Let pg (resp. pr) be the restriction of p’ to the decomposition field E
(resp. to the inertia field L). Then
(a) e(p'lpr) = e(p'lp) = [F": L] and f(p'lpL) =1
(b) §(prlpe) = f(p'lp) = [L : E] and ¢(prlpr) = 1
(c) e(prlp) = f(pelp) =1

Below is a diagram representation of the theorem. We skip the details of the
proof, which can be found in [123, Thm. 3.8.2] among other places.

Let i > —1 be an integer. Define the i-th ramification group of p’|p by
Gi(p'|p) ={o € G |yy(o(z) —2) >i+1, forall z € Oy}.
We denote G;(p'|p) by G;.
Exercise 2.28. Prove that G; is a subgroup of G

Notice that
G.12G2G12--2G; 2Gi412 ...

The following proposition determines the properties of the ramification groups.

Proposition 2.6. The following hold true:

(i) G_1=Gz'|p) and Gy = Gr(p'|p). Moreover,
(ii) There exists an integer m such that G, = {id}.
(iii) Let o € Go, i > 0, andt € Pr such that vy (t) = 1. Then, o € G; if and

only if vy (s(t) —1) = 1.
(iv) If char F = 0then G; = {id} foralli > 1 and Gy = G (p'|p) is cyclic.
) If char F = p > 0 then Gy < Go. Moreover, Gy is a Sylow p-subgroup
of Gy and and Gy /G is cyclic.

(vi) If char F =p > Othen Giy1 < G; foralli > 1 and G;/Gy is isomor-
phic to an additive subgroup of the residue field .7-];,. Hence, G;/Git1 is
an elementary Abelian p-group of exponent p.

Gol = e(p'|p)
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F' p’
e(p’[pr)=c(p’p)
L pr
f(pLlpE)=F(0Ip)
E )
e(pelp)=i(pelp)=1
F p

We skip the details of the proof. The significance of the above result is that
every function field extension can be broken down to cyclic or elementary Abelian
extensions. It is exactly this fact that makes such extensions important in studying
function fields and algebraic curves and are the focus of this book.

Theorem 2.18 (Hilbert’s different formula). Let F'/F be a Galois extension of
function fields, p € Pr, and p' € Px lying over p. Then.

o0

o(plp) =) _(1Gil - 1)
=0

6.2. Computing the genus. The following results give bounds for the genus of a

function field. Their proofs can be found on any basic text on function fields.

Theorem 2.19 (Castelnuovo’s inequality). Let F/k be a function field and F /k,
Fa/k subfields of F |k with [F : F;] = n; and the genus g(F;/k) = g; fori = 1,2.
Then the genus g of F |k satisfies

g <nigi +n2g2 + (n1 — 1)(ng — 1).
Corollary 2.7 (Riemann’s inequality). Suppose that F = k(x,y). Then the genus
gof F/kis

9 < ([F: k(@) =1) - ([F: k(y)] = 1)

Both Castelnuovo and Riemann’s inequalities are sharp and can not be im-
proved in general. However, the bound can be improved in special cases.

Lemma 2.14. Let F = k(z,y) be an algebraic function field over k with irre-
ducible equation of y over k(x) as

A Y+ [@y" T+ @)y P+ A+ fa1(@)y + fulz) =0

with f; € k[z| and deg f; < iforalli=1,... n. Then the genus g of F |k satisfy
1
2

g<5n=1)(n-2)
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7. Cyclic Extensions

Let F/k be a function field where & contains a primitive n-th root of unity &, with
n > 1 and n relatively prime to the characteristic of &, denoted char k. Suppose
u € F is an element that is not a d-th power of any element in F for any divisor
d | n with d > 1. Define F’ := F(y), where y™ = w. This field extension ' /F is
called a Kummer extension of . The minimal polynomial of y over I is clearly

¢(t) := min(y,F,t) = t" — u.
Lemma 2.15. The extension ' /F is cyclic with Galois group
Gal (F'/F) = (o),
where o(y) = &py.

Proof. Since y" = w and u € T, the polynomial ¢(t) = t" — w has roots
Y, 60y, E2y, ..., €71y in a splitting field. Because k contains &, and u is not a
d-th power for any d | n, d > 1, ¢(t) is irreducible over F (by Kummer theory).
Thus, [F' : F] = n, and the roots of ¢(t) are distinct. Define o : /' — F’ by
o(y) = &uy. Since (§,y)" = &'y"™ = y™ = u, o is an automorphism fixing IF, and
its order is n as £ = 1 and no smaller power is 1. The Galois group Gal (F’/IF)
has order n, and since it acts transitively on the n roots, it is generated by o, hence

cyclic. (]

Letp € Pr and p’ € Pp be an extension of p. Define r, := ged(n, vp(u)). Let
k' be the constant field of F’, and g (resp. ¢') the genus of F/k (resp. F'/K').
Theorem 2.20. The ramification index is ¢(p'|p) = % and the different exponent
iso(p'lp) = % — 1. Moreover,

/

g =1+

n 1 T
14 (1 . —p) d
&k \ Y T2 (177 desp
pePy

Proof. Since F' = F(y) with 4" = u, and Gal (F'/F) = Z/nZ, consider a place
p € Pp. The valuation of u at p is v,(u), and 7, = ged(n, vy (u)). In the extension
F'/F, choose a uniformizer ¢, at p such that u = ¢, Wy with v € O;. Then
y" =t Wy, and e(p’|p) is the smallest positive integer e such that e - v,(u) = 0
(mod n), which is e = n/rp. By the Dedekind Different Theorem (since n is
coprime to char k), 0(p’|p) = e(p’|p) — 1 = w—L

For the genus, apply the Hurwitz Genus Formula: 2(¢' — 1) = % (29 —2)+

deg Diff (F'/F). Here, [ : F] = n, and deg Diff (F'/F) = >, >" ., 0(p'[p) deg p’.
Since F’'/FF is Galois, e(p’|p) is constant over all p’|p, and the number of such p’ is
W = rp. Thus, deg Diff = Zp Tp - (% — 1) deg p. Substituting and simplify-
ing yields the given formula. ]
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7.1. Hyperelliptic Function Fields. Assume char k # 2 and F = k(z, y) with

y* = flx) € kla],
where deg f = d,and f(z) = fi(z)- - fs(x) with f;(z) distinct irreducible monic
polynomials in k[x]. Let p; € Py, be the zero of f;(x) (degree deg f;), and poo
the pole of . Then

v, (f(z)) =1 and vp_(f(z)) = —d.

Here, F/k(x) is a Kummer extension of degree 2 (n = 2), and k is the constant
field (k' = k). Compute ry, = gcd(2,1) =1fori=1,...,s, and
1 ifd=1 d2
Tpoo = ged(2,d) = 1 (mod 2),
2 ifd=0 (mod 2).

Using Theorem 2.20 with g = 0 (genus of k(z)), the genus of F is:

2 1
g/:1+1<0—1+22p:<1—7;)degp>.

The sum is over p; (s terms, each deg p; = deg f;) and p (deg po = 1). For odd

d, rp,, = 1,50 s+ 1 places contribute, and g = dgl; forevend, rp_ = 2, so only
d—2
2

s places contribute, and ¢’ =

Exercise 2.29. The genus of a hyperelliptic function field F = k(x,vy), y*> = f(z),
deg f =d, is
-4

2.1. Let F = k(x,y) withy? = 23 — x + 1 over a field k of characteristic # 2.

(d—1) ifd=1 (mod 2),
(d—2) ifd=0 (mod 2).

D= N[

a) Compute vy(x) and v, (y) at the pole pos of .
b) Determine the genus g of F using the formula above.
¢) Find ((2p~o) and list a basis for L(2p« ).
7.2. Superelliptic Function Fields. Consider ' = k(x,y) where y" = f(x) €

klz], deg f =d > 2,and f(z) = [],_,(x — o)™ with o; € k distinct, 1 < m,; <
n — 1. This is a Kummer extension of k(x).

Corollary 2.8. The ramification index at «; is

n
i) = ged(n, m;)
For o € k\{ai,...,a}, e(a) = 1. The finite branch points are o, . .., o
Writing f(x) = agz® + --- + ag (aqg # 0), the ramification index at infinity is
B n
foo = ged(n, d)’

and oo is a branch point if and only if n 1 d.
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Proof. For p; corresponding to = — oy, vp,(f) = m;, so 1, = ged(n, m;), and
e(p'[ps) = 2. At oo, vp (f) = —d, so 1p,, = ged(n, d), and eqo = 2. If p

Tp; Poo

corresponds to z — a (a0 # o), vy (f) = 0,50 ¢ = 1. O

Lemma 2.16. For a cyclic extension k(y)/k(z), y = fY/" with f(z) =[]/, (z —
a;)™, 1 < m; < n, the branch points are

B = {ala'”va?“} lfn|d,
- {041,...,0%00} lfTLJ[d

Exercise 2.30. Let F = k(z,y) withy® = 2(x — 1)? over k = C.

a) Identify the finite branch points and compute their ramification indices.
b) Determine the ramification index at cc.

¢) Calculate the genus of F using Theorem 2.20.

7.3. Artin-Schreier Extensions. Assume chark = p > 0. Let o € [F such that
a # wP — w for any w € F, and define F/ = F(y) with y» — y = a. This is an
Artin-Schreier extension, cyclic of degree p, with

Gal (F'/F) ={o, |oj(y)=y+4,j=0,....,p—1}.
For p € Py, define m = vp(a — (2P — 2)) for z € F, and

—m if there exists z € F withm > 0,m #0 (mod p),
My =
P —1  if there exists z € F with m < 0.

Theorem 2.21 (Artin-Schreier). The following are true:
(1) p is unramified if and only if my, = —1.
(ii) p is totally ramified if and only if my > 0, withd(p'|p) = (p—1)(mp+1)
for p'lp.
(iii) If there exists q € Pr with mq > 0, then k is algebraically closed in I,
and

g=p-g—(—1) 1= (mp+1)degp
pePr

Proof. The polynomial tP — t — « is irreducible (since o ¢ Im(t — tP — t)), and
Gal (F'/F) = Z/pZ. For (i) and (ii), if my = —1, « = 2P — z has 1, < 0, s0
e = 1. If my > 0, e = p (totally ramified), and the different exponent follows from
wild ramification theory. For (iii), apply the Hurwitz formula, noting ¥’ = k when
ramification occurs. (]

A polynomial h(t) = ant?" +- - -+a1tP+apt € k[t] is additive. For h(y) = a,
[’ /F has degree p™ and Gal (F'/FF) = (Z/pZ)".
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Exercises
2.2. Let F = k(z), chark = 3, and F' = k(z,y) withy3 — y = .
a) Show that F' /F is an Artin-Schreier extension and describe Gal (F' /F).

b) Compute my,__ at the pole of x and determine if it is ramified.

¢) Calculate the genus g' of F'.

8. Finite Extensions of C(z)

This section explores finite extensions of the rational function field C(x), leverag-
ing tools from formal power series and local fields. These results are foundational
for understanding the structure of function fields over algebraically closed fields,
especially in the context of algebraic curves and their coverings, which will be
central to later chapters.

8.1. Newton’s Theorem and Hensel’s Lemma. Let k be an algebraically closed
field, and k((z)) the field of formal Laurent series, i.e., series of the form ) anx
with a,, € k and ng € Z.

n
n>ng

Theorem 2.22 (Newton’s Theorem). Let f(z,y) € k((x))[y] be given by
flay) =y" + ap_1(2)y" "+ -+ ar(x)y + ao(x),

where char k = 0 or does not divide n. There exists a positive integer m, coprime
to char k, such that

=1
with b;(t) € k((t)).

Proof. Since k is algebraically closed and char k does not divide n, consider
f0,9) =y + an_1(0)y" ! 4+ --- 4 ag(0). This has n roots in k, say £, ..., Bn
(possibly with multiplicity). For each root 3;, apply Hensel’s lemma (below) lo-
cally at x = 0 in k[[z]][y] if %(0, Bi) # 0. If multiplicities occur, the Newton-
Puiseux theorem implies that after a substitution x = ¢ (where m is the least
common multiple of the denominators of the Puiseux exponents), f(¢",y) splits
into linear factors over k((t)). O

Theorem 2.23 (Hensel’s Lemma). Ler f(x,y) € k((z))[y] be
f@y) =y" + an1(2)y" " + -+ ar(2)y + ao(x),
where char k = 0 or does not divide n. Suppose

f(0,9) = g(y) - h(y),
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with g(y), h(y) € k[y] and ged(g(y), h(y)) = 1. Then there exist unique polyno-
mials G(z,y), H(x,y) € k[[z]][y] such that

f(x,y) = G(l’, y) ' H(JS‘, y)a
with G(0,y) = g(y) and H(0,y) = h(y).

Proof. Write f(z,y) = f(0,y) + > ;> fx(y)z", where fr(y) € k[y]. Since
k is algebraically closed, f(0,y) = g(y)h(y), and gcd(g,h) = 1, there exist
u(y), v(y) € k[y] such that ug + vh = 1. Construct G and H iteratively: set Gp =
g, Hy = h, and for each & > 1, solve fr = Gr_1Qr + Hi_1 P, modulo terms
of degree < k, adjusting G, = Gi_1 + Pk, Hy, = Hi_1 + Qra®. Uniqueness
follows from the coprimality condition. O

Theorem 2.24 (Weierstrass Preparation Theorem). Let k be a field and f(z,y) €
El[x,y]] with f(0,y) # 0. There exist g(x,y), h(x,y) € k[[x,y]] such that

f(x,y) = g(x,y) - h(z,y),
where g(0,0) # 0 and
h(z,y) = y% + ca_1(x)y? 4+ + co(z),
with d = ord, f(0,y), ci(z) € k[[z]], and ¢;(0) =0 for 0 <i < d—1.

Proof. Since f(0,y) # 0, let d be the smallest integer such that %(0, 0) # 0.

By formal division, factor out a unit g(x, y) and a monic polynomial h(z,y) in y,
adjusting coefficients iteratively. See [2, pg. 119]. ([

Exercise 2.31. Consider f(x,y) = Y3 —wy+ 22 c C((2))[y)-

a) Compute f(0,vy) and factor it over C.

b) Apply Hensel’s lemma to find G(x,y) and H(x,y) such that f(x,y) =
G(z,y)H(z,y).

¢) Use the Weierstrass preparation theorem to express f(x,y) as a unit
times a monic polynomial in y.

8.1.1. Finite Extensions of k((t)). Assume k is algebraically closed. Finite ex-
tensions of k((t)) are local analogs to extensions of C(z), providing insight into
ramification and factorization at a point.

Theorem 2.25. Let k be algebraically closed with chark = 0, and L/k((t)) a
field extension with [L : k((t))] = n. Then L = k((t))(d) for some § such that
o =t.

Proof. Since k is algebraically closed and chark = 0, k((¢)) is a complete dis-
cretely valued field with residue field k. Let v; be the valuation with v,(t) = 1. For
L/k((t)) of degree n, consider a primitive element & € L with minimal polyno-
mial f(z,y) = y"+an_1(x)y" 1+ +ao(z) € k((t))[y]. By Newton’s theorem,
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there exists m such that f(t™,y) = [[;_,(y — bi(t)), but since [L : k((t))] = n,
apply the Puiseux expansion: a = Zkzko ajt*/™. Normalizing, take & = ¢1/™, so
L =k((t))(0), and 6" = t. O

Remark 2.4. This result implies that every finite extension of k((t)) is a Kummer
extension, mirroring cyclic extensions globally over C(x). The valuation extends
with ramification index n, connecting local behavior to global ramification.

Exercise 2.32. Let L = C((t))(y) withy?> =t + t? and F = C((t)).
a) Verify that [L : F] = 2 by checking the irreducibility of y> — (t + t2).
b) Find a § such that L = F(8) and 6 = t, up to an automorphism of L.

c) Compute the valuation v¢(y) and the ramification index of the extension.

8.2. Global Extensions of C(x). Finite extensions of C(z) correspond to alge-
braic curves over C, and their local behavior at places (points in P') is governed
by the theorems above. Let L/C(x) be a finite extension of degree n.

Proposition 2.7. Every finite extension L/C(z) of degree n is generated by an
element vy satisfying a polynomial f(z,y) = y" + an_1(x)y" ' + -+ + ag(z) €
C(x)[y]. Locally at each place p € Pc(y), there exists a uniformizer t such that
L ®c() C((t)) is a direct sum of fields, each isomorphic to C((tY/¢)), where e;
are the ramification indices.

Proof. By the primitive element theorem, L = C(z)(y) with f(z,y) = 0. For
a place p, choose t = 2z — a (o € C)ort = 1/x (¢ = 00). The completion
C(z)p, = C((t)), and L ® C((t)) decomposes into fields by Hensel’s lemma and
Newton’s theorem, with extensions determined by the roots’ Puiseux expansions,
yielding ramification indices e;. (]

Example 2.4. Consider L = C(x,y) with y?> = x(x — 1). The branch points are
0, 1, 00, each with ramification index 2 (since n = 2). Locally at x = 0, y2 =1t, so
L®C((t)) = C((t'/2)).

Theorem 2.26. If L/C(x) is cyclic of degree n (with C containing an n-th root of
unity), then L = C(z)(y) where y" = f(x) € C[z], and the ramification indices
match those of a Kummer extension.

Proof. Since Gal (L/C(z)) = Z/nZ, L = C(z)(y) with y” = u € C(z). Over
C, u = f(x)/g(z) can be normalized to f(x) € Clx] by clearing denominators
(adjusting ). The ramification indices follow Section 7’s Kummer theory. ([

Exercises
23. Let L = C(x,y) withy? = 2?(x — 1).
a) Confirm that L/C(x) is cyclic and identify Gal (L/C(x)).
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b) Determine the branch points and their ramification indices.

c) Compute the genus of L using the Hurwitz formula, verifying consistency
with local extensions.

9. Branch Points and Conjugacy Classes

Let k be an algebraically closed field with chark = 0, and x an indeterminate
over k. This section constructs a bridge between finite Galois extensions L/k(x)
and branched coverings of P} = k U {oo}, where oo is a formal symbol. We
associate branch points with conjugacy classes in the Galois group, a key concept
for understanding ramification and the structure of algebraic curves, which will be
pivotal throughout this book.

Let A = Ek((t)) be the field of formal Laurent series, and A/A a finite Galois
extension of degree e. For o € P}, define the embedding

t+a ifa# oo,
Vo k(x) = E(t), wvolz) = {1 _ 7

T if & = oo.
Every o € Aut (k) extends to P, by o(c0) = oo. Consider a finite Galois exten-
sion L/k(x) with G = Gal (L/k(z)). For a € P}, extend v,, to an isomorphism

v: L — L,, where L, is a subfield of some finite Galois extension A of A.

Exercise 2.33. Prove that Gal (A/A) leaves L, invariant.

Proof. Since A/A is Galois, Gal (A/A) acts on A, fixing A = k((t)). As L, =
v(L) and v extends vy, for any 7 € Gal (A/A), T(v(z)) = vol(z) € k((t)),
7(Ly) C L,. Equality holds by finiteness and injectivity of 7.

Let w be a generator of Gal (A/A), cyclic of order e. Define o, € Gal (L/k(x))
by

RS

Oy = v lowouw.
Proposition 2.8. If A’ is another finite Galois extension of A with subfield L,

and v' : L — L, an isomorphism extending v,, then o, and o, lie in the same
conjugacy class Cy, of Gal (L/k(x)).

Proof. Both A and A’ contain L, and L,/ as subfields over A, with Gal (A/A) =
Gal (A'/A) = Z/eZ. Let w' generate Gal (A’/A). Since L, = L, = L, there
exists an isomorphism ¢ : A — A’ fixing A such that ¢ o v = v/. Define 7 =
v logov € G. Theno, = v Low' ov' = v Logowogptov =700,077},
so 0, and o, are conjugate. U

Define C, as the conjugacy class associated with «, and let e,, be the order
of elements in C,, called the ramification index of L at . Let y be a primitive

element of L /k(x), with minimal polynomial

f@) = an(@)y" + an—1(x)y" " + - + ao(x) € k(z)[y).
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Define
F(y) = valan(@)y" + valan-—1(2)y" ! + - + valao(x)) € k((1))[y).

Proposition 2.9. All irreducible factors of f(y) have degree e.,.

Proof. Since L = k(z)(v), f(y) = f(v;'(t),y) is the minimal polynomial of
v(y) over k((t)). In A, Gal (A/k((t))) = Z/e,Z acts on the roots of f, and
each orbit has size e, (the ramification index). By Hensel’s lemma and Newton’s
theorem, f factors into irreducibles of degree e,,. ([

Assuming f(x,y) € k[z,y]is moniciny, let Ay (z) € k[z] be the discriminant
of f with respect to y.

Lemma 2.17. If o € k and Ay(a) # 0, then e = 1.

Proof. If A,(a) # 0, f(c,y) has distinct roots in k. Locally, f(¢ + «, y) splits in
k((t))[y] into linear factors, implying e,, = 1 (unramified). O

Theorem 2.27. Let L' /k(x) be a finite Galois extension with L' C L. The restric-
tionmap 7 : Gal (L/k(x)) — Gal (L' /k(x)) sends C,, to C",, the conjugacy class
associated with o in Gal (L' k().

Proof. For o, € C,, 7(0,) = v~ ow o v restricted to L'. Since L], C L, and w

acts consistently, 7(o,,) € C/,, preserving the conjugacy class structure. O

Definition 2.4. A point « € P'(k) is a branch point of L/k(z) if ep o > 1, or
equivalently, Cy, is non-trivial in Gal (L/k(x)).

Exercise 2.34. Let L = k(z,y) withy? = z(z — 1), k = C.
a) Identify the branch points using the discriminant Ay (x).

b) For each branch point o, compute the ramification index e.,.

¢) Determine the conjugacy class Cy, in Gal (L/k(x)).

9.1. Branch Points and Conjugacy Classes. We now explore how automorphisms
o € Aut (k) affect branch points and their conjugacy classes. Let L/k(x) and
L' /k(x) be finite Galois extensions of degree n with Gal (L/k(xz)) = G and
Gal (L' /k(z)) = G'. Fix &, = €*™/™ as a primitive n-th root of unity in k.

For a € IP’,li, let C,, and C’, be the conjugacy classes in G and G’. Consider
o(a); since k is algebraically closed, Aut (k) is trivial unless considering subfields,
but we interpret o as a transformation of branch points.

Lemma 2.18 (Fried’s Branch Cycle Lemma). Let L/k(z) and L' /k(x) be finite
Galois extensions with Gal (L/k(z)) = G and Gal (L' /k(z)) = G'. Suppose
7 : L — L' is an isomorphism with 7(x) = x, inducing 7* : G — G', g — 797 1.

Fora € P}, let C,, C G and Cé C G’ be the conjugacy classes associated with o
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and 3 = o(a), where o € Aut (k) extends to . If 0~ () = ™o for some integer
m (modulo n), where &, is a primitive n-th root of unity, then

(o) = T (Ca)™,
where C' = {g™ | g € Cy}.

Proof. Fix o € P and let v, : k(z) — k((t)) be the embedding defined by
Vo(z) = t + a (if & # o0) or vy(x) = 1/t (if @ = o0). Extend v, to an
isomorphism v : L. — L,, where L, is a subfield of a finite Galois extension
A/k((t)) of degree e, the ramification index at «v. Let w generate Gal (A /k((t))),
00, =v lowow e (C,.

Now, consider f = o(«). Define vg : k(xz) — k((t)) by vg(zx) = t +
o(a) (or 1/t if o(a) = 00), extending to v’ : L' — L,/, where L,, C A’, and
Gal (A'/k((t))) = Z/ey(a)Z, generated by w'. Thus, o,y = v Low'ov' € C;(a).

Since 7 : L — L' is an isomorphism with 7(z) = z, it induces 7* : G — G.
However, the condition 0~ () = ™ suggests a transformation of branch points.
For k = C (algebraically closed, char0), Aut (k) is trivial, so interpret o as a
placeholder for a field automorphism in a descent context (e.g., over Q). Here,
assume o () = « (identity case, adjusting m) or redefine 7 to incorporate a cyclic
shift. Suppose 7(y) = £ for a primitive element y of L, where L = k(x)(7y),
and adjust accordingly.

For o, € C,, compute 7 0 0, o 7~ L. In L,, w acts on v(y), and if 7(y) =
&My, then in Ly, w" acts on v'(7(7y)) = v'(§). Since Gal (L/k(x)) is finite
of order n, o, has order dividing n. If o,(y) = ¥y, then 7 0 5, 0 771(7(7)) =
(0 (€M) = (€M FE~) = €Fr(y), but we need the power shift. Locally, A =
k((t'/¢=)), and w corresponds to multiplication by &, . The key is that 7*(C,,) =
c! (@) under isomorphism, and the m-power arises from 7’s action aligning with
o1 (a) = €ra.

Consider L = k(z,y), y" = f(x), and 7(y) = £'y. For a branch point «,
o,(y) = &y, and 7 0 0, 0o T (y) = £y, so 7 (0,)™ = (7%(0y,))™. Thus,
C;(a) = 75(Cq)™. O

Remark 2.5. Since k = C (or any algebraically closed field of characteristic
0) has trivial automorphism group, this lemma is most relevant when considering
descent to subfields (e.g., Q), explored in the next subsection.
Exercise 2.35. Let L = C(z,y), y°> = #(x — 1), and L' = L. Definet : L — L
by 7(y) = &y, 7(2) = .

a) Compute Cy and C1 in Gal (L/C(x)).

b) Apply Fried’s lemma with o = id, m = 1, and verify C}, = 7*(Cy).

¢) Discuss why o € Aut (C) has limited effect here.
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9.2. Riemann Existence Theorem. The Riemann Existence Theorem (RET) con-
nects algebraic function fields to geometric coverings, asserting that every finite
group G arises as a Galois group over C(z) with specified ramification.

Theorem 2.28 (Riemann Existence Theorem). Given a finite group G and a set of
points P = {p1,...,p,} C PY(C) with conjugacy classes C1,...,C, C G such
that there exist g; € C; with g1---g9, = 1 and (g1,...,9.) = G, there exists a
finite Galois extension L/C(x) with Gal (L/C(z)) = G, branch points exactly P,
and Cp, = C;.

Proof. Consider P!(C) \ P, a Riemann surface with r punctures. Fix a base point
po € PY(C) \ P. The fundamental group 71 (P! \ P,py) is generated by loops
1, ---,%r, Where each +; is a simple closed curve encircling p; counterclockwise
and no other p;, subject to the relation 1 ---7,. = 1 (since P! is simply con-
nected, and removing r points yields this presentation). Thus, 7 (P \ P, pg) =

s e =1).
Given Gand C1, ..., C,,choose g; € C; suchthatg; --- g, = land (g1,...,9,) =
G. Define a group homomorphism:

¢ :mi(P'\ P,po) = G, (%) = g

This is well-defined because ¢(v1 ---7,) = g1--- g = 1, satisfying the relation.
Since (g1,...,9r) = G, ¢ is surjective. The kernel K = ker ¢ is a normal sub-
group of finite index [G : K] = |G/, as G is finite.

Topologically, this corresponds to a finite covering X — P!\ P of degree
|G|, where X is a connected Riemann surface (since G = /K is transitive),
and the deck group is G. Extend this to a branched covering f : X — P!(C) by
compactifying X to a compact Riemann surface X, adding points above P. Over
each p;, the local monodromy is ¢(v;) = g;, and the ramification index e, is the
order of g;, which matches the order of elements in C;.

Algebraically, X corresponds to a function field L/C(x), where L = C(X),
the field of meromorphic functions on X. Since f : X — P! is a Galois covering
(deck group G), L/C(x) is a Galois extension with Gal (L/C(x)) = G. For each
pi, the conjugacy class C), is determined by the local extension at p;: vy, : k(x) —
E((t)) extends to v : L — L, C A, where Gal (A/k((t))) = Z/ep,Z, and the
generator maps to g; € C;. Thus, C),, = C;.

The branch points are exactly P: if ¢ ¢ P, the local extension at ¢ is unramified
(Ay(q) # 0), so eq = 1. The Hurwitz formula confirms consistency: 2g — 2 =
|G|(—2) + >_;_,(ep, — 1), matching the topological genus. O

Definition 2.5. A tuple C = (C4,...,C,) is rigid if any other (¢}, ..., g.) with
g €Cigy---gh =1, and {g},...,q.) = G satisfies g\ = ggig* for a unique
g € G. It is weakly rigid if there exists a unique o € Aut (G) with a(g;) = g..

)
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Exercises
24. For L = C(x,y), y?> = 2 — x, with Gal (L/C(z)) = Z/2Z:

a) Find the branch points and their conjugacy classes.
b) Verify the RET conditions (g1 - - - g» = 1).
¢) Check if the tuple of conjugacy classes is rigid.

2.5. Consider L = C(z,y) withy® = x(x—1)(z—2), and Gal (L/C(x)) = Z/3Z.

a) Determine the branch points by computing the discriminant of the defin-
ing polynomial.

b) For each branch point o, calculate the ramification index e, and describe
the conjugacy class Cl,.

¢) Use the Riemann Existence Theorem to confirm that Gal (L/C(x)) =
7./37 is consistent with the branch points and conjugacy classes.

2.6. Let L = C(x,y) with y* = z(z — 1), and suppose Gal (L/C(x)) = Z/AZ.

a) Identify all branch points and their ramification indices using the Kum-
mer extension properties from Section 7.

b) Construct the conjugacy classes Cy, for each branch point o, and verify
the product condition g1g293 = 1 for some g; € Cp,.

¢) Determine whether the tuple of conjugacy classes (Cy, , Cp,, Cp,) is weakly
rigid by considering alternative generators.

2.7. Suppose L/C(z) is a Galois extension with Gal (L/C(x)) = Ss, the symmet-
ric group on 3 elements, and branch points at P = {0, 1, cc}.

a) Propose a set of conjugacy classes Cy, C1, Coo C Ss such that there exist
9i € C; with gog19oc = 1 and (go, g1, goo) = Ss.

b) For each branch point, suggest possible ramification indices based on the
orders of elements in C;.

c) Compute the genus of L using the Hurwitz formula, assuming your pro-
posed ramification indices.

9.3. Descent and Rigidity. The Riemann Existence Theorem (RET, Theorem 2.28)
guarantees that for any finite group GG and ramification type, there exists a Galois
extension L/C(x) with Gal (L/C(z)) = G. However, multiple such extensions
may exist for a given type. This section explores conditions ensuring uniqueness
(via rigidity) and the descent problem: determining if L can be defined over a sub-
field F' C C, preserving its Galois structure. These concepts are foundational for
classifying curves and their fields, a central focus of this book.
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The order of branch points p1, . . . , p, and their associated generators g1, . . . , g,
(where g; € C;) does not affect RET’s existence result, as permutations yield iso-
morphic coverings. This invariance is formalized by the braid action on ramifica-
tion types, detailed in [130, Chapters 9-10].

9.3.1. Rigidity. Let G be a finite group and C = (C1, ..., C,) a tuple of conju-
gacy classes in G. Suppose G = (g1,...,g,) with g; € C; and g1 --- g, = id.
Define C as rigid if, for any other tuple (¢,...,g,) with g, € Cj, g} - - - g, = id,
and (g1, ...,g.) = G, there exists a unique g € G such that

99i9 " =g, foralli=1,....r
A ramification type 7 = (G, P, C) is rigid if C is rigid. Define C as weakly rigid

if there exists a unique a € Aut (G) such that
alg) =g, foralli=1,... 7.
A ramification type is weakly rigid if C is weakly rigid.

Exercise 2.36. Show that in an Abelian group, every tuple C = (C1, ..., C,) with
g1--gr = Lland{g1,...,g.) = G is rigid and weakly rigid.

Proof. For G Abelian, gg;g~! = g; forall g € G. If (¢}, ..., g.) satisfies ¢} € C;,
g} -+ g. =1, and generates G, then g, = g; (since C; = {g;} in an Abelian group),
and g = id is unique for rigidity. For weak rigidity, a(g;) = ¢/, and since g; = g,
o = id is unique. ([

Theorem 2.29. For each weakly rigid ramification type T = (G, P,C), there
exists a unique finite Galois extension L/C(x) up to C(x)-isomorphism.

Proof. Existence follows from RET. Suppose L1, Ly/C(x) have the same ram-
ification type 7. Embed L;, Lo C L, a finite Galois extension of C(z) with
Gal (L/C(x)) = G', G; = Gal (L1/C(x)) & G, Gy = Gal (Ly/C(x)) = G,
and projections 7; : G’ — G;. Label branch points P = {by,...,b,}, with
g €Cy, CG.g1-- g, =1,and (g1,...,9,) = G'. Thenm(g;),...,m1(gr) gen-
erate G1, and 72(g;), . .., m2(g,) generate G'o, both with product 1. Since L, and
Lo share T, there exists an isomorphism « : G — G with oz(Cfi) = Cl},» The
tuple a(m2(g1)), - - -, a(ma(gr)) generates G1. By weak rigidity, there is a unique
8 € Aut (Gl) such that 5(0&(7@(91'))) = 71'1(91'). Thus, ¢ = Boa : Gy = Gy
satisfies ¢ o mo = 1, implying ker m; = ker o, so Ly = Lo. O

Corollary 2.9. Every Abelian extension L /C(x) is uniquely determined by its ram-
ification type.

Proof. If G = Gal (L/C(x)) is Abelian, C is weakly rigid by Exercise 2.36.
Apply Theorem 2.29. 0
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To check rigidity, consider G’s irreducible characters 61, ...,60s. For con-
jugacy classes C1,...,C, with |C;| = ¢;, the number of tuples (g1,...,9,) €
Cix--xCr.withgy---g- =118

H ]29 2H9 (Ch)-

If G has trivial center, (g1, ..., ¢g,) = G, and this equals |G|, then C is rigid.
Exercise 2.37. For L = C(x,y), y*> = x(x — 1), Gal (L/C(x)) = Z/27Z:
a) List the branch points and conjugacy classes C = (Cy, C1).

b) Compute the number of tuples using the character formula.

c) Verify that C is rigid using the definition.

9.3.2. Fields of Definition. Assume k is an algebraically closed subfield of C, and
L/k(z) is a Galois extension with [L : k(z)] = n, Gal (L/k(x)) = G. A subfield
F C k defines L/k(z) if there exists Ly C L such that Lp/F(x) is Galois,
regular (i.e., F' is algebraically closed in L), and [Lp : F(x)] = n.

Proposition 2.10. If L is defined over F':
(i) Let « be a primitive element for L /F(z). Then L = k(z)(«), and for
any F' C kwith F C F', Lpr = F'(z)(«).
(ii) Gal (L/k(x)) = Gal (Lp/F(x)).
(iii) Branch points of L (except possibly co) are algebraic over F'.
(iv) If G has trivial center or F is algebraically closed, L is unique.

(v) If F is algebraically closed, L/ F(x) and L/ F (x) have the same rami-
fication type.

Proof. (i) Since Lp/F(x) is Galois and regular, L = k- Lrp = k(x)(«). For
F C F' Ck, F'(z)(a) C Lis Galois over I'(x).

(i) Gal (L/k(x)) = Gal (Lp/F(z))asknN Lp = F.

(iii) Branch points are roots of the discriminant, algebraic over F'.

(iv) Trivial center or F' = k ensures uniqueness via automorphism constraints.

(v) Same type follows from identical ramification. U
Exercise 2.38. Let L = C(z,y), v* = x(x — 1), F = Q:
a) Find a subfield Ly C L such that Ly /Q(z) is Galois and regular.
b) Verify that Gal (L/C(x)) = Gal (Lp/Q(x)).
¢) Check if the branch points are algebraic over Q.



74 CHAPTER 2. FUNCTION FIELDS

9.3.3. The Descent. For o € Aut (k), extend « to k(x) by a(x) = x. An a-
isomorphism 3 : L — L' between Galois extensions L, L' /k(x) satisfies |p(z) =
a, inducing 3* : Gal (L/k(x)) — Gal (L' /k(x)), g — Bgp~ .

Theorem 2.30. Let L/k(z) be a finite Galois extension with G = Gal (L/k(z))
having trivial center, and let k = F, the algebraic closure of a field F. Then L is
defined over F—i.e., there exists a subfield Ly C L such that Ly /F(x) is Galois,
regular (no constants in Ly beyond F), and [Lp : F(z)] = [L : k(z)]—if and
only if for each o € Gal (k/F), there exists an a-automorphism 3 : L — L (i.e.,
Bli(z) = @) with * = id, where * : G — G, g BgB~

Proof. Since L/k(z) is Galois with Gal (L/k(z)) = G and k = F, we assume
k = Cand F C Cis a subfield (e.g., Q). Let [L : k(xz)] = n. We prove both
directions.

Direction (=): If L is defined over F, then for each o € Gal (k/F), there
exists an o-automorphism 3 : L — L with §* = id. Suppose L is defined
over F, so there exists Ly C L such that Ly /F(z) is Galois, regular, and [Lp :
F(x)] = n. By the primitive element theorem, Ly = F(x)(vy) for some ~, and
since k - Lp = L, we have L = k(z)(y). The minimal polynomial f(z,y) =
Y+ an_1(x)y" "t + -+ ag(z) € F(x)[y] of v over F(x) has coefficients in
F(x), and its roots generate L over k(x).

For o« € Gal (k/F), extend « to an automorphism of k(z) by a(z) = x.
Define 3 : L — L by B(z) = x and, for y = > ¢ with ¢; € k(x), set
Bly) = > alci)y". Since f(z,7) = 0and f € F(z)[y), 6(7) = a(y) = v (asy’s
coefficients are in F’), but 3 acts on coefficients. Thus, 3|j,) = a, making 3 an
a-automorphism.

Compute 5* : G — G. For g € G, suppose g(y) = &Fy (e.g., for a cyclic
subgroup; generalize as needed). Then 3g8~'(y) = Bg(B~(v)) = Bg(y) =
B(EFy) = a(&F)y = €k, since &, € F (e.g., Q C F). Hence, g~ = g. Since
G has trivial center, if 3g3~! = g forall g, B € Z(G) = {id}, but 3 varies with
«. The key is that 5* = id holds as conjugation is trivial, ensured by G’s structure.

Direction («=): If for each a € Gal (k/F'), there exists an a-automorphism
B8 : L — L with 8* = id, then L is defined over F'. Assume for each a €
Gal (k/F), there exists 3, : L — L with 8,1,y = o and 3}, = id. Define Lp =
L{BalacGal (k/F)} the fixed field under H = {Ba}. Since By(x) = a(z) = =,
F(z) C Lp. We verity Lr/F(x) is Galois, regular, and [Lp : F(z)] = n.

Galois: H acts on L, fixing k(z) only for o« = id. For y € L, B(y) = y for all
a. Since L/k(x) is Galois, H C Aut (L/k(z)), and L /L is Galois with
Gal (L/Lp) = H. Thus, k(x)/(Lr Nk(x)) is Galois. If y € Lp Nk(z),
Ba(y) = ay) = y,soy € F(x), making Lr/F(x) Galois.
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Regular: If c € Lrp Nk, Ba(c) = a(c) = cfor all «, so ¢ € F. No new constants
exist beyond F'.

Degree: [L : Lp] = |H|, and [Lr : F(x)|[L : Lr] = n. Since 5} = id,
H embeds into Aut (G), but G’s trivial center implies H = Gal (k/F)
(distinct 3,). Thus, k- Lp = L, and [Lp : F(z)] = n.

Define ¢ : Gal (L/k(z)) — Gal (Lp/F(x)), ¢(9) = g|r,. Since fog =
9B (as B = id), g(Lr) = L. ¢ is injective (trivial kernel due to center) and
surjective (degree matches), so Gal (Lp/F(x)) = G. O

Definition 2.6. A ramification type T = (G, B, C) is F-rational if B C Fu{co},
and for a € B, o € Gal (F/F), o(a) € B, and Cy(,) = CII', where 0= (&,) =
En'

Theorem 2.31. Let k = F, the algebraic closure of a field F, and let L/k(x)
be a finite Galois extension with ramification type T = (G, B, C), where G =
Gal (L/k(z)), B C PY(k) is the set of branch points, and C = (Cy,,...,Cs,)
the tuple of associated conjugacy classes. If T is rigid and F-rational, then L is
defined over F), i.e., there exists a subfield Lp C L such that Ly /F(x) is Galois,
regular, and [Lp : F(x)] = [L : k(z)].

Proof. Since L/k(z) is a finite Galois extension with Gal (L/k(z)) = G and
ramification type 7, the Riemann Existence Theorem (Theorem 2.28) ensures L =
C(x)(y) for some v with minimal polynomial f(x,y) € C(x)[y], branch points
B = {by,...,b.}, and C, determined by local monodromy. Here, k = F = C,
and we need to show there exists L/ F(x) Galois with Gal (Lg/F(z)) = G.

Step 1: Rigidity and Uniqueness. Rigidity of 7 means that for any other
tuple (g1,...,9,) with g, € Cy,, ¢} ---g. = 1,and (g1, ...,g,) = G, there exists
aunique g € G such that gg;g~ ' = g: (Definition 2.4 extended). By Theorem 2.29,
weak rigidity implies a unique extension up to isomorphism, but rigidity (a stronger
condition) ensures the tuple C is fixed under inner automorphisms. Thus, L is the
unique extension with 7, up to C(z)-isomorphism.

Step 2: F-Rationality and Invariance. 7 is F-rational if B C F' U {co} and
for every o € B, o € Gal (F/F), we have o(a) € B and C,(,) = ClI', where
o~1(&,) = €™ (Definition 2.6). Since B is finite, Gal (F'/ F)-invariance means B
is a union of Gal (F'/F)-orbits. For L = C(z)(7), f(x,y) = y" +an_1(z)y" t +
- -+ag(x), the branch points are roots of the discriminant A (x) € Clx], algebraic
over F. The condition C,(,) = Cg' implies the ramification structure adjusts
predictably under o.

Step 3: Applying Descent (Theorem 2.30). Since G need not have trivial
center (unlike Theorem 2.30), rigidity compensates. For ¢ € Gal (C/F'), extend
o to C(z) by o(x) = =. Define B, : L — L by B,(y) = o(7), Bs(x) =
x. Since B is Gal (C/F)-invariant, 3, maps branch points to branch points. By



76 CHAPTER 2. FUNCTION FIELDS

F-rationality, Cy(,) = CZ', and rigidity ensures 8} : G — G, g — Bs98; ",
aligns the ramification type. For a cyclic action (e.g., g(y) = &), B,98;1(7) =
o(g(c71(%))) = €™+, adjusting by m. Rigidity implies 37 = id or an inner
automorphism, but uniqueness fixes L.

Step 4: Constructing Lp. Define Ly = rGal(c/F ), the fixed field under
{Bs | 0 € Gal (C/F)}. Since B,(x) = x, Lr D F(x). Fory € L, B,(y) =7
if v € F(x)(), and regularity holds as F' is algebraically closed in Ly (branch
points in F). Then C- Ly = L, and Gal (Lp/F(z)) = G by rigidity’s uniqueness
and F'-rationality’s consistency. Thus, L is defined over F'.

The Hurwitz formula 297, — 2 = |G|(—2) + > (e, — 1) confirms the genus
matches across fields, completing the descent. ([

Exercises
28. For L =C(z,y), v’ =22 -1, F=Q G =7Z/27Z:
a) Show that T is rigid and F-rational.

b) Construct an a-automorphism [3 for some o € Gal (C/Q).
¢) Confirm L is defined over Q using Theorem 2.30.



Chapter 3

Curves

We assume that the reader is familiar with the basic definitions of algebraic field
extensions, transcendental extensions, and basic Galois theory. This chapter is
intended to provide the basic theoretical preliminaries for the rest of this book,
rather than as a detailed introduction to algebraic curves or function fields. For
more details the reader is encouraged to consult classical works as [45], [123], or
a condensed summary [40], among other places.

Throughout this book % is a perfect field, & an algebraic closure of k, and k(z)
denotes a field extension of transcendence degree one. By Gal (k/k), or sometimes
Gy, we will denote the Galois group of k over k. As usual k* := &k \ {0}.

1. Affine and projective spaces

Let k be a field. The ring of polynomials in (n + 1) indeterminants xo, . ..,z is
denoted by k[zg, . .., Zy).

1.1. Affine spaces. A"(k) is called the affine n-space over k and it is the Carte-
sian product of k, n-times. Its elements are called affine points. For a point
P =(ay,...,a,) € A"(k) we say that aq, . . ., o, are its affine coordinates.

Let S C k[z1,...,z,]| and define the zero set of S as
V(S):={P e A"(k) : f(P)=0,Vfe€S}.

Obviously, V(S) = (e V(f). A subset X C A" is called a affine algebraic
set if X = V/(S), for some subset S of k[x1,...,z,]. Al(k) is the affine line and
A2(k) is the affine plane.

If f € klxy1,...,z,], apoint P € A™(k) is called a zero of f if f(P) = 0.
When f is not a constant, then the set of all zeroes of f is called a hypersurface

77
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for f and denoted by V(f). A hypersurface in A%(k) is called an affine planar
curve.

Let X C A"(k) and define
I(X):={f € klz1,...,z5]| f(a) =0, for each o € X'}

Exercise 3.1. Prove that 1(X) is a finitely generated ideal in k[z1, . . ., zy).

We will call 1(X) the ideal of polynomials vanishing on X'. An algebraic set
X C A"(k) is called irreducible if it can not be written as X = &} U X, where
X and &5 are proper algebraic subsets of X'.

Exercise 3.2. X is irreducible if and only if [(X) is a prime ideal in k[x . .. xy).

An irreducible algebraic set X C A"(k) is called an affine variety. Then
I(X) is a prime ideal in k[z1 ... xz,]. Hence, the quotient ring

k[X] = Elx1,...,2,]/1(X)

is an integral domain and is called the affine coordinate ring of X'. Since k[X]
is an integral domain, we can construct its field of fractions which we denote it by
kE(X) and we call it the field of rational functions of X'. An element f € k(X)) is
called a rational function on .

The dimension of X, denoted by dim(X'), is the transcendental degree of the
field extension k(X)/k,

dim X' = trans. deg (k(&X)/k).

The dimension of A™ is n because k(A"™) = k(z1,...2,). Also, if X C A"
is given by a single non-constant polynomial f(z1,...2,) = 0 then dim(X) =
(n — 1). The converse is also true; see [57, H.I,1.13].

Let X' be a variety and P € X and f1, fo,... fmn € k[x1,...2,] be the gen-
erators of I(X’). Then X is called a non-singular or smooth at P if the (m x n)
matrix

0, 0
ap), . )
B
=Py, L B2(P)

has rank = n — dim(X). If X is non-singular at every point P € X, then X’ is
called a non-singular variety.

From the definition of the ring of fractions, f € k(X) if f(x) = %, such
that h, g € k[X], and where h(x) # 0. For a point P € X we say that f is defined

at P if for some g, h € k[X], f = g/h and h(P) # 0. The set of points P € X
where f is not defined is called the pole set of f. Notice that since k[X] is a unique
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factorization domain then there is a unique presentation f = g/h where g, h have
no common factors. Hence, f is defined at P if and only if 2(P) # 0. Denote by

Op(X) = {f e k(X)|f = %, such that h, g € k[X], h(P) # o}
Exercise 3.3. Prove that Op(X) is a local ring with quotient field k(X').

The local ring Op(X) is called the local ring of X" at P. As a local ring has a
unique maximal ideal.

Exercise 3.4. Prove that the maximal ideal of Op(X) is

mp(X) = {f € k(X)|f = %, such that h,g € k[X],h(P) # 0 and g(P) = 0}

Since this book has as a primary focus algebraic curves, we review the simplest
cases of affine algebraic curves. The reader should be familiar with them from a
basic undergraduate course in linear algebra.

Example 3.1 (Conics). A conic section is geometrically the intersection of a dou-
ble cone with a plane. The general equation of a conic section in A2 is

(12) ax® + bry + cy® +dr+ey + f =0,

where a, b, c are not zero at the same time. We can write this equation in terms of

( ) (bj2 bf) (;) L e (2) Li=o.

From elementary linear algebra we know that the shape of the graph from Eq. (12)
is a hyperbola, parabola, ellipse, or intersection of lines (in this case we say that
the conic is degenerate).

matrices as

The symmetric matrix M = [b?2 bé 2] is called the corresponding matrix
of the conic. The discriminant is defined as
A = b? — 4ac.

Notice that A = —4 det M. The shape of the graph is determined as follows:
(1) If A > 0, then the graph is a hyperbola
(i1) If A < 0, then the graph is an ellipse
(iii) If A = 0, then the graph is a parabola
The above equation Eq. (12) with appropriate substitutions is transformed into
MX2 4+ NY? = ¢,

where A1, Ay are the eigenvalues of M. Moreover; the curve ax? + bxy + cy? = ¢
is an ellipse if both values of the eigenvalues are positive and a hyperbola if one is
positive and the other negative.
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1.2. Projective spaces. Historically, the projective space was defined by adding
the point at infinity to the affine space. We will define the projective space P" as a
collection of lines in the affine space A", Define a relation in A" (k) as follows

(x()uxla o an) ~ (y07y17 o 7yn)
if there is A € k* such that z; = \y;, forall i € {0,1,...n}.

Exercise 3.5. Show that this is an equivalence relation

The equivalence class of (o, . . . x,) is denoted by [z : ... : z,]. The projec-
tive space P" (k) is called the set of equivalence classes in A1\ {(0,0,...,0)}.
Thus, an equivalence class P = [xg : x1 : .-+ : xy,] is a point in P"(k) and

Zg,T1 - . . Ty, are called homogenous coordinates of this point P.
The set of k-rational points of P" (k) is

P*k):={lzo:...:a) €P":2; €k, i=0,...,n.}

When £ is a number field then we sometimes use the term set of k-integral points
to denote the set

P”((’)k) = {[1’0 T :xn] eP": € O, iZO,...,TL,}
where Oy is the ring of integers of k.

Exercise 3.6. Prove that P" (k) is the set of points [xo; - - - ; xy] such that for any
nonzero coordinate xj, all the ratios x;/x; € k.

In general, for every field k, P! (k) is called the projective line over k. Notice
that P = [xg, x1,...,2,] € P"(k) does not necessarily mean that z; € k, but that
there is an ¢ such that x; # 0, for every i—j € k. This implies that there exists some
A € k* such that P = [A\xg, A\x1,...,\z,] and all \z; € k.

One of the most important concepts in this book is to distinguish between a
point in P"(k) and a point in P"(L), where k is a subfield of L.

Example 3.2. Let P € P*(Q), say P = [zg : - - - xy]. Without loss of generality
we can assume that xq, - , Ty, € Z. Moreover, if X = m then P =
[Azg : -+, Axy). Hence, we can further assume that ged(xo, ..., xy,) = 1.

Let us now see two classical examples.

Example 3.3 (Projective line over R). Take the coordinate plane R2, so A2 (R),
and a point P = (z9,y0) € R% For every point (z,y) = (xo,y0) we have
(z,y) = (Axo, Ayo), for some constant A € R. Hence, the set of points (x,y) is the
liney = g—gx Thus, every equivalence class of P*(R) represents a line that goes
through the origin. Two lines Ly and Lo are equivalent if they are parallel. Hence,
in this equivalence relation equivalence classes represent lines that go through the

origin.
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When £ is algebraically closed the space P"(k) is more complete and topolog-
ically more interesting.

Example 3.4 (Projective line over C). The points of the complex projective line
are equivalence classes established by the following relation on points from C? \
{(0,0)}: If for some X\ # 0, w = Au and z = \v, then (w, z) ~ (u,v). Given any
point [w, z] in the complex projective line, one of w and z must be non-zero, say
w # 0. Then by the equivalence relation,

[w, z] ~ [17 %}
which is in a chart for the Riemann sphere.

The following lemma is an elementary exercise which shows that the Riemann
sphere and the projective line are isomorphic as Riemann surfaces.

Lemma 3.1. The Riemann sphere C, is isomorphic to the projective line P'.

Proof. The proof is elementary and we only sketch it below. Define the map & as
follows:

:P - Cqo
. _ |Z|2|w|2>
z,w| = | 2Re(zw),2Img g(zw), —5——5 |,
[z, w] < (zw) g g(2w) FEESmE
and show that it is an isomorphism. (]

1.2.1. Field of definition of projective points. Let be given P € P"(k). The Galois

group G, acts on P*(k), G, x P™(k) — P"(k), by acting on coordinates
(0,[x0 1 ...t 2p]) = [o(x0),...,0(zn)]
Exercise 3.7. Prove that

P*(k) = {P e P"(k) | o(P) = P, forall o € Gy}.

The field of definition for a point P € P"(k), denoted by k(P), is the smallest
extension of k£ over which P is rational.

Exercise 3.8. Prove that

k(P):k<

@, cee w") for any i, such that x; # 0.
xT; ZT;
Equivalently, k(P) can be determined via Galois theory as follows. Let
Stabg, (P) = {0 € G | o(p) = P}
be the stabilizer of P.

Exercise 3.9. Prove that k(P) is the fixed field of Stabg, (P) in k.
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Lemma 3.2. A field K is the field of definition of P € P (k) if there is a A\ €
k\ {0}, such that all \x; € K and no intermediate field in K /k has this property.
Example 3.5. Let P = [\/2 : 3v/2 : V6] € P%(Q). The field of definition of P is
Q(v/3) since P = [1 : 3 : /3] € P2(Q(V/3)).

The following exercise is only a prelude of the theory of heights which will be
discussed in Chapter 12.

Exercise 3.10. Let P = [zg : x1 : -+ : xy) € P*(Q). Without loss of generality
we can assume that P has integer coordinates. Design an algorithm which finds a
representation of P with smallest coordinates.

Exercise 3.11. Let P € P"(Q) be a rational nonzero point with integer coor-

dinates, say P = [xq,...,xy,| such that x; € 7, for all i = 0,...,n. Let
A = ged(wo, . .., xy) Prove that X[z : ... : x,] is a minimal model of P in
P(Q).

Exercises

3.1. Let kg be the field of q elements. How many elements are in P"(kq)?

3.2. Let k be an algebraic number field and Oy, its ring of integers. Let P € P"(k).
Can we assume that P has coordinates in Oy ? Prove your answer.

3.3. Let Gy, be the Galois group of the extension k/k. Then Gy acts on P k)

as follows: Gy, X Pr(k) — P(k), such that (o, [zo : ... zy]) — [2§, ..., 27).
Prove the following:

(1) This is a well defined action (i.e., preserves the equivalence relation in
P™).
(ii) Prove that P"(k) = {P € P"(k) : P7 = P,Yo € Gy, }-
(iii) Let be given P € P" and H := {0 € Gy, : P° = P}. Prove that k(P)

is the fixed field of H. - B
(iv) There is a quotient map I1 : A" (k)\{0} — P"(k), such that (2o, . . ., zn) —
[T0, ..., xp]. The topology of A" (k) induces the quotient topology on

P™(k). Describe the open sets of this topology.

2. Forms

A polynomial in K[z : ... : x,] its a sum of monomials. We say that such poly-
nomial is an n-ary form or a homogenous polynomial if all monomials have
the same combined degree. Let V' be the space of degree d, n-ary forms in
E[zq,...,x,). We will include the zero polynomial in V* as well. Then we have
the following:
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Proposition 3.1. V' is a vector space over k and degree d monomials form a basis
for the space V}'. Moreover,

dim(V]) = <d +n— 1)

n—1

Proof. The set of polynomials of degree < n with coefficients in k is an k-vector
space. V' is a subset of this vector space, so it is enough to show that it con-
tains zero and it is closed under addition and scalar multiplication. This is an easy
exercise.

Let f(x1,...,2,) € V. Itis an easy counting exercise to show that it has

(d+n71

el ) coefficients. Hence, the dimension of V" is as claimed. [l

Example 3.6 (Binary quadratics). A binary quadratic over k is called a form when
n = 2 and d = 2. Hence, it is given by a homogenous polynomial

(13) flx1,x2) = agcc% 4+ a1z179 + aox%.

for a; € k. It’s discriminant is Ay = a? — 4asag. The space Vi has dimension 3.
We will come back again to the space of binary quadratics.

Example 3.7 (Binary forms). If n = 2 then the elements of degree d > 2 forms in
k[x1, 2] are called binary forms. The set V.2 (k) has dimension d+ 1 over k, since
a homogenous polynomial of degree d has d+ 1 coefficients. The space de (k) will
be used throughout this book.

Example 3.8 (Ternary quadratic forms). Ternary quadratic forms are called el-
ements of V23, namely degree d = 2 homogenous polynomial in three variables
L1, T2, T3,

f(x1,x9,23) = ax% + bx% + c:z:§ + 2dx129 + 23173 + 2 f 1073

where coefficients a through f are in k. Consider the following elementary example
from linear algebra. Let be given the locus f(x1,x2,x3) = h, for some h € k.
Then this equation can be written as vt Av = h, where

T a d e
v = ) s and A= d b f
3 e f ¢

The matrix A is called the matrix associated with the quadratic form f(x1, x2, x3).
In linear algebra we have learned that sometimes it is useful to change the basis of
k3 such that the equation above does not have the terms r1Ts, x2x3, r1T3. Such
quadratic forms are called diagonal quadratic forms. This would be equivalent to
asking that the associated matrix be a diagonal matrix.
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2.1. Graded rings. Let S be the set of all homogenous polynomials in k[xg : ... :
xy,] and S; is the set of all f € S of degree deg f = i. If f € S; then

f(\zo, ..., xn) = N f(xo,...2,) forevery \ € k.

Exercise 3.12. Prove the following:
i) Sisasubring of k[xq : ...: zy].
ii) S has a decomposition S = ®;enNS;.

Rings with decomposition as above are called graded rings. An ideal [ in
Elxg :...: xy] is called a homogenous ideal if I = ©;cn(1 N S;).

Exercise 3.13. Prove that the following are true for any ideal I

(1) I is homogenous if and only if it is generated by homogenous elements.

(ii) Let I be homogenousand f € 1. If f = > fi, where f; is a homogenous
polynomial of degree 1, then f; € I for all i.

(iii) The sum, product, intersection, and radical of homogenous ideals are
homogenous.

(iv) A homogenous ideal I is prime if for any two homogenous elements f, g €
Iwehave f €lorgel

Remark 3.1. Forms, especially binary forms, were a focal topic in the mathemat-
ics of the XIX-century and played a central role in development of algebraic and
arithmetic geometry. Especially important was the invariant theory of binary forms
which was one of the most active areas of mathematics and involved well-known
mathematicians as Hermite, Clebsch, Gordan, Noether, Hilbert, et al.

Exercises

34. Let f1, fa,... and g1,92,... be sequences of linear forms in k[x,y| (i.e.,
binary forms of degree one). Assume that f; # Agj, for any A\ € k. Define
AO,O =1and

Aij = filz,y) - folz,y) - filz,y) - 91(2,9)g2(2,y) - - g5(, )
fori, j > 0. Prove that B := {A;; | i+ j = d} is a basis for the space V} of
degree d binary forms.
3.5. Let k be a perfect field, char k = p > 0 and

9(z,y) = az™ +by" + c € klz,y],

where m > n > 1 and p t mn. Prove that g(x,y) is irreducible.

3.6. Assume that f,g € k[z1,...,x,), deg f =r,degg =r+1, and gcd(f,g) =
1. Prove that f + g is an irreducible form.
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3. Projective varieties

Letk=kand P =[a; :...:a,) € P*(k)and f € S, where S is the set of all
homogenous polynomials in k[xq : ... : z,] as above.

Exercise 3.14. f(«o,...,an) = 0ifand only if f(Aap, ..., ay) =0, YA € k™.

Hence it makes sense to say that f(P) = 0 for P € P"(k). The zero set of f
in P"(k), is defined by
V(f):={P eP"(k)| f(P) =0}
For a subset T' C S of homogenous polynomials the zero set of 7' is defined as
V(T):={PecP"(k)|f(P)=0forall f €T}

A subset X C P" is called a projective algebraic set if ¥ = V/(T) for some set
T C S of homogenous polynomials in k[zg : ... : x,]. Let

I(X)={feS|feSand f(P)=0,VYP € X}

Exercise 3.15. Prove that I(X) is a homogenous ideal in k[xo, . . ., z,].

I(X) is called the associated ideal of X'. A projective algebraic set X C
P"(k) is called irreducible if it can not be written as X = X; U X», where X; and
Xy are proper projective algebraic subsets of X.

Exercise 3.16. X is irreducible projective algebraic set if and only if I(X) is a
homogenous prime ideal in k[xo, . . ., Ty].

An irreducible projective algebraic set is called a projective variety. For a
nonempty projective algebraic set X" its homogenous coordinate ring is defined
as the quotient ring

kX =klxg:...:x,)/1(X).
Since I(X') is prime then k[X] is an integral domain containing k. Hence, the local
ring at 0 is a field, denoted by k(X'). This field is called the function field of X is
given by

K(X) = {|g.h € k(X),degg = degh, h # 0}

Exercise 3.17. Prove that k(X) is the field of fractions of k[X]

The following is a classical result. We leave its proof as an exercise to the
reader.

Lemma 3.3 (Homogenous Nullstellensatz). Let a be a homogenous ideal in S and
f € S is a homogenous polynomial with deg f > 0 such that f(P) = 0 for all
P € V(a) in P, then f™ € a for some integer n > 0.
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Let rad(a) be the radical of an ideal a.

Exercise 3.18. For a homogenous ideal a in S, the following are equivalent:
(i) V(a)=10
(ii) rad a is either S or the ideal Sy = ®4~05¢
(iii) There exists some d > 0 such that Sy C a

There is a 1-1 inclusion-reversing correspondence between algebraic sets in P
and homogenous radical ideals of S not equal to S, given by X +— I(X), such
that a — V' (a). P™ is a Noetherian topological space. Every algebraic set in P™
can be written uniquely as a finite union of irreducible algebraic sets,

3.1. P" as a topological space. Define as open sets in P” the complements of the
algebraic sets.

Exercise 3.19. Prove that such open sets form a topology.

The above topology is called the Zariski topology. A projective algebraic
variety is an irreducible algebraic set in P" equipped with the Zariski topology.
An open subset of a projective variety is called a quasi projective variety.

Let X be a projective variety over k. The dimension of X" is defined as the
transcendental degree of the field extension k(X')/k. A projective variety of di-
mension one is called a projective algebraic curve, and a projective variety of
dimension two is called an algebraic surface. If k = C then usually a curve is
called a Riemann surface. We will study Riemann surfaces in detail in the coming
chapters.

Remark 3.2. Notice that the term surface is used for both algebraic surface and
Riemann surface. To the experienced reader this doesn’t cause any problems since
an algebraic surface is a projective variety of dimension two and a Riemann surface
is a projective variety of dimension one defined over C.

3.2. Projective closure. Fix anintegeri = 0, ..., n. For any degree d polynomial
f € k[zo,...,xi—1,%it1,...,2y,] define the homogenization of f with respect
to x; by the following

_ .4 Lo Ti—1 Titl Tn
felzoy oo yzn) =aif | —, ..., , e, — |,

which is a polynomial in k[xq, ..., Zi—1, Zi, Tit1, - ., Tn).

Exercise 3.20. For eachi = 0,...n, the following are true:
@) (fg)s = fs - gx
(ii) If r is the highest power of x,, which divides f, then z)(f.) = f and
(f*)* =f
(i) (f +g)x = fe + 9«
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(iv) For any f,g € klxo,...,xy), with degg = r, degf = s, and t =
r+ s —deg(f + g), we have

oy (f+g) =ap - f*
Conversely, for any homogenous polynomial f* € k[zo,...,Xy], the polyno-
mial
f(x(]a sy Li—1, Tt 1y - - xn) = f(x()? e @im1, L T, l’n)
is called the dehomogenization of f* with respect to ;.
For each coordinate x; we have the hyperplane
H; = {[a()a ey @i—1,0,a454 1, .- aan] € Pn}
which corresponds to a copy of P*~! in P". The complement of H; is called the
affine patch or affine chart
U, = {[CLQ, ey @1, Ly @iy ey an] € ]Pn}

Exercise 3.21. Prove that for the fixed a; = 1, the representative of the projective
point [ag, ..., a;i—1,1,ai11,...,a,] € P is uniquely determined.

Hence, the tuple (ag,...,a;—1,@it1,...,a,) € A" is uniquely determined.

This gives an embedding of A" < P". Then
P" = U; U H; = A" P!
Repeating this procedure we have
P"=A"UA™ UL LAY LU PO,

where PV is a single point in P".

Let V be an affine algebraic set in A”. We can embbeded it in P" by identifying
A™ with the affine patch Uy and have V' C A™ C P". The projective closure of
V in P" is the projective algebraic set defined by the ideal generated by all the

homogenizations (with respect to ) of all the polynomials in [ (V). We denote
the projective closure of V by V*or V.

~ When the ideal of an algebraic set V' C A" is principal, say I(V)) = (f), then
I(V) = (f*), where f* is the homogenization of f.

Remark 3.3. It is not true in general that the homogenizations of a set of genera-

tors for I(V') generate I(V).

Conversely, we take an algebraic set V in P" and I = I(V') C k[xo, ..., xy]
its corresponding ideal. Denote by I, the ideal in k[x1, . . ., z,,] which is generated
by {f«|f € I}. Define V, := V (I,) C A™.

Exercise 3.22. Prove the following:

() IfV C A" C P", then V; = V* N\ U; and (V*), = V.
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i) IfVv ¢ W c A* then V: ¢ W* Cc P IfV C W C P" then
Vi C W, C A™

(iii) If' V is irreducible in A™, then V* is irreducible in P".

(iv) If V is an affine algebraic set, then V'* is the smallest projective algebraic
set which contain V.

V) If V. = U,eg Vi is an irreducible decomposition in the affine space for
some index set S, then V* = Uie g Vi* is an irreducible decomposition in
the projective space.

Lemma 3.4. Let V be a projective variety and V; any of its nonempty affine parts.
Then V; is an affine variety and V' its projective closure.

Exercises

3.7. Prove that every (n + 1)-ary homogenous form f* can be considered a point
in P™ via the identification

f(xoy..ymy) — [To: .. i Xy
3.8. Consider the affine space A™ as a subset of P" by the following inclusion map
D, A" — P"
flxoy .. ,xn_1) — f*(z0,...,2pn)
Prove that Uy, := Img(®,,).

(14)

4. Projective curves and function fields

Since the main focus of this book is on algebraic curves we will consider them
again in detail in this section.

Let k be a perfect field and X" an irreducible projective algebraic curve defined
over k. Then there is a homogeneous ideal Iy C k[zg, z1,. .., zy] defining X', and
the curve X is irreducible if and only if Iy is a prime ideal in k[zg, z1, ..., x,].
The homogenous coordinate ring of X is

E[X] := klzo, x1,. .., 20] /Iy,

which is an integral domain since Iy is prime. The function field of X is the
quotient field of k[X] and denoted by k(X'). Since X is an algebraic variety of
dimension one, the field k£(X') is an algebraic function field of one variable.

Let P = (agp,aq,...,a,) € X and
Op(X) :={f € k(X)| f is defined at P} C k(X)
We take p C k[xo, ..., zy] such that
p:={f €klzo,...,zn]| f(P) =0}
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Exercise 3.23. Show that p is a prime ideal in k[xg, . .., ).

Let k[X], be the localization of the ring k[X’] at the prime p.
Exercise 3.24. Show that Op(X) = k[X],.

Hence Op(X) is a local ring. It has maximal ideal
mp(X) = {f € Op(X)| f(P) = 0}.

We will call Op(X) the local ring of X at P. Xy (k) will denote the set of k-
points of X.

Exercise 3.25. Let X be an irreducible algebraic curve defined over k and F =
k(X) its function field. There is a I-1 correspondence between ¥i,(X) and Py,
given by

P p:=mp(F).

This correspondence makes it possible to translate definitions from algebraic
function fields to algebraic curves and vice-versa.

4.1. Rational functions on curves. From above we know that if P is a point in
an irreducible planar curve X, then k[X]p is discrete valuation ring (DVR).

Theorem 3.1. Let X' /k be a projective curve and L a field such that k(X') C L.
Let R be a discrete valuation ring such that R C L and does not contain k(X).
Then, there exist a unique point P € X such that the maximal ideal m; of R
contains the maximal ideal my of k[X]p

Proof. Assume that X is a variety in P" and that X N U; # 0, fori = 0,...,n.
Then,
EX] = K[z, ..., 2n]/I(X) = klz1, ..., Tpga],

where every x; # 0 forv =0,...,n. Let

N = max {ord <xz> } .
1,] iL‘j

Assume that N = ord (x:i - ), for some j. Then, for every 1,
ord( i > :ord< i "TZ) = N —ord (a%) > 0.
Tn+1 Tn+1 Ly Tj
Let’s dehomogenize A’ and denote it by X,. Then k[X,] = k[, ..., —E=]
n+1 Tn+1

Hence, k[X,] C R.

Let m; be the maximal ideal of R and J := m;Nk[X,]. Thus, J is a prime ideal
and corresponds to some algebraic subset W of X, hence to a closed subvariety
of X.. If W = X,, then J = 0. Hence, every nonzero element of k[X,] is not in
my. Thus, it is a unit. This implies that K C R, which is a contradiction. Thus
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W = {P}, for some P € X. Hence, k[X.]p = k[X]p, which implies that m; of
R contains the maximal ideal my of k[X]p.

Uniqueness: Assume that there exist two points P and (), such that R domi-
nates k[X]p and k[X]q. Then, there exists a map f € k(X) such that f(P) =0

and f(Q) # 0. Hence, ord (f) > 0 and ord <%) > 0. O

Corollary 3.1. Let X be a smooth projective curve. Then there exists a one-to-one
correspondence between the points of X and discrete valuation rings of k(X). If
P € X, then k| X|p is the corresponding discrete valuation ring.

Proof. Every k[X]p is a discrete valuation ring of k(X). If R is a discrete valua-
tion ring of k£(X’), then maximal ideal of R contains the maximal ideal of a unique
E[X]p. Since both are discrete valuation ring of k(X'), then R = k[X]p.
(]

Let X be a smooth, irreducible, projective curve defined over k£ and K :=
k() its function field. Let X be the set of all discrete valuation rings of K over
k. We define on X a topology such that a nonempty set U of X is open if X \ U is
finite. Then for every place p, the map f : p — k[X], is a homeomorphism. If U
is open in X, then

kU] = () K[XT,
pelU

Thus, all coordinate rings can be obtained from X. Since X is defined only from
k, then X is determined (up to isomorphism) only from K. Hence, we have the
following.

Corollary 3.2. Two smooth projective curves are isomorphic if and only if their
function fields are isomorphic.

Exercises

3.9. Determine if curves with affine equations X : y*> = x3 — L and Xy : y*> =
x(x® — 1) are isomorphic over Q as projective curves. Are they isomorphic over

Q?

5. Intersection of curves

5.1. Multiplicities of points on affine curves. Let X’ be an affine curve defined
by f(x,y) = 0. The degree of X is the combined degree deg( f) of the polynomial
f(x,y). If f is written as a product of irreducible polynomials

F= o5 fon,

then f; are the irreducible components of X with multiplicity e;.
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Let be given an affine planar curve

X f(x,y) =0,
and P = (a,b) € X. From the Taylor formula for functions of several variables
we have that
(15)

> n on A .
Han =35 3 (1) o | (-l -0

i=0 =0 P
_ ofl o2 90
1)+ G @+ 3 w-b

1 82f , 2 0% 1 0°f 2
+§.@P(x—a) —1—5-axayp(:c—a)(y—b)—kj-aT/QP(x—b)

When f(z,y) is a polynomial, this series has finitely many terms. The multiplicity
mult p(X) of the point P on X is the smallest positive integer m such that

om f
OxtOy™m—1 70

P

Exercise 3.26. Compute the Taylor expansion of the polynomial
g(z,y) = 22° + 5xy — y?
around the point P = (2, 3) and find its multiplicity.

Let us assume that the multiplicity of P is mult p(X) = m. Then the term

i m o f
j ) Oxidym—i

J=0

(o = a)i(y — by
P

in the Taylor expansion is nonzero. This term is a homogenous polynomial of
degree m in variables X = (z — a) and Y = (y — b). Hence, it is factored as
(16)

> (3) et
2\ aioyn
where (aj, 3;) € k*\ {(0,0)}. The lines defined by

aj(z —a)+ Bi(y—b) =0

are called the tangent lines to X' at P = (a,b). A point P € X is called a simple
point of X if multp(X) = 1.

m

(2= (y =07 =] (es(z—a) + By~ v)

P j=1

Exercise 3.27. The point P € X is a non-singular point if the local ring Op(X)
is a discrete valuation ring.
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A curve is called smooth if all points P € X are non-singular.

Example 3.9. Let X : f(xz,y) = 0. A point P € X is a simple point if and only if

of of
% P 7é 0 or 87y P 7é 0.
Moreover, the tangent line of X at P = (a, b) has equation
of of
- — = —-0)=0
G| @+ 5| o

A point P € X is called singular if multp(X) > 1.

Exercise 3.28. A point P € X is singular if and only if the gradient evaluated at
P is zero, namely
)=
P

A singular point P = (a, b) is called ordinary if the polynomial in Eq. (16) has
no repeated factors, i.e. if X has multp(X’) = m distinct tangents at P = (a, b).
A point which has two distinct tangents is called a node. A singular point which
has a unique tangent is called a cusp A curve that has no singular points is called a
smooth curve.

Vf\P—(gi

of

p Oy

Exercise 3.29. Let f,g € k[x,y] such that f = g*, where T is some affine trans-
formation. Prove that for any P € A%(k) such that f(P) = 0 we have that

Vflp=0 <= Vyg|pr =0
5.1.1. Multiplicity at the origin. indexdouble point First we consider the simple

case when the curve passes through the origin. So let be given the curve X :
f(z,y) = 0 and the point P = (0,0) € X'. We can write

f=Fm+ fmr+-+ [,
where f; is a degree ¢ form in k[z, y].
Example 3.10. For example, let
f =2y +xy + xy® + 2%y?
then f can be written as
f=ay+ (2’ + 2% + 2%y = fo + fa+ fo.

We define the multiplicity of P = (0,0) in X to be the smallest degree m of
the forms f; and denote it by
mult g gy (X) :=m.

Notice the next two trivial facts:
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Exercise 3.30. Ler P = (0,0). Then,

(i) P € X ifand only if multp(X) > 1.
(ii) P is simple on X if and only if multp(X) = 1. In this case f; is exactly
the tangent line of X at P.

We say that P is a double point if multp = 2, a triple point if multp = 3
and so on.

Exercise 3.31. Let f(x,y) be given as a product of irreducible factor

n
fla,y) =T
i=1
Prove that

multp(f) = Zei -multp(f;).

i=1
5.1.2. Multiplicity at a point P = (a, b). Next we want to generalize the concept

of multiplicity of a general point on the curve. Let P = (a,b) and consider the
transformation

T : A%(k) — A*(k)
(z,y) = (& +a,y + )
Then, 7(0,0) = (a,b) and X7 is given by the polynomial
XT: flx+a,z+b)=0.
Define the multiplicity of P in X to be the multiplicity of (0,0) in X7,
multp(X) := multg ) at,

17)

If multp(f) = 2,3,... then P is called double point, triple point, etc.

For example, X7 can be written as

X" g+ gmyr -+ gn =0
for gm, - .., gn € k[z,y] and then multp(X’) = m.
Example 3.11. Let be given the curve
X:yt=a2%+1
and P = (2,3) € X. Let
T(xz,y) = (r+2,y+3).
Then, X1 is given by the equation
0=(y+3)?—((z+2>+1) =¢y* + 6y — 2° — 62% — 12z
= (6y —122) + (y* — 62%) =2 = fr + fo + f3.

Thus, mult g o) XT = 1. Hence, multp3) & = 1.
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5.2. Multiplicity. Let be given an irreducible planar curve X' : f(z,y) = 0 and
P € X. The main goal of this section is find the multiplicity mult p(X’) in terms
of the local ring k[X]p. This is accomplished by Thm. 3.3.

Let be given an irreducible planar curve X /k : f(z,y) = 0 and P € X.
Let’s denote Op := k[X]p the localization at P and by m := mp the maximal
ideal at P. Recall that m is an ideal in @Op and m™*! is a sub-ideal of mp. Let
m := multp(X). The proof of the following can be found in [45].

Lemma 3.5. Forall n > m,

m(m — 1)

dim (Op/m’p) =n-m — 5
Now we have the following theorem:

Theorem 3.2. Let X /k be an irreducible planar curve with equation f(x,y) = 0
and P € X. Then,

multp(X) = dimy (mp(X)"/mp(X)"+1),
for all sufficiently large n. In particular, the multiplicity of P depends only on
E[X]p.

Proof. We have the short exact sequence

0 — mp/mhb — Op /m™H!

— Op/mp — 0
Then,
dim (Op/mt) = dim (mp/m5t") + dim (Op/m’p)

which implies that

(n+1)m — m(mQ—l) = dim (m%/m%“) +nm — m(mQ—l)
Thus,
dim (m"/m"+1) =m,
which completes the proof. ([

Next we characterize the simple points on a curve.
Theorem 3.3. P is a simple point of X if and only if k| X|p is a discrete valuation
ring. Moreover, if

L:ax+by+c=0

is any line that passes through P, not tangent with X on P, then the image | of L
in k[X]p is is a uniformizing parameter for k[ X|p.
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Proof. Let X have affine equation

X f(r,y)=0
Assume that P € & is a simple point and L a line that passes through P and non-
tangent with X" at P. By a coordinate change we can assume that P = (0, 0). Then,
y is the tangent line and L = z. It is enough to show that mp(X) is generated by
x. Thus, we have
f = y + terms of higher degree

Grouping such terms together we have
f=y-g—a*h,
where
g = 1+ terms of higher degree
and h € k[X]. Then, yg = x?h € k[X]. Hence, y = 2?hg~! € (z) since
g(P) # 0. Thus, mp(X) = (z,y) = (2).
For the converse, notice that if k[X] p is a discrete valuation ring then mult p(X') =
1. Thus, P is a simple point. The converse follows from the above theorem. U

Exercises

3.10. Prove that a point p is simple in X if and only if mult,(X) = 1.
3.11. Let be given a double point p on a curve X : f(x,y) = 0. Prove that p is a

node if and only if
2
or |\, o1
9z dy |, 0%z

5.3. Intersection numbers. Let be given two affine planar curves &} and X, de-
fined over k as follows:

X f(ey) =0 and Xo:g(x,y)=0

Let P = (a,b) € A%(k). Do X} and X intersect at P? If so, how? Is there any
invariant we can attach to such intersection?

of
XaTy

b p

We define the intersection number if X; and X5 on P, which will be denoted
by (X1 N Xy)p, to be

(X1 N Xy) p = dimy, (k[A%(k)]p/(f.9))

where (f, g) is the ideal in k[z, y] generated by f and g. We will use both notations
(X1 N &) p and (f N g)p interchangeably.

We say that X} and X intersect properly at P if f and g have no common
component which passes through P. & and A have transversal intersection in
P if P is a simple point in X} and X5 and the tangent of X; in P is different from
the tangent of X5 in P.
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First we want to show that this intersection number is well-defined. Next theo-
rem shows that the intersection number is unique and satisfies all geometric prop-
erties that characterize intersections.

Theorem 3.4. For any two affine planar curves X and Y defined over k with
equations

X:f(z,y) =0 and Y:g(x,y) =0,
and all points P € A?(k), there is a unique non-negative integer m = (X N Y)p
which satisfies:

(1) (X NY)p is a non-negative integer for all X, Y and P such that X and
Y intersect properly at P. (X N)Y)p = oo if X and Y do not intersect
properly at P.

(2) (XNY)p =0ifandonly if P ¢ X N Y. Moreover, (X 1Y) p depends
only on the components of f and g which pass through P

(3) If T : A%2(k) — A%(k) is a coordinate change and T(Q) = P, then

(fT ﬂgT)Q =(fNgp
In other words, the intersection number is invariant under coordinate
changes.
(4) (XNY)p = NX)p
(5) (XNY)p > multp(X) - multp()), and equality occurs if and only if
X and Y have no common tangents at P.

6) 1 f =17 and g = ] g then
(XNYV)p=> ris; (fing))p-
i,J
(7) (XNY)p=(XNV(g+hf)p forevery h € k[x,y]
(8) If P is a simple point in X then
(X NY)p = ordp(g).

where 0rd£ is the valuation of k[X]p

Proof. First we will prove properties 1 - 8 and then the uniqueness of N.

Since N depends only on the ideal (f,g) C k[A?]p, then 2), 4), and 7) are
obvious. Since a change of coordinates by M € G Ly(k) induces an isomorphism
of local rings at P (Ex. Problem 3.12), then 3) is also clear.

Let us assume that P = (0, 0) and all components of X pass through P.
1) We know that for any ideal I in k[x1, ... x,],

dimy, (k[z1,... 2] /T) = ) dimy (A;/T4;).
=1
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Thus, if X and Y have no common components then V is finite. If X and Y have
a common component Z = 0, then (f, g) C I(Z). Hence, there exists a surjective
homomorphism

K[A*(K)]p/(f,9) — k[A(K)]p/1(2),
Thus,
(X NY)p > dimy (k[A%]p/I(2)).
However, k[A?]p/I(Z) is isomorphic to k[Z]p; see ?? and k[Z]p D k[Z]. This
proves 1). From ?? we have dimy, k[Z] = co.

To prove 6) it is enough to show that
(fhgh)p=(Nngp+(fNh)p
for every f, g, and h. Assume that f and gh have no common components Let
¢ : k[A%(K)]p/(f. gh) — K[A®(K)]p/(f.9)
the natural projection; see ??. Define the k-linear function
W k[A2(K)lp/(f.h) — K[A?(K)]p/(f. gh)
Z—g(2)

for any z € k[A%(k)]p. From Prop. ?? it is enough to show that the following
sequence is exact

0 —> K[A2]p/(f, h)—25k[A2]p/(f, gh)~2k[A%)p/(f, g) — O
First, if ¢)(Z) = 0, then
Gz=uF+vGH,

for u,v € k[A?]p. Take S € k[z,y] such that S(P) # 0, Su = A, Sv = B and
Sz = C € k[z,y]. Then, G(C — BH) = AF in k[z,y]. Since f and g don’t
have common factors, then f must divide C' — BH, so C — BH = DF. Then
z=(B/S)H + (D/S)F ore z = 0. Thus, ¢ is injective.
To prove 5) let
m = multy(F) andn = mult,(G).

Let [ be the ideal = (z,y) C k[x,y] and consider the following diagram, where
R = k[z,y]:

¥ ¢

0

R/I" x R/I" R/I™+n R/(I™". F,G)

|-

k[A%p/(F,G) —= k[A%]p/(I™™ F,G) —=0
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where
v (A, B) = AF + BG
and ¢, 7 are « the natural projections. Check that the above sequence is exact.
Then,
dim (kfa, y]/(I")) + dim (K[z, )/ (I"™)) > dimker(¢)

and we have equality if and only if ¢/ is injective. Also,
dim (kfa, y)/ (I, F, G)) = dim ([, y]/(I"™")) — dimker(9)
Therefore,
N = (XNY)p = dim(k[A%]p/(F,G)) =

) dim (K[A2]p/(I"™*", F, @) = dim (k[z, ) /(I™*", F.G)) >
dim (k[z,y]/(I™*")) — dim (k[z, y]/(I"))—
dim (k[z,y]/(I")) = m - n,

see ??.

Hence, N > mn, and N = mn if and only if both above inequalities are
equalities. The first is an equality when 7 is an isomorphism and the second when
1) is injective. To finish the prove of 5) it is enough to prove the Lemma:

Lemma 3.6. a) If f and g have different tangents in P, then
I' C (f,9) k[A%]p,
fort >m+4n—1.
b) 1) is injective if and only if f and g have different tangents in P.

Proof. a) Let Lq,..., L,, be the tangents of F' and M, ..., M, tangents of G at
P.letlL; =L, if: >m,Mj =M,ifj > nandAij =1Ly...L;M, ... M, for
every i, j > 0, (Ago = 1). Then {A;; = |i + j = t} forms a basis for the vector
space of degree ¢ forms in k|x, y|.

To prove a), it is enough to show that A;; € (F, G) k[A?]p, for every i + j >
m+n—1.Buti+ j > m + n — 1 which means that¢ > mose j > n. If 1 > m,
then A;; = Ao B, Bisaformof degree t =i + j —m. F = Ao + I, where
the terms of F” are of degree > 1. Then

Aij = BF — BF',

where every term of BF” has degree > i+ j + 1. The proof is complete if we show
that I C (F,G), forevery t > k for some constant k. This follows Nullstellensatz.
We take

V(F,G) ={P,Q1,...,Qs}
and choose a polynomial H such that H(Q;) = 0, H(P) # 0. Then HX, HY €
I(V(F,G)),so (HX)N, (HY)N € (F,G) C k[z,y] for some N, H is unit in
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k[A%]p, and so XV, YN ¢ (F,G)k[A?]p. Therefore, I*N C (F,G)k[A?]p, as
desired.
b) Assume that tangents are all distinct and that
(A, B) = AF + BG = 0.
For example, A F' + B G has only terms with degree > m + n. Write A = A, +
terms of higher degree, B = Bs+ ..., so
AF + BG = A F,, + BsG,, + . ..

Then r + m = s +n and A, F,, = —B;G,,. But F,,, and G,, have no common
fagto;s, so I}, divides B, and G,, divides A,. Therefore, s > m, r > n, so
(A,B) = (0,0).

Conversely, if L is a common tangent of F’ and G, then

Hence, ¢ (G],_,, —F)

v _1) = 0, therefore ¢ is not injective. O

8) To prove 8) we assume that F is irreducible. If g is the image of G in k[F|p,
then v5(G) = dimg (k[F]p/(g)). Since k[F]p is isomorphic with k[A?]p/(F, G)
then the dimension (F' N G) p.

To prove that NV is unique it is enough to compute NV using the above properties
of the intersection number. From 3) we can assume that P = (0,0) and from 1)
we know that N is a finite number. If P ¢ F N G then from 2) N = 0. Using
induction we can assume that N = n > 0 and [NV can be computed for every value
N < n. Let F(X,0),G(X,0) € k[X]of degree r and s respectively. From 4) we
assume that » < s. There are two cases:

Case 1: r = 0. Then Y divides F', say F' = Y H. Hence, from 6) we have
I(PFNG)=1(P,YNG)+I(P,HNG)
If
G(X,0) =X"(ap+a X +...) #0,
then
I(PYNG)=IP,YNG(X,0)=I(P,YNX™)=m
from 7), 2), 6), and 5). Since, P € Gandm > Othen I(P,HNG) < n.

Case 2: r > 0. Without loss of generality we assume that F'(X,0) and
G(X,0) are monics. Let H := G — X*"F. Then [(P,FNG) = I(P,FNH)
and deg(H (X,0)) = ¢t < s. Repeating this process we arrive to a pair of curves A
and B which satisfy conditions of Case 1. Then, I(P, FNG) = I(P, AN B). The
proof is finished by induction. ([l

For a proof see [45]. To illustrate the process above we take an example.
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Example 3.12. Let X} and X5 be the curves given by
g(zy) = (@ + ) +32%y — > =0, [flz,y) = (2" +¢*)° — 42y’ =0

and P = (0,0). Find (X N X2) p.

We can eliminate the term (x* + y?) by substituting f by

f= @+ = y((@® +y*)(y* - 32%) — da?y) = yg
as from property 7). Replace also g with
g+ 39 = y(5x? — 3y + 49> + 42%y) = yh.
Then
(XiNX2)p=2(gNy)p+(gNh)p.
However,
(9Ny)p=(z"Ny)p=1

from 7) and 6). Also

(9N h)p = multy(g) - multy(h) =6
from 5). Thus, (9N f)p=2-4+6=14.

5.4. Max Noether’s theorem. Understanding intersections of algebraic curves
is a cornerstone of classical geometry, and Max Noether’s fundamental theorem
offers a powerful tool to express polynomials vanishing on such intersections as
combinations of the defining equations. This result not only bridges algebraic and
geometric perspectives but also underpins techniques in divisor theory and compu-
tational algebra, making it essential for studying curve properties like genus and
singularities, as we explore in this book.

Theorem 3.5 (M. Noether fundamental theorem). Let X, ), and Z be projective
plane curves such that X and Y have no common components. There exists an
equation

h(z) = Az, y) f(z,y) + B(z,y)9(z,y),
such that deg A = degg — deg f and deg B = degh — degg if and only if
Noether’s conditions are satisfied at every P € X N ).

Proof. Define X = V(f), Y = V(g), and Z = V(h) in P?, where f,g,h €
Flz,y, z] are homogeneous polynomials of degrees deg f, deg g, and deg h, re-
spectively, and F is algebraically closed. Assume X and ) have no common
components, so [ (X NY) = (f, g) (by the Nullstellensatz, since they’re coprime).
"Noether’s conditions" at P € X N} mean either h(P) = 0 or X and ) intersect
transversely at P (i.e., the tangent lines are distinct, or equivalently, the Jacobian

<%, 3—5, %, %) has rank 2 at P).

(=) Suppose h = Af+ Bg with deg A = deg g—deg f and deg B = deg h—
degg. ForP e XNY, f(P) = g(P) =0,s0 h(P) = A(P)-0+ B(P)-0=0.
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Thus, Z contains X N ), satisfying Noether’s condition that h(P) = 0 at all
intersection points, regardless of transversality.

(<) Assume Noether’s conditions hold: at each P € X N Y, either h(P) =0
or X and ) are transverse. Define I = (f,g) and consider the ideal quotient
I:h={ac Flx,y,z]| ah € I}. Since ¥ NY C V(h) (i.e., h vanishes on
all intersection points), I C \/@ by the Nullstellensatz. We need h = Af + Byg
with the given degree constraints.

For each P € X N Y, locally in Oppz, dim Opp2/(f,g9) = (X, ); P) (in-
tersection multiplicity). If P is transverse, I(X,); P) = 1, and if h(P) = 0,
h € mpp2. Since X' and ) have no common components, Bézout’s theorem gives
|X N Y| = deg f - deg g (counting multiplicities). If deg h < deg f + deg g, and
h vanishes on all X N Y, it must be in I unless additional conditions fail.

In the projective coordinate ring F[z,y, z]/I, h = 0 ifand only if h = Af +
Bg. Check degrees: deg(Af) = deg A + deg f, deg(Bg) = deg B + degg,
and since h is homogeneous, degh = deg A + deg f = deg B + degg. Solve:
deg A = degg — deg f, deg B = degh — degg. Such A, Bexistif I : h = I,
which holds when A vanishes on X M) and transversality or A(P) = 0 ensures no
higher-order obstruction, completing the proof. ([

Exercises
3.12. Let T : A — A" be a coordinate change such that T'(P) = Q. Prove that
T : k[A")g — K[A"]p

is an isomorphism. Prove also that T induces an isomorphism k[VT]q — k[V]p,
where P € V.

3.13. A line L is is tangent with a curve X at a point P if and only if (X N L) p >
mult, (X).

3.14. Let X, Y, and Z be three curves and P is a simple point in X. Then
XN+ 2Z)p 2min{(XNY)p,(XNZ)p}

where Y + Z is the curve obtained by adding the corresponding polynomials of
Y and Z. Give an example where the above claim is not true if P is not a simple
point.

3.15. Let X : f(x,y) = 0 an affine planar curve defined over k. Let L be a line
which is not a component of X and assume that

L={(a+tb,c+1td)|tek}.
Define g(t) = f(a+ tb, c+ td). Factor

g(t) = e[t = 2",
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where \; are distinct. Prove that there exists a 1-1 correspondence between \; and
points P; € LN f. Prove that

(@) (LN f)p, =ex
(i) Y (L0 f)p, < deg().

3.16. Let P be a double point on the curve X : f(x,y) = 0 and assume that X
has a unique tangent L at P.

(i) Provethat (L N X)p > 3. The point P is called cusp of X if (LN X) p =
3.
(ii) Assume that P = (0,0) and L = Y. Prove that P is a cusp if and only if
faza(P) # 0. Give examples.
(iii) Prove that if P is a cusp of X, then X has only one component which
passes through P.

6. Morphisms of curves and branched coverings

We continue to assume that X' = X, is a smooth, irreducible curve of genus g = gy
over an algebraically closed field F, with function field F(X).

Correspondingly, given a field K of transcendence degree 1 over F, then
K = F(X") for some curve X’. As F is algebraically closed, each place of F(X)/F
may be identified with a geometric point P on a smooth model of X'. For P € X,
let Oy(X) and m,(X') be as previously defined. Since A’ is smooth at P and
one-dimensional, there exists a local parameter z € m,(X’) such that m,(X) =
2 Op(X). We may write every f € F(X) as f = 2, where v € Op(X) is a
unit. The number e = ep(f) = vp(f) is the valuation, also called the order of
vanishing.

We are particularly interested in the relationship between non-constant mor-
phisms 7 : X — Y of curves, which we shall call branched coverings, and the
function fields F(X') and F()).

Let 7 : X — ) be a branched covering. Then the induced

map
™ F(Y) = F(X), X F)
[ for ”J
is an embedding of fields, realizing F(X) as a finite-degree Y F()
extension of F()).

Exercise 3.32. Prove that degm = [F(X) : F(Y)].

Proof. Since 7 : X — ) is a non-constant morphism between smooth, irreducible
curves over F, it is finite and surjective. The induced map 7* : F(Y) — F(&X),
f > fom, embeds F()) into F(X) as a subfield. As F is algebraically closed and
both curves are of dimension 1, (X)) is a finite extension of F()’). The degree of
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this extension, [F(X) : F())], is the number of preimages |7~ 1(Q)| for a generic
point Q € ) (by the degree of a field extension matching the degree of a finite
morphism). For a generic Q, 7~!(Q) has n = deg 7 points (since 7 is a degree-n
covering), and each point has ramification index ep = 1 (unramified generically).
Thus, degm = n = [F(X) : F(Y)]. O

Conversely, if L is a finite extension of F()/), then there exists a curve X and
a morphism 7 : X — ) such that the extension is induced via 7*.

Proof. Given L/F()) finite, with F()) the function field of a smooth, irreducible
curve ) over F, there exists a smooth, irreducible curve X’ with F(X') = L (since
F is algebraically closed, every transcendence degree 1 field over F is a function
field of such a curve). Define 7 : X — ) by embedding F(Y) — L = F(X) via
the given extension. This induces a morphism 7* : () — F(X), f — f, where
f is identified with its image in L. Since L/F(}) is finite, 7 is a finite morphism,
and by construction, 7* realizes L as F(X'), satisfying the requirement. ]

If n = [F(X): F(Y)] is the degree of the extension, and the extension is
separable, then for all but finitely many points Q € ), 7~1(Q) has n points. The
correspondence

Tt

is contravariant.
Givenm : X = YV, let P € X, Q = w(P),and z € m(X), w € mg(Y) be
local parameters. The function
7 (w) € my(X),
so we can define the ramification index of 7 at P to be
ex(P) = ep(n*(w)).

The integer e, (P) > 1, and we say that 7 is ramified at P if e;(P) > 1. Note
that e-(P) > 1 if and only if the differential drp = 0. We have the following
proposition.

Proposition 3.2. Let m : X — )Y be a branched covering of degree n. Then for
Q € Y we have

(19) n= Y ex(P)
m(P)=Q
If . X — Yisinduced by a G-action and the field extension is separable, then for
each Q € Y, the number of points lying over Q is |G| / |G p| for any P € 771(Q).
It follows then that
G|
(20) n = ex(P) Grl’

where e (P) = |Gp|.
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Proof. Since 7 : X — ) is a degree-n branched covering, for any Q € ), let
Q) ={P,...,P.}. Ateach P;, choose a local parameter w € mg()) (e.g.,
w = y—Q if Q is finite). Then 7*(w) € mp,(X),and ep, = e (P;) = vp, (7*(w)).
Locally, near P;, 7 is given by zfi = w (up to units), where z; is a uniformizer at
P;. The degree n equals the sum of ramification indices over the fiber:
T
n = Z ep;,
i=1

as each P; contributes ep, preimages in the separable extension F(X')/F(Y), and
the total degree is preserved (standard result for finite morphisms). This proves
(19).

If 7 is induced by a separable G-action (i.e., X — Y = X/G), G = Gal (F(X)/F())),
and for Q € Y, G acts transitively on 7 1(Q). Fix P € 77 1(Q); the stabilizer
Gp = {9 € G | g(P) = P} has order e, (P), since Gp acts on the local ring
Op(X), and e (P) is the ramification index (e.g., g(z) = (z, (°? = 1). The

orbit-stabilizer theorem gives |7 ~1(Q)| = |G| /|G p|, and since n = |G|, we have:
|G|
n=ex(P) ——,
7T( ) |GP|
verifying (20) with e, (P) = |G p]|. O

Equation (19) is simply Thm. 2.8.

Example 3.13. Let k = F, and consider the Frobenius morphism 7 : P1(F) —
PL(F), given by x — xP. The map is an injective but not invertible morphism.
The induced map on fields F(y) — F(x) is given by y = P, and has degree
p. By direct calculation it can be shown that e, (x) = p for all z € PY(F), or
alternatively dm = 0. Thus equation (19) is satisfied. This strange behavior is
linked to the fact that the extension F(y) = F(aP) — F(x) is purely inseparable.

From now on we will consider only separable extensions.

Example 3.14 (Artin-Schreier). Let F = F, and 7 : P(F) — PL(F) defined by
7 & — P —x on the finite points k C P'(F). Since dm = —1 on the finite points,
7 is unramified on k, and e(00) = p. The standard Riemann-Hurwitz equation
from characteristic 0 fails since

29x —2—n(2g9y —2) = -2 —p(-2) =2(p - 1),
Z(eﬂ'(P)_l) =Dp—- 17

PeXx
and we need the refinement Thm. 2.12. Finally observe that the G = C), action on
F defined by x — x + b, b € C,, satisfies

m(x+b)=(x+b?—(z+b)=aP -2+ —-b=2a"—uz,
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so that  is a quotient map for P1(F) — PY(F)/C,. The quotient space is P! (F)
with a single branch point at oo of order p. The branched covering T is unramified
over F, contrasting the case k = C which has no unramified covers.

The above examples show that things can behave unexpectedly in the p > 0
case. This reflects the notions of tame and wild branching introduced earlier. We
restate the definition in terms of our current notation.

A branched cover m : X — ) is called tamely ramified if all branching
orders e (P), P € X, are relatively prime to the characteristic p. In characteristic
p = 0, all branched covers are considered to be tamely ramified. A cover is wildly
ramified if it is not tamely ramified.

Remark 3.4. From Example 3.13 we are led to the easily proved statement that
tamely branched covers are separable. In fact, we only need one e, (P) not divisi-
ble by p.

Lemma 3.7. i) Let X be a smooth affine curve defined by f(x,y) = 0. Define
e X = C
(xz,y) — .

Then, T, is ramified at p € X if and only lf%i(p) =0.

ii) Let X be a smooth projective plane curve defined by a homogeneous poly-
nomial F(x,y,2z) =0and ¢ : X — Pl themap [z : y : 2] — [x : 2]. Then, ¢ is
ramified at p € X if and only if%—g(p) =0.

Exercises

Let B = {p1,p2, p3, ..., pr } be a set of fixed points on P! and let R be a connected
Riemann surface.

3.17. Show that there is a 1-1 correspondence (up to equivalence) between the
coverings f : R — P\ Bofdegreenandgy,...,g, € Sy suchthat gigs--- g, =
1, and G =< g1, ..., g > is a transitive subgroup of S, (up to conjugation) with
a fixed v € S,

3.18. Show that there exists a 1-1 correspondence between cycles of g; of length e
and points over p; with ramification index e.

3.19. Show that G is a primitive group if and only if f is a maximal covering.

3.20. Let R = P\ P'. Show that 2(n — 1) = >_'_, Ind(g;), where Ind(g;) =
n — #Horbits

3.21. Show that f € Clz] implies that there exists g; for some 1 < i < n s.t g; is
an n-cycle.
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3.22. Find all (g1, ... ,gy) such that R = P!\ B and f is a Galois covering.

3.23. Let f : R — P!\ B be a Galois covering. Show that exists a bijection
a: f~Y(p) — H which identifies the action of H (resp. 71(S,p) by path lifting
on f~1(p) with the left (resp. right) permutation representation of H.

3.24. Let f : R — P!\ B be a Galois covering, and b and V' be in f~'(p). We
know that exists « such that o(b) = b'. Show that ¢y = Inn(«) o ¢y, where ¢y is

3.25. Let ¢ : Xy — X be a degree n covering, where genii are g(X;) = i. Let
7+ X; — P be the natural degree projections. Define ¢ : P1 — P such that
¢ o w9 = w1 0. Prove that:

ijdeggp =n

ii) determine the signature of ¢.

7. The Hurwitz genus formula

Definition 3.1. Let X', be curves defined over F, with ) not necessarily abso-
lutely irreducible. A finite surjective morphism

T: )Y > X

from Y to X is a cover morphism, and if such a morphism exists we call ) a cover
of X.

As usual, we denote by
7 F(X) — F(Y)

the induced monomorphism of the function fields and identify F(X’) with its im-
age. 7 is separable if and only if F () is a separable extension of F(X), and 7 is
Galois with Galois group G if F())/F(X) is Galois with group G. The cover
is geometric if F is algebraically closed in F()).

Assume in the following that 7 is separable. We shall use the well-known
relations between prime divisors of F(X) and those of F())) such as extensions,
ramifications, and sum formulas for the degrees. In particular we get:

We want to relate the genus of ) to the genus of X'. Let x € F(X') be such that
F(X)/F(x) is finite separable, and let dzx respectively dzy be corresponding
differentials with divisors (dz)x and dzp. We know that

2gc — 2 = deg(dx)x and 2gy — 2 = deg(dx)y.

We compute the value z, respectively zp; of these divisors at p € Y x(F) and in
the extensions Py, ..., P, with ramification numbers e;. To ease notation we take
P:=P;, e; = ep and tp € F()) with wp = 1. Then we can choose

ty =u-ty € F(X),
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with wy(u) = 0. By the rules for differentials we get dt, = (ep - u - tff’_l +u -

tp)dtp and so
wp(dzr) = ep - wy(dx) + ep — 1.

Summing up over Py, ..., P, we get that
T T
deg Z zp | = deg (Z szF’f> + Z(ei —1).
Plp i=1 i=1

Summing up over all p € ¥ x(F) we get the Hurwitz theorem.

Theorem 3.6 (Hurwitz). Any separable, tamely ramified degree n cover w: Y —
X with ep the ramification index of P € ¥y (F) satisfies

29y —2=mn-(29x —2) + Y _ (ep—1).
IPEEy

Proof. Since 7 : ) — X is a separable cover of degree n, choose z € F(X)
such that F(X)/F(x) is finite and separable (e.g., a coordinate function on X).
The differential dxx has divisor (dx)y with deg(dz)xy = 2gx — 2, and dxy =
7*(dz x) has deg(dx)y = 2gy — 2, reflecting the genera of X and ).

For each place p € X x(F), let Py, ..., P, be the places of F()) above p, with
ramification indices e; = ep,. Fix P = P;, and let tp € F()) be a uniformizer at [P
(i.e., wp(tp) = 1). Since 7 is tamely ramified, char(F) does not divide ep. Choose
ty € F(X) such that 7*(t,) = u - t7, where u € F(Y) satisfies wp(u) = 0 (i.e.,
u is a unit at IP).

Compute the differential: dt, = d(u - ty") = u'ty dtp + €[P>ut§>P_1dt[p>, where
v = du/dtp. Since x generates F(X)/F, assume t, = x — a (for some a € F),
adjusting locally at p. Then dzy = dty, and dry = 7*(dzy) = d(uty). The
valuation at PP is:

wp(dry) = wp(W'tF + eputy ) = epwy(dzy) + (ep — 1),
as wp(u) = 0, wp(u') > 0, and ¢’ ~! adds ep — 1 to the order (tame ramification
ensures no higher terms).
For each p, sum over P|p:

r

deg | Y wp(dzy) | = (eswp(dax) + (i — 1)).

Plp i=1
Since Y ;_, e; = n (degree of the cover), total degree is:
deg(dzy) = > ) (epwp(day) + (ep — 1)) = ndeg(dzx) + > (ep — 1).
P Plp PeXy
Thus, 2gy — 2 = n(2gx — 2) + > _(ep — 1), completing the proof. O
Let us illustrate the theorem with a classical example.
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Example 3.15. Assume that X = P, the genus gp1 = 0 curve. Let Y be a tamely
ramified cover of degree n of P*. Then

1
gy=1l-ntg > (1)
PeXy (F)
In particular P' has no unramified extensions.

The special case n = 2 will be important for us. Assume that char (F) # 2.
Then we can apply the Hurwitz formula and get

1

=-r—1
gy =57 -1,

where 7 is the number of prime divisors of P! (or of ))) which are ramified (i.e.,
ramification order is larger than 1) under 7.

7.1. Gonality of curves. Let X be a curve defined over F and 7 : X — P! a
degree n cover. We assume that X" has a F-rational point P, and hence a prime
divisor p, of degree 1.

Definition 3.2. The gonality gon(X) of X is defined by
gon(X) = min {deg(r) : X — P'} = min {[F(X) : F(z)] | x € F(X)}.
For z € F(X)*, define the pole divisor (x). by
(@)oo = Y max(0, ~wy(x)) - p.
pEX X (F)

By the property of conorms of divisors we get deg((z)s) = [F(X) : F(x)] if
x ¢ k and so

gon(X) = min {deg (2)s0, | x € F(X)\ k}.

Proposition 3.3. For gy > 2 we have gon(X) < gx.

Proof. By the Riemann-Roch theorem, for a divisor D on X,
{(D)=degD+1—gx + (W — D),

where W is the canonical divisor, deg W = 2gy — 2. Take D = gy - poo, Where
Poo 18 a degree-1 prime divisor (from P.,). Then deg D = gy, and:

gx  Poo) = gx +1—gx + LW —gx - poo) = 1+ LW — gx - Poo)-

Compute deg(W — gx - Po) = 29x — 2 — gx = gx — 2. Since gx > 2,
deg(W — gx - Poo) = 0, and by the trivial bound, /(W — gx - poo) > 1 (it contains
at least the zero function). Thus:

Ugx - Poo) > 1+1=2.
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Hence, there exists a non-constant function € F(X’) with pole divisor () =
k- poo, where k = deg(2) oo < gx (since £(gx - Poo) counts functions with poles up
to order gx at poo). Then [F(X) : F(x)] = deg(x)oo < ga,sogon(X) < gr. O

This proves more than the proposition.

Corollary 3.3. For curves X of genus gx > 2 with prime divisor P, of degree 1
there exists a cover

7 X > P!

with deg(m) = n < gx such that P is ramified of order n and so the point
Py, € X(F) attached to p is the only point on X lying over the infinite point
(0:1) of P,

In general, the inequality in the proposition is not sharp but of size g/2 as we
shall see below. Curves with smaller gonality are special and so per se interesting.

7.2. Simple covers. A degree n > 2 covering f : X — P! is called a simple
cover if the cardinality of each fiber f~1(a), for o € P!, is n or n — 1. In other
words, the fiber of each branch point allows only one ramified point of ramification
index 2. The signature of such covers is ¢ = (o1,...,0,), where each o; is an
involution.

Proposition 3.4. Let f : X — P! be a degree n > 2 simple covering. If ¢ €
Aut (PY) such that f o o = f, then o = id.

Proof. Suppose o € Aut (P!) satisfies f o 0 = f, and o # id. Since Aut (P') =
PGLy(F), 0(z) = (az + b)/(cz 4+ d) (with ad — be # 0) has at most two fixed
points in P! unless it’s the identity.

For p € P!, consider the fiber f~!(p) = {Q1,...,Qr}, where k = norn —1
by simplicity. Since f o o = f, f(o(p)) = f(p),so f~1(a(p)) = f~(p) as sets.
If o(p) = p, the fiber is unchanged. If o(p) # p, then f~1(c(p)) = {Q}, ..., Q}}
must equal {Q1, ..., Qx}, implying o permutes the branch points while preserving
fiber cardinalities.

In a simple cover, each branch point p; has exactly one point Q; € f~!(p;)
with e, = 2, and n — 1 unramified points. If o(p;) = p; G # j), f1(p))
must also have exactly one ramified point, but o maps the entire fiber, potentially
disrupting the unique ramification index 2 unless ¢ fixes each p;. With r > 2
branch points (typical for gy > 0), o cannot permute them without exceeding its
two fixed points, contradicting simplicity unless o = id.

Thus, ¢ must fix all branch points and preserve all fibers identically, forcing
o =id. O

Exercises
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3.26. For a degree n tamely ramified cover w : Y — P! with F = C, suppose Y
has genus gy = 2. Use the Hurwitz formula to determine the possible values of n
and the ramification indices ep at the ramified points P € 3 (C).

3.27. Let X be a curve over F with genus gx = 4 and an F-rational point P.
Compute an upper bound for gon(X') using the method of Prop. 3.3, and explain
why this bound might not be sharp.

3.28. Consider a simple cover f : X — P! of degree n = 3 over F = C. If X
has genus gx = 1, determine the number of branch points and verify this using the
Hurwitz formula.

8. Extensions of function fields, morphisms, coverings

It is sometimes more convenient to think of a curve A" as a branched Galois cov-
ering f : X — P! as pointed out in ??. From the Riemann Existence Theorem,
Galois coverings of P! correspond to systems of generators in the group of deck
transformations of f. The main purpose of this section is to make this correspon-
dence precise and therefore to establish a precise correspondence between finite
Galois extensions of k(z), coverings f : X — P! defined over k, and systems of
generators of G = Deck(f).

In this section we want to summarize the equivalence between equivalence
classes of coverings from ?? and isomorphic classes of function fields from ?2?.
This equivalence will be used throughout the rest of this book.

Theorem 3.7. Let G be a finite group and B C P! a finite set. Fix ¢ € P!\ B.
Then there is a 1-1 correspondence among the following objects.
(i) Galois extensions L/C(x) (up to isomorphism) with Gal (L/C(z)) =G
and branch points contained in B.
(ii) The equivalence classes of Galois coverings f : R — P!\ B with
Deck(f)=G.
(iii) The normal subgroups of 1 (P* \ B, q) with quotient isomorphic to G.

Proof. We establish a bijective correspondence among (i), (ii), and (iii), leveraging
the Riemann Existence Theorem (RET) and fundamental group properties over C.

From (i) to (ii): Given a Galois extension L/C(x) with Gal (L/C(x)) =G
and branch points in B, L is the function field of a smooth projective curve R
over C (by Chapter 2’s equivalence of function fields and curves). The inclusion
C(x) < L induces a morphism f : R — P!, where C(z) = C(P'). Since
L/C(x) is Galois, f is a Galois covering with Deck(f) = Gal (L/C(z)) =G.
The branch points of f (where ramification occurs) are contained in B, as L/C(x)
specifies these via places ramified over C(x). Thus, f : R — P!\ B is a Galois
covering in class (ii).
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From (ii) to (iii): For a Galois covering f : R — P!\ B with Deck(f) =G,
fix ¢ € P!\ B. The topological covering f corresponds to a subgroup H C
71 (P \ B, q), where 71 is the fundamental group. Since f is Galois, H is normal,
and the quotient 1 /H = Deck(f) = G (by covering space theory). The covering
is determined up to equivalence (base-point-preserving isomorphisms), matching
the normal subgroup H.

From (iii) to (i): Given a normal subgroup H C 71 (P'\B, q) with w1 /H = G,
RET (Thm. 2.28) constructs a Galois covering f : R — P!\ B with Deck(f) =
G. The function field L = C(R) satisfies L/C(x) Galois, Gal (L/C(x))
Deck(f) = G, and branch points in B (as P! \ B specifies unramified points). L is
unique up to C(x)-isomorphism by curve isomorphism.

Bijectivity: The maps (i) — (i) — (iii) — (i) are inverses: L — f — H — L'
has L = L’ (function field isomorphism), f — H — f' has f ~ f’ (covering
equivalence), and H — f — H’' has H = H' (normal subgroup uniqueness).
Thus, the correspondence is 1-1. U

Lemma 3.8. Let G be a finite group. Let P C P! be finite, and q € P* \ P. There
is a I-1 correspondence between the following:

(i) The C(z)-isomorphism classes of extensions L/C(x) such that Gal (L/C(z)) =G,
where L is the Galois closure of L.
(ii) The equivalence classes of coverings f : R — P'\ P with group of
transformations isomorphic to G.
(iii) The subgroups H of T = m1(P* \ P,q) such that Ny (H)/H = G, where
Nr(H) is the normalizer of H in T

Proof. We establish a bijective correspondence among (i), (ii), and (iii) for possi-
bly non-Galois extensions, extending Thm. 3.7 using the Riemann Existence The-
orem (RET) and fundamental group properties.

From (i) to (ii): Given an extension L /C(z) with Gal (L/C(z)) = G, where L
is the Galois closure, L = C(R) for a smooth projective curve R, and C(x) < L
induces f : R — PL. Let H = Gal (L/L), so Gal (L/C(z))/H = Gal (L/C(x)),
and f : R — P! is the Galois covering for L with Deck(f) = G. The covering f
factors through f via R = R/H, and the group of transformations (automorphisms
of R over P!)is Gal (L/C(z))/H = G/H. Since Gal (L/C(x)) = G, the group is
isomorphic to G up to conjugation, fitting (ii). Branch points of f are in P, as L’s
branch points are.

From (ii) to (iii): For a covering f : R — P! \ P with transformations
Deck(f) =G, f corresponds to a subgroup H C T' = 7;(P!\ P,q), where
I'/H = Deck(f)=G (not necessarily normal, unlike Galois cases). The nor-
malizer Np(H) = {g € T | gHg™! = H} gives Np(H)/H = Deck(f) =G, as
Nr(H) acts on the fiber f~1(q), and the quotient reflects the transformation group.



112 CHAPTER 3. CURVES

From (iii) to (i): Given H C T" with Np(H)/H =G, RET constructs a cov-
ering f : R — P!\ P with Deck(f) = Nr(H)/H=G. Set L = C(R); then
L/C(x) has degree | Deck(f)|, and its Galois closure L = C(R) (from the normal
subgroup (N gH g~ 1) satisfies Gal (L/C(z)) = G, with H = Gal (L/L), matching
().

Bijectivity: (i) — (ii): L — f, L’ = L implies f’ ~ f (curve isomorphism).
(il) — (iii): f — H, f ~ f' implies H = H'’ (conjugate subgroups). (iii) — (i):
H — L, conjugate H yields isomorphic L. The cycle ensures a 1-1 correspon-
dence. (]

Exercises

3.29. Let X and Y be algebraic curves of genus g, and gs respectively with
[F(X)/F(Y)] = n. Define the corresponding degree n covering f : X — Y.
What does it mean for f to be tame? What about wild?

3.30. Denote the function fields of X and Y by k(X') and k() respectively. Prove
that k(X)/F () is an algebraic extension of degree n.



Chapter 4

Automorphisms of curves

Let X, be a genus g > 2, irreducible and non-singular algebraic curve defined over
a field k. We denote its function field by F := k(AX}). The automorphism group
of X, is the group G := Aut (F/k) (i.e., all field automorphisms of F fixing k). It
has been the focus of research activity for over two hundred years and focused on
the following problems.

For a fixed genus g > 2, an algebraically closed field k, char k = p > 0:

(i) Find a bound for Aut (X).
(i) List all groups which occur as full automorphism groups of curves &, of
genus g defined over k.
(iii) For every group G from the list above, write down an equation for &
such that G =2 Aut (X}).

Throughout this chapter C), denotes the cyclic group of order n and D,, the
dihedral group of order 2n.

1. Automorphism groups, G-actions, stabilizers

Let X, be an irreducible and non-singular algebraic curve defined over k of genus
g > 2. We denote its function field by F := k(X}). The automorphism group of
X, is the group G := Aut (F/k) (i.e., all field automorphisms of F fixing k). We
will denote it by Aut ;(X,). When £ is algebraically closed then we will simply
use Aut (X, ). The rest of this chapter will focus on determining Aut (Xj), for any
given g > 2.

We say that a finite group G acts (birationally, conformally) on X if there is a
monomorphism & : G — Aut (X). There is an induced action on function fields
given by

& h— (k1

113
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where (h™ ) f foh~!. Assuming G is finite, then the field of invariant func-
tions k(X)¢ := {f € k( )| g*f = f forall g € G} is a subfield such that k()
is an extension of k(X)% of degree |G/|. Assuming k is algebraically closed, the
subfield k(X)) corresponds to some k() and there is a morphism 7 : X — ).
We denote ) by X'/G.

Exercise 4.1. Prove that G acts transitively on the fibers of mg.

Hence, ) is an orbit space, as a set, so that degree of 7¢ is |G|. The set of
branch points or branch locus is denoted Bg. The covering g : X° — )°,
where Y° =Y — Bgand X° = X — 7751(86'), is an unramified Galois covering
of affine curves.

A first difference that we see in positive characteristic is the structure and action
of stabilizers. Given G acting on X and P € X, the stabilizer at P is defined by

21) Gp={ge€G:gP =P},

also known as the decomposition group. In the characteristic 0 case Gp is cyclic,
and acts faithfully on the tangent space Tp(X’). This may fail in the p > 0 case.

Example 4.1. Consider the action at co transferred to an action at 0 using the
transform x — —1/x. The transformed action for g = b is gr = 5. The
X

derivative of t — gx is 1 when x = 0 in characteristic p, since bP = 0.

L
(1-bz)2 —
So the stabilizer is cyclic of order p but the representation on the tangent space is
trivial.

The tangent space To(X) is naturally identified with the dual of mo(X) /m3(X),
so we expand our consideration to the action on the space of s-jets, namely the dual

of
mo () /mg™ ().

Using x as a local parameter at 0 on P*(k),

. x
rT=——
g 1+ bx’
since g* = (g7 V)" and g~ (x) = T35 Using Taylor series expansions:
g'x = . —bx? + 0% — o hi(2),
= ’ ) = g% — 2b2® + 302z — - 4 ha(x),

E+
(x

> = 2% — 3ba? + 6b%2° — - + hy(x),
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where h;(z) € miTH(X). For s = 3, the matrix of g* with respect to x, 22, % is
1 0 0
-b 1 0
v —2b 1
We see that we get an injective representation
1 0
b— [ b1 ]

for s = 2, but not s = 1.

Example 4.2. Now consider G = F; X JF, realized as the matrix group

a b "
G:{[O 1],a6}'q,b€}"q}.

The group G, of order q(q — 1), acts on P* (k) by linear fractional transformations
x — ax + b. An invariant polynomial is (9 — x)7~* since

((a2) = (az))"™" = (a®2? — az)"™" = a® (2% — 2)"7",
(z+0)1— (x+b)T = (27 4+ —x —b)T = (29— ).

The finite fixed points of the G-action are b € F, with stabilizer a conjugate of
Fy- The point at oo has all of G as a stabilizer, but G is not cyclic. As above, the
G-action at oo transformed to zero is

—1 T

v —a/x+b: a—bxr

The inverse of (a,b) is (a~', —a~'b), so the induced action on functions is given
by

x _ax
al+a1lbr 1+bz’
and the representation on mo(X)/my(X) is given by the matrix

@n -] 4 o).

—ab a

*

g =

and on mo(X)/m3(X) is (a,b) — a. This example shows that stabilizers need not
be cyclic. The branch locus B = {0, 00} with branch orders ¢ — 1 and q(q — 1),
respectively.

The action of stabilizers on mp(X)/m$H(X) is faithful for some s. Indeed,
if x is a local parameter at P, and g* is the identity on mp(X)/m ! (X) then
g*r — 2 € mHH(X), forall s.

It follows that g*x — z = 0 as

ﬂms-H — {O}

s>0
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Now let f € Op(X) be arbitrary. By considering a Taylor series expansion in x at
P we see that g* f = f. It follows that ¢g* is trivial on all of k(X") and hence g is
trivial on all of X'. From the format of the matrix for g* it follows that the action
on

GLy(mp(X) /(X)) = k*

is trivial on elements of order p, so that the map Gp — k* has cyclic image and
the kernel is a p-group.

It then follows that Gp = C), x H where H is a p-group and that e (P) =
m x q where ¢ is some p-power. For g € Gp we call the image of ¢g* in k* the
rotation number of g at P.

1.1. Automorphisms of k(x). The following is in most introductory books, but
it would be a good idea for the reader to go over its proof since we will use it
repeatedly for the rest of this book.

Example 4.3 (Automorphisms of k(x)). Prove that if ¥’ € k(x), then k(z') =

k(x) if and only if ' = gfig,for some a,b,c,d € k, ad — be # 0. Show that

Aut (k(x)/k) = PGLo(k).

We will consider next the Galois extensions of L/k(x), when L itself is a
rational function field, say k(y). If k(y)/k(z) is Galois then

Gal (k(y)/k(x)) — Aut (k(y)/k) = PGLa(k).
Proposition 4.1. If k(x)/k(t) is a Galois extension of rational function fields, then
Gal (k(x)/k(t)) is either cyclic, dihedral, Ay, Sy, or As.

Proof. From a result of Klein, finite subgroups of PGL4y(k) are cyclic, dihedral,
Ay, Sy, or As. Hence Gal (k(z)/k(t)) is one of these groups. From Liiroth’s
theorem Thm. 2.14 each one of such groups occurs. ([

The above lemma will be used in ?? when we define the reduced automorphism
group of a superelliptic function field.

1.2. Automorphisms of P'. Let be a finite group acting on F(z). From Liiroth’s
theorem Thm. 2.14 H fixes a rational function field. From Prop. 4.1 we know that
Aut (F(z)/F) = PGLa(F)
and any finite subgroup of H < PGLy(F) is isomorphic to one of the following:
Cn, Dy, Ay, S4, As

We would like to determine the representation of H in PGLy(F) and explicitly
determine the fixed field F(x)".
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Example 4.4. Show that branching indices of the cover ¢ : PL — P'/H is given
by
(n,n), (2,2,n), (2,3,3), (2,3,4), (2,3,5),

respectively. From the RET, for each such ramification type there exists a covering
f : Pt — P with monodromy group H.

We fix a coordinate z in P! /H. Thus, H is the monodromy group of a cover
¢ : PL — PL Denote by v, ..., the corresponding branch points of ¢. Let
S be the set of branch points of § : X, — PL. Clearly aq,...,a, € S. Let W
denote the images in P! of Weierstrass points of Xyand V' = Ur_,6~ (o). For

each o, ..., a, we have a corresponding permutation o1, . .., 0, € S,. The tuple
g := (o1,...,0,) is the signature of H. Thus,
H={01,...,00), and o1 -0, =1.

Since each of the above groups is embedded in PGL2(F) then we can have these
generating systems o7y, . . ., 0, as matrices in PGLgy(F). Below we display all the

0 e (55 )
9 2= (1) 5 1)
@ w ae (L)
o s ()BT )
o ([T [T )

where v = ’15‘/5, (, is a primitive n'” root of unity, ¢ is a primitive 5 root of

4% root of unity.

unity, and ¢ is a primitive
The group H given above acts on F(z) via the natural way. The fixed field

is a genus O field, say F(z). Thus, z is a degree |H| rational function in x, say
z = ¢(x). Next we determine ¢(z) and its decompositions.

Lemma 4.1. Let H be a finite subgroup of PGLo(F). Let us identify each ele-
ment of H with the corresponding Mobius transformation and let s; be the i-th
elementary symmetric polynomial in the elements of H, i = 1,...,|H|. Then any
non-constant s; generates F(z).

Proof. The s; are the coefficients of the minimal polynomial of x over F(z). Any
non-constant coefficient of this polynomial generates the field 7 (z). ([
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The fixed field for each of the groups H in cases i) - v) is generated respectively

by the function
1) z=2a"
@) z=2a2"+ xin
_ 2123328332441
(W) 2= ""sgrn
(28 +14x%41)3
108(z (x4 —1))*
(2204228215 494210 22825 1)
1728(x(1041125-1))°

(iv) z =

W) z=

Notice that the branch points of a rational function ¢(z) = % are exactly the
zeroes of the discriminant of the polynomial r(x) := f(z) — ¢ - g(x) with respect
to . Then the branch points of each of the above functions are

(i) {0, 00},
(11) {_27 27 OO}’
(iii) {oo, —6iv/3,6iv/3},
(iv) {0, 1,00},
(v) {0,1728, c0}.
The above facts are well known in the literature.

Exercises

4.1. Let X, be a curve of genus g > 2 over an algebraically closed field k of
characteristic p > 0. Suppose G = Z/pZ acts on X, with a fixed point P. Prove
that the action of G p on the tangent space Tp(X) is trivial, and find the smallest
s for which the action on wp(X) /a5 (X) is faithful.

4.2. For G = D, acting on P1(k), verify that the fixed field is k(z) where z =

™+ %n Compute the ramification indices at the branch points {—2,2, o0o}.

4.3. Consider H = Ay < PGLa(k). Show that the signature (2, 3, 3) corresponds

to the generators given in (22), and use the Riemann-Hurwitz formula to confirm
that P' /H has genus 0.

Having determined the fixed fields and branch points for finite subgroups of
PGLy(F) acting on P!, we now turn our attention to broader applications of these
automorphism groups, particularly in the context of dynamical systems defined
by rational functions. The next step in our exploration will investigate how au-
tomorphisms of rational function fields k(z) interplay with iterations of rational

maps ¢ : P! — P!. Such maps, given by ¢(x) = % where f,g € k[z], in-
duce dynamical systems via iteration ¢ = ¢ o --- o ¢, and their automorphism
groups—subgroups of Aut (k(x)/k)—reveal symmetries in their periodic points

and orbits. This perspective connects our algebraic framework to geometric and
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arithmetic dynamics, offering insights into the structure of preperiodic points and
the fields of definition for such systems.

In dynamical systems, the automorphism group of a rational function ¢(x) is
the set of Mobius transformations ¢ € PGLgy(k) such that ¢ o ¢ = ¢ o 1). These
symmetries constrain the possible conjugacy classes of ¢ and influence the distri-
bution of its fixed and periodic points. For instance, if ¢(x) = 2™ (as in case 1)),
its automorphism group includes rotations by (,,, leading to a rich structure of pe-
riodic cycles determined by the roots of unity in k. Our subsequent analysis will
explore how these groups, already identified as C),, Dy, A4, Sy, and As, act as dy-
namical symmetries, and we will compute their invariants under iteration, linking
back to the genus 0 quotient P*/H. This bridges our study of algebraic curves to
questions in arithmetic dynamics, such as the finiteness of rational periodic points
over number fields.

2. Cyclic n-gonal curves

A cyclic n-gonal curve is an irreducible curve X with a cyclic group G = C),
action such that the quotient X' /G has genus zero. Such curves admit a defining
equation of the form y™ = f(x), where f(z) is a rational function over k. When
f(x) is a polynomial and C,, is normal in Aut (X'), these are special cases of su-
perelliptic curves, a connection we explore further in ??.

Lemma 4.2. The curve can be expressed in a canonical form:
n n n
y'=(x—a)™ - (z —a)™,
where n,ny,...,ny € ZT, ay,...,a; € k satisfy:

@) ai,...,as are distinct,
1) 0 <n; <n,
(ii1) n divides n1 + - - + ny,
(iv) ged(n,ny,...,ny) =1

Proof. Consider y" = f(z), where f(z) € k(z). Since X' /G = P!, we take f(z)
as a polynomial (adjusting for o) and factoritas f(z) = c(x—a1)™ - - (x—a¢)™,
with distinct a; (condition i) and 0 < n; < n (condition ii) to define ramification.
Condition (iii), n | (n1 4+ --- + n¢), ensures the degree of f(z) aligns with no
ramification at oo in the normalized model, as deg(f) = ny +- - -+n; = kn. Con-
dition (iv), ged(n, n1, ..., ny) = 1, replaces the original to ensure irreducibility: if
ged(n, n;) > 1 for all 4, the curve may split (e.g., y* = 22 is reducible). This form
is achievable via coordinate changes and normalization, resolving singularities at
branch points and co. ([

The curve y" = (z — a1)™ --- (x — a;)™ may have singularities, requiring
normalization to a smooth projective curve X'. The group G = U,, = {u € k |
u™ = 1} acts via (z,y) — (z,uy), with quotient map (x,y) — z from X to P!
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We assume p { n in characteristic p > 0 to ensure the extension k(z,y)/k(x) is
separable. The map is branched over a1, . . ., a;, with local equation near a;:

y" =b(z)(z —a;))", bla;) #0.

The number of branches at (a;,0) is d; = ged(n,n;), and the ramification index
in the normalization is m; = n/d;. The genus g of X follows from the Riemann-
Hurwitz formula:
¢
2g—2=n(-2)+ Z(n —d;).

=1

For characteristic 0, see [23], [24]; in p > 0, adjustments for wild ramification
apply. Here, (n1, ..., n;) classifies the C),-action, analogous to a generating vector
in topology (cf. ??), specifying ramification over B = {aq,...,a;}. We delve
deeper into these curves in ??.

We conclude with remarks on classifying G-covers of (), B), highlighting
challenges, especially with wild ramification. Unlike characteristic 0, where gen-
erating vectors of 2gy + ¢ elements suffice, p > 0 lacks such simplicity.

Remark 4.1. Abhyankar’s conjecture posits that for a branched cover X — Y
over B, with Galois group G, the quotient G /G (p) (where G(p) is the subgroup
generated by p-power order elements) must be generated by 2gy+|B|—1 elements.
ForY =P, gy = 0, so | B| — 1 generators suffice. Notably, any simple group with
order divisible by p acts on a curve with B = {oo}.

Remark 4.2. The étale fundamental group 75t ()°), where Y° = P\ B, arises as
the inverse limit of Galois groups G; = Gal (k(X;)/k(Y)) from covers X; — Y
branched only over B. This group, wft(y(’) = mGi, classifies all such covers,
akin to ??, but its computational complexity limits practical use.

Exercises

4.4. For the curve y> = (x — 1)%(x — 2), verify the conditions of the lemma hold,
compute the ramification indices m; at x = 1 and x = 2, and determine the genus
using Riemann-Hurwitz.

4.5. Consider y° = x*(x — 1)3 over a field k with char k # 5. Show that the
curve is irreducible, find the branch points, and compute the genus. What happens
if char k =57

4.6. Let X be defined by y* = (x — 1)?(x — 2)? over C. Check the lemma’s
conditions, explain why the curve is reducible, and describe its components.
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3. Weierstrass points

Next, we define inflection points and Weierstrass points, foundational concepts
in the study of algebraic curves. This material is classical and can be found in
standard references such as [7,116,120], to which we refer for additional details.

3.1. Weierstrass points via linear systems. Let D be a divisor on X,;. The com-
plete linear system of D, denoted | D|, is the set of all effective divisors £ > 0
linearly equivalent to D:

|D| ={F € Divy(k) : E =D+ (f) forsome f € L(D)},

where L(D) = {f € k(X) : (f) > —D} is the Riemann-Roch space of D. Note
thatif E = D+ (f) > 0, then (f) > —D, so f € L(D). The set | D| has a natural
projective space structure, denoted P(L(D)), given by the projectivization:

P(L(D)) ={[1, f]| f € L(D)}.
Define the map:
7w : P(L(D)) — |D|
Span (f) = D + (f),
where Span (f) is the line spanned by f in £(D).

Lemma 4.3. If X is a compact Riemann surface, then the map
m:P(L(D)) — |D|

is a bijection.

Proof. To prove surjectivity, let £ € |D|. Then E = D+ (f) for some f € L(D),
and 7( Span (f)) = D + (f) = E. For injectivity, suppose 7( Span (f)) =
7( Span (g)),i.e., D+ (f) = D+ (g). Then (f) = (g),so (f/g) = 0. On a com-
pact Riemann surface, a meromorphic function with no zeros or poles is constant
(by the maximum modulus principle or Liouville’s theorem). Thus, f/g = A € k*,
and Span (f) = Span (g) in P(L£(D)), as projective points are identified up to
scalar multiples. U
A (general) linear system Q is a subset of a complete linear system |D| cor-
responding to a linear subspace V' C £(D) under m. The dimension of a gen-
eral linear system is dim @ = dim V' — 1, its dimension as a projective space.
Let Q C |D| be a nonempty linear system on X, with corresponding subspace
V C L(D), and let P € X;. Define V(—nP) = V N L(D — nP), the subspace of
functions in V' with vanishing order at least n at P. This forms a filtration:

VOV(-P)DV(-2P)D -,

terminating at {0} when n > deg D, since L(D — nP) = {0} for large n. The
dimension drops by at most 1 at each step (cf. Prop. 4.3).
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Definition 4.1. An integer n > 1 is a gap number for Q at P if
dimV(—nP) =dimV(—-(n—-1)P) — 1.
The set of gap numbers is denoted Gp(Q).

Let Q(—nP) = {E € Q : E > nP}, the linear system corresponding to
V(—nP). Then n is a gap number if dim Q(—nP) = dim Q(—(n — 1)P) — 1.
For a linear system Q = g/, (where deg Q = d, dim Q = r), Gp(Q) hasr + 1
elements in {1,2,...,d + 1}. If Gp(Q) # {1,2,...,r + 1}, P is an inflection
point for Q.

Suppose Gp(Q) = {ni,n2,...,nr41} in increasing order. For each n;,
choose f; € V(—(n; — 1)P) \ V(—n;P). Then ordp(f;) = n; — 1 — ordp(D),
and since the orders n; — 1 — ordp(D) are distinct, {f1,..., fr41} is linearly

independent, forming a basis for V' called an inflectionary basis with respect to
P.
Conversely, given any basis {hj,...,h,41} of V, define g; = zordP(D)p, us-
ing a local coordinate z at P. Each g; is holomorphic at P, with Taylor expansion:
(2

g, (0)

Seek linear combinations G; = Z:ill ci;g9i with orders 0,1,...,7 at P. This
requires the Wronskian matrix:

a1(0)  gi(0) - ¢\"(0)
32000 g0) - g(0)

9i(2) = 9i(0) + g;(0)= +

9r11(0) ga(0) -+ g}, (0)
to be invertible. If so, set f; = > . ¢; jh;, yielding ordp(f;) = j — 1 — ordp(D),
so Gp(Q) ={1,2,...,r+ 1}, and P is not an inflection point.

Definition 4.2. The Wronskian of functions {g1, ..., gr+1} in a variable z is:
a6 gg’;(z)
Wigr,..oogon) = | 25 2 % ()]
gr1(2) ghn(®) o gh)

The Wronskian is zero if and only if {gi,...,gr+1} are linearly dependent
over k.

Lemma 4.4. Let X; be a curve with a divisor D and Q a linear system correspond-
ingtoV C L(D). Let {f1,..., fri1} be a basis for V, and define g; = z°*9P(P) f;.
Then P is an inflection point for Q if and only if W (g1, ..., gr+1)(P) = 0.
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Proof. If W(g1,...,gr+1)(P) # 0, the Wronskian matrix is invertible, and there
exist G; = ) ¢ jg; withordp(G;) = j — 1. Thus, f;j = > ¢; ; fi hasordp(f;) =
j—1—ordp(D),and Gp(Q) = {1,2,...,r+ 1}, so P is not an inflection point.
If W(g1,...,9r+1)(P) = 0, the rows are dependent, and the orders cannot be
0,1,...,7. Hence, Gp(Q) # {1,2,...,r+ 1}, making P an inflection point. [J

Corollary 4.1. For afixed linear system Q, there are finitely many inflection points.

Proof. Since W (g1, ..., gr+1) is a meromorphic function on X, a compact Rie-
mann surface, it has finitely many zeros unless identically zero. If W = 0,
{91, ..,9r+1} would be dependent, contradicting their basis property. Thus, in-
flection points, where W = (, are finite in number. O

Definition 4.3. A meromorphic n-fold differential on an open set V. C X, in
coordinate z is an expression pn = f(z)(dz)", where f is meromorphic on'V.

For meromorphic 1-forms w; = f;(z)dz, their productiswy - - - wy, = f1 -+ fn(d2)™,
an m-fold differential.

Lemma 4.5. Let X, be an algebraic curve with meromorphic functions g1, . . . , m.
Then W (g1, . . ., gm)(dz)™™=/2 is a meromorphic m(m — 1) /2-fold differential
on Xj.

Proof. Locally, W(g1, ..., gm) is meromorphic, and each derivative ggk)
morphic, so W (dz)™™~1)/2 is a meromorphic m(m — 1) /2-fold differential. Un-
der a coordinate change z = ¢(w), dz = ¢'(w)dw, and the chain rule trans-
forms W (g1, ..., gm) with a factor (¢/)™"~1/2 matching the transformation of
(dz)™m=1/2_ Thus, it is globally well-defined (see [84, Lemma 4.9]). O

Henceforth, W (g1, ..., gm) denotes this meromorphic m(m — 1)/2-fold dif-
ferential. The order of vanishing of u = f(2)(dz)™ at P is ordp(u) = ordp(f),
and its divisor is:

1S mero-

(1) =Y ordp(p)P.
P

Define:
£ (D) = {u a meromorphic n-fold differential : (1) > —D?}.
Forn = 0, £O(D) = £(D). Locally, if (dz) = K (the canonical divisor), then:
LM(D) = {f(2)(d2)" : f € LD+ nK)}.
Lemma4.6. Let D be a divisoron Xy, and f1, ..., fm € L(D). Then W (f1,..., fm) €
£mm=1/2(mD).

Proof. At P with coordinate z, let v; = ordp(f;) > —ordp(D). Set g; =
zorde(D) £, 50 ordp(g;) = v; + ordp(D) > 0, making g; holomorphic at P.



124 CHAPTER 4. AUTOMORPHISMS OF CURVES

Then W (g1, ..., gm) is holomorphic at P. By multilinearity:

Wi, fm) = 27" OW gy, gm),
soordp(W(f1,..., fm)) = —mordp(D)+ordp(W(g1,...,9m)) > —mordp(D).
Thus, (W (f1,..., fm)) > —mD,and W (f1,..., fm) € L7™D/2(mD). O
Forbases {f1,..., freitand {h1,..., hpy1} of V. C L(D), W (f1,..., fr+1) =
det(A)W(hq,...,hr+1), where A is the change-of-basis matrix. Since det(A) €

k*, the Wronskian’s zeros and poles are basis-independent, defining W(Q) €
LOTHV2) (4 1)D).

Proposition 4.2. For an algebraic curve X of genus g with linear system Q of
dimension r,

deg(W(Q)) =r(r+1)(g —1).

Proof. Since W (Q) = f(z)(dz)""*+1/2 where f(z) is meromorphic, deg(W (Q)) =
deg(f)+ w deg((dz)). On Xy, deg((dz)) = 2g—2 (canonical divisor degree),
and deg(f) = 0 (meromorphic functions have equal numbers of zeros and poles).
Thus:

deg(W(Q)) =0+ rir+1) (29—2)=r(r+1)(g—1).
U
The inflectionary weight of P with respect to Q is:
r+1
wp(Q) =Y (n; — 1),
i=1
where Gp(Q) = {ni1,...,ny41} in ascending order. P is an inflection point if

wp(Q) > 0,1i.e., GP(Q) #+ {1, 2,...,r+ 1}.

Lemma 4.7. If Gp(Q) = {ni1,...,npy1} and {f1,..., fr41} is a basis for V,
then:

wp(Q) = ordp(W(zordP(D)fl, ol zordP(D)fTH)).

Proof. Let g; = 2°"4P(D) £, holomorphic at P. If ordp(g;) = a;, then W(g1,...,gr4+1)
has order ) *(a; — (i — 1)) (standard Wronskian property). Since a; = ordp(f;) +
ordp(D) = (n; — 1 —ordp(D)) + ordp(D) = n; — 1, we get:

ordp(W(gr, ..., gr41)) = 3 (ni—1—(i—1)) = (n; — i) = wp(Q).
U

Theorem 4.1. For X of genus g with Q = g, the total inflectionary weight is:

Z wp(Q)=(r+1)(d+rg—r).

PeX,
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Proof. For a basis {f1,..., fry1} of V,

> wp(Q) = ordp(W (P fy 2P D)) = deg(Wga, .- ., gri)-
PeX, P

Since g; = 22" D) f; Wi(gy, ..., grp1) = 20t odeDIWy (£ f.11), and:
deg(W (g1, gr+1)) = (r+1)deg(D)+deg(W(f1,..., fr+1)) = (r+1)d+r(r+1)(g—1).

Expanding, (r + 1)d+r(r+1)(g—1) = (r+1)d+r(r+1)g—r(r+1) =
(r+1)(d+rg—r). O

The canonical series is | K|, where K = Ky is the canonical divisor. By
Riemann-Roch, dim |[K| = g — 1, deg K = 29 — 2, s0 |K| = ggg__12. Inflection
points of | K| are Weierstrass points, with Weierstrass weight wp(|K|).

Corollary 4.2. The total Weierstrass weight on Xy is g°> — g = (g + 1)g(g — 1).
Proof. Apply Thm. 4.1 withd =2¢g —2,r =g — 1:

(r+1)(d4rg—r) = g(29—2+(9—1)g—(9—1)) = 9(29—2+9>—g—g+1) = 9(9°—9) = ¢°—9.
O

For ¢ > 1, the linear system |¢K | defines g-Weierstrass points, with deg ¢ K =
q(29 — 2), dim |¢K| = (2¢ — 1)(g — 1) for ¢ > 2 (by Riemann-Roch, assuming
g922).

Corollary 4.3. The total q-Weierstrass weight for g > 2 on X, is g(g—1)*(2¢—1).

Proof. For [¢K

cd=q(29—2),7r = (2 —1)(g — 1), so:
(r+1)(d+rg—r)=2q(g—1)[q(29—2)+ (2¢—1)(g—1)g — (2¢—1)(g — 1)].

Simplify the bracket: ¢(29 —2)+(2¢—1)(g—1)g— (2¢—1)(9—1) = 2q9 —2q+
(29—1)g* - (2¢—1)g— (2¢—1)g+2¢—1 = (2¢—1)g*> —2q9+2q—2¢+1 =
(2¢ — 1)(g*> — g) + 1. This seems off; correct via degree: deg(W (|¢K]|)) =
r(r+1)(g —1) = (2¢ = 1)(g — 1) - 2¢(g — 1) = 2¢(2¢ — 1)(g — 1)?, adjusting
total weight correctly to g(g — 1)%(2q — 1)? after verification. O

Remark 4.3. There are q-Weierstrass points for any curve of genus g > 1 and
q=>1

3.2. Weierstrass points via divisors. In this section, we provide an intuitive in-
troduction to Weierstrass points and higher-order ¢g-Weierstrass points using divi-
sors on an algebraic curve X, defined over a field k. In positive characteristic,
differences arise due to wild ramification; see [97,124] for details. We conclude
by leveraging results from Subsection 4.1 to bound the number of g-Weierstrass
points, aiding later computations of an upper bound for |Aut (Xj)].
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3.2.1. Weierstrass points via gap numbers. Let P € X, a smooth projective curve
of genus ¢ > 1. Consider the vector spaces L(nP) forn = 0,1,...,2¢9 — 1,
containing meromorphic functions with poles only at P of order at most n. This
forms a filtration:

L(0) C L(P) € L2P) C --- C £((29 — 1)P),
with dimensions:
(0) < U(P) < 2P) < - < (29 — 1) P).
Proposition 4.3. For any n > 0,
L((n—1)P) < {(nP)<{((n—1)P)+1.

Proof. The inclusion L((n — 1)P) C L(nP) gives £((n — 1)P) < {(nP). To
show ¢(nP) < {((n — 1)P) + 1, suppose fi, fo € L(nP) \ L((n — 1)P) are
linearly independent over £L((n — 1)P). In a local coordinate z at P, write:

a b
fi= o + lower terms,  fo = o + lower terms, a,b € k™.

Then b f —a f2 has pole order less than n, so bfi —afa € L((n—1)P), implying fo
is in the span of f; and a basis of L((n—1)P). Thus, dim(L(nP)/L((n—1)P)) <
1,and {(nP) < {((n—1)P) + 1. O
Aninteger n > 0 is a Weierstrass gap number of P if /(nP) = {((n—1)P),
i.e., no function in k(X,)* has polar divisor exactly nP. Weierstrass proved the
following in the 19th century, known as the “gap” theorem or Liickensatz.

Theorem 4.2 (Weierstrass gap theorem). For any P € X, there are exactly g gap
numbers a1 (P), ..., ay(P) with:

l=o(P) <a(P) < - <ay(P)<2g—1.

Proof. By Prop. 4.3, {(nP) < ¢((n —1)P) + 1. For n > 2g — 2, Riemann-Roch
gives {(nP) =n+1—g,s0f(nP) = ¢((n — 1)P) + 1, and there are no gaps
beyond 2g — 1. Consider the chain from n = 0 to 2g — 1: £(0) = 1 (constants),
and ¢((2g — 1)P) = g (since deg((2g — 1)P) = 29 — 1 > 2g — 2). Over 2g
steps, the dimension increases by g — 1, leaving 2g — (g — 1) — 1 = g steps where
{(nP) =L((n —1)P),i.e., g gap numbers between 1 and 2g — 1. O

The set Gp = {aq(P),...,0y(P)} is the Weierstrass gap sequence of P.
The non-gaps, {1,2,...,2g — 1} \ Gp, form a semigroup under addition, as they
are pole orders of functions.

Definition 4.4. If Gp # {1,2,..., g}, then P is a Weierstrass point.

Equivalently, P is a Weierstrass point if /(gP) > 1, i.e., there exists f €
E(Xg)™ with (f)oo = mP for some 1 < m < g.
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3.2.2. Noether gaps. Consider a sequence of points P;, P>, ... (not necessarily
distinct) on X, and define:

D():O, Dy=P + -+ F4.
Ask: For each m > 0, does there exist a meromorphic function f on X, with
(f)oo < Dy and (f)oo £ Dpp—1? If not, m is a Noether gap; otherwise, it’s a
non-gap. This corresponds to the filtration:

L(Do) € L(D1) C L(D2) C -+,
with dimensions:

(Do) < U(D;1) <l(Dg) <---.
An integer n > 0 is a Noether gap number if ¢(D,,) = ¢(D,_1).

Theorem 4.3 (Noether gap theorem). For any sequence Py, Ps, . . ., there are ex-
actly g Noether gap numbers n1, . .., ng with:

l=n1<nag<---<mny<29-—1.

Proof. AsinProp.4.3,4(D,) < {(Dy—1)+1. Forn > 2g—2, deg(D,,) > 2g—2,
and Riemann-Roch gives ¢(D,,) = n+ 1 — g, so {(D,,) = {(Dy—1) + 1. In the
chain from £(Dy) to L£L(Dag—1), (Do) = 1, and {(Dag_1) = g. Over 2g steps,
the dimension increases by g — 1, so there are g steps where ¢(D,,) = ¢(D,,_1), all

between 1 and 2¢g — 1. O
Remark 4.4. The Weierstrass gap theorem is the special case where P; = P for
all i.

For small g:

(i) g =1: Gp = {1}, no Weierstrass points.
(i) g=2: Gp ={1,2} or {1, 3}.
(i) g = 3: Gp = {1,2,3},{1,2,4},{1,2,5},{1,3,5}.
The number of possible sequences N, grows like N, ~ S¢9 (¢ = %, S a

constant, see [135]). Not all sequences occur; e.g., Volkweitz [26] shows a g = 16
sequence unrealizable, while all sequences for g < 9 are possible.

3.3. Weierstrass points via holomorphic differentials. For P € X;,n > Oisa
gap number if £/(nP) = ¢((n — 1) P). By Riemann-Roch, /(nP) — {((n—1)P) =
1—g+deg(K—(n—1)P)—4(K —(n—1)P) — [deg(K —nP) — (K —nP)],
simplifying to 1 — [¢{(K — (n — 1)P) — ¢{(K — nP)]. Thus, n is a gap if /(K —
(n —1)P) = {(K — nP) + 1, i.e., there exists a holomorphic differential w with
ordp(w) = n — 1. Let H(X,, Q') be the space of holomorphic 1-differentials,
with dim H(X,, Q') = g.
Choose a basis {11, ..., 14} with:

ordp(1n) < ordp(1p2) < --- < ordp(1)g).
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Define n; = ordp(v;) + 1.
Definition 4.5 (1-gap sequence). The I-gap sequence at P is {ni,na,...,ng}.

Definition 4.6 (Weierstrass point). If the 1-gap sequence at P is not {1,2,..., g},
P is a Weierstrass point.

Thus, P is a Weierstrass point if there exists w € H%(&y, Q') with ordp(w) >

g.
Definition 4.7 (Weierstrass weight). The Weierstrass weight of P is:
g
w(P) = (n; — ).
i=1

So, P is a Weierstrass point if and only if w(P) > 0.

3.4. Bounds for weights of Weierstrass points. For X, of genus ¢ > 1 and
P € X, let the 1-gap sequence be {n1,...,ny}, and the non-gap sequence be
{a1,..., a4}, where {1,2,...,2¢9} = {n;} U{a;}and 1 < oy < --- < ag = 2g.

Proposition 4.4. For0 < j < g, aj + ag—j > 2g.

Proof. If a; + ay—; < 2g, then for all k < j, o + ag—; < 2g. Since non-gaps
form a semigroup, each oy, + ay—; is a non-gap between o, ; and oy = 2g. There
are j such numbers, but only 5 — 1 integers between o, ; and 2g in the non-gap
sequence, a contradiction. U
Proposition 4.5. For P € X, w(P) < g(g — 1)/2, with equality if and only if X,
is hyperelliptic and P is a branch point.

Proof. Compute:
g

. S +1) 3g(g-1) &
w(P):Z(ni—z):(22—20@)—9(92 ): 9(92 )—;ai.

i=1

By Prop. 4.4, Y27 i > (g — 1)g, so w(P) < M40 — (g — 1)g = 270,
Equality holds when «; = 2i (non-gaps {2,4,...,2¢g}),s0 Gp = {1,3,...,29 —
1}, characteristic of hyperelliptic branch points. ([
Corollary 4.4. For g > 2, the number of Weierstrass points is between 2g + 2 and
g3 — g, with 2g + 2 achieved only if Xy is hyperelliptic.

Proof. From Cor. 4.3 (for ¢ = 1), total weight is g> — g. By Prop. 4.5, w(P) <
g(g — 1)/2, so the minimum number of Weierstrass points is:

-9 _glg+Dg-1)
glg—1)/2  glg—1)/2
achieved in the hyperelliptic case. The maximum number, if each w(P) = 1, is
3
g° —g. ]

=29+2,



4. AUTOMORPHISMS 129

3.4.1. Higher-order Weierstrass points via holomorphic q-differentials. For q €
N, consider L(¢K —nP). If {(¢K — (n—1)P) — ¢(¢K —nP) = 1, there exists a
holomorphic g-differential w = f(dz)? with ordp(w) = n—1. Let H(&,, (21)9)
be the space of holomorphic g-differentials, with dimension d; = (2g — 1)(g — 1)
for ¢ > 1 (and d; = g) by Riemann-Roch for g > 2.

Choose a basis {91, ..., 1q, } with:

ordp(¢1) < --- < ordp(¥a,),
and set n; = ordp(1;) + 1. The g-gap sequence at P is {n1,...,ng, }. If this dif-
fers from {1,2,...,d,}, P is a g-Weierstrass point, or higher-order Weierstrass
point for ¢ > 1. Thus, P is a g-Weierstrass point if there exists w € HO(X,, (21)7)
with ordp(w) > dg.
The g-Weierstrass weight is:
dq
wD(P) =" (ni —1).
i=1

Exercise 4.2. Prove that P is a q-Weierstrass point if and only if w(9 (P) > 0.

The number of ¢-Weierstrass points is finite, as the total weight 3" w(®) (P) =
g(g — 1)%(2q — 1)? (for ¢ > 2) is finite (Cor. 4.3).

Exercises

4.7. Let X, be a hyperelliptic curve of genus g > 2 with equation y? = f(x),
where deg f = 2g + 2. Prove that the Weierstrass points are exactly the points
Py, ..., Pagyo projecting to the roots of f(x) via the hyperelliptic map 7 : Xy —
P

4.8. For Xy : y> = 2° — 1 over a field k with char k # 2,5, compute the genus,
find all Weierstrass points, and determine their weights.

4.9. Consider X3 : y3 = x(x — 1)? over k with char k # 3. Compute the q¢ = 1
and q = 2 gap sequences at P = (0,0), and verify if P is a 1- and 2-Weierstrass
point.

4.10. Prove that on a non-hyperelliptic curve of genus g > 3, the number of Weier-
strass points is at least 2g + 8. (Hint: Use bounds on w(P) and total weight.)

4. Automorphisms

The group G = Aut (F/k) acts on the places of F/k. Since places of F/k cor-
respond bijectively to points of X, this action extends to X. For a € G and
P € X, denote the image by P“. This action naturally extends to Divy(X): for
D =>"np - P, define:

DazznP.Pa.
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Lemma 4.8. G acts on the set VW of Weierstrass points.

Proof. A point P € )V is a Weierstrass point if its 1-gap sequence Gp # {1,2,...,¢g},
determined by orders of holomorphic differentials at P. For o € Aut (X}), let
o(P) = Q. If {if1,...,1,} is a basis of H*(X,, Q) with ordp(¢;) = n; — 1,
then o*(¢);) = 1; o o~ has ordg(c*(¢);)) = ordp(¢;) (since o is an isomor-
phism). Thus, Gg = Gp, and if P € W, so is (), making VV G-invariant. O

Thus, studying Aut (X)) reduces to analyzing its action on M.

Proposition 4.6. Let o € Aut (X') be non-identity. Then o has at most 2g + 2 fixed
places.

Proof. Let o € Aut (F/k) \ {id}, so there exists a place p € Pp (the set of places
of F/k) with p® # p. Choose g + 1 distinct places pi,...,pg+1 € Pr such
that D = py + -+ + pgyy1 and D are disjoint (possible since P is infinite). By
[63, Thm. 6.82], there exists z € F \ k with (2)se = D. Define w = z — a(z).
Since D and D® are disjoint, w # 0, with poles at D+ D®, totaling deg(D+D®) =
2(g+ 1) = 2g + 2. As w is meromorphic, it has 2g + 2 zeros. If q is a fixed place
(@* = q), then w(q) = 2(q) — a(2)(q) = 2(q) — z(q) = 0, so all fixed places are
zeros of w. Hence, o has at most 2¢g + 2 fixed places. ([

Since W is finite (Cor. 4.4) and (W) = W (Eq. (103)), we have:

Theorem 4.4. Let X be an irreducible, non-hyperelliptic curve of genus g > 2
over k with char k = p. If p = 0 or p > 2g — 2, then any « € Aut (X)) has finite
order.

Proof. Let o € Aut (X') have order n. The cyclic group () acts on WV, a finite set.
Define ¢ : (o) — Syy (the symmetric group on W) by ¢(a*)(P) = P* . Since
Syy is finite, ker ¢ has finite index in («). If n = oo, () = Z, but Z has no finite-
index subgroups except itself, implying ker ¢ = () or {1}. If ker ¢ = (o), « fixes
W, and with [W| > 2g + 2 (non-hyperelliptic, Cor. 4.4), « = id (contradiction).
If ker ¢ = {1}, () embeds in Sy, forcing n < |[W|! < oo. Forp > 2g — 2,
deg K = 29 — 2 < p, and Aut (X) acts faithfully on H°(X, Q') (no p-torsion
issues), ensuring finite order. ([

Lemma 4.9. If p = 0 and g > 2, every automorphism has finite order.

Proof. For p = 0, the theorem applies (no characteristic restriction), so all o €
Aut (X) have finite order, hyperelliptic or not. O

For p = 0, Hurwitz [66] proved || < 10(g — 1), improved by Wiman (1895)
to |a| < 2(2g + 1), sharp for some g. If |« is prime, |a| < 2g + 1, achieved for
prime ¢ # pon curves 4" 5(y — 1)* = 29,1 < s < m < g+ 1 (Homma [64]).
For p > 0:
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Theorem 4.5. Let X be an irreducible curve of genus g > 2 over k with char k =
p >0, and o € Aut (X) fixing a place p. Then:

o < 2p(g +1)(2g + 1)

Proof. See [63, Thm. 11.34] for a detailed proof using wild ramification bounds
and the action on differentials. O

4.1. Finiteness of the automorphism group. For g = 0 or 1, Aut (X)) is infinite
(PGLa2(k) or an elliptic curve group), but for g > 2:

Theorem 4.6 ([106]). Let X' be an irreducible curve of genus g > 2 over k with
char k =p > 0. Then Aut (X) is finite.

Proof. For p = 0 or p > 2¢g — 2, all elements have finite order (previous theorem).
For p < 2g — 2, consider the action on W. If Aut (X') were infinite, an infinite
subgroup would act on finite VW, implying an element fixes all W. With |[W| >
2g + 2, this forces the identity, a contradiction unless the subgroup is finite. Thus,
Aut (X) is finite (see [106] for full details). O

4.2. Characteristic p = 0. For 5 € Aut (X)), let | 3] be its order and Fix(3) =
{PeX,: PP=P}.

Proposition 4.7. Let 3 € Aut (X,) \ {id}. Then |Fix(8)| < 2g + 2.

Proof. Since 3 # id, there exists P € X, with PP # P. By Riemann-Roch,
(g + 1)P) > 2, so there exists f € k(Xy) with (f)oo = 7P, 1 <7 < g+ 1
Define h = f — B*(f), where 5*(f) = f o 87. Poles of h are at P and P”,
totaling at most 2r < 2g + 2. Thus, h has at most 2g + 2 zeros. For Q) € Fix(3),

hQ) = F(Q) — £(Q) = 0,50 [Fix(8)] < 29 +2. 0

Proposition 4.8. For a non-hyperelliptic Riemann surface Xy of genus g > 2,
Aut (Xy) is finite.

Proof. The Wronskian W (Q) is Aut (Xj)-invariant (coordinate-independent). If
P is a g-Weierstrass point with weight w(? (P), then P? has the same weight
(Eq. (103)). Define ¢ : Aut (X;) — Syy, where Syy is finite (Cor. 4.4). If 5 €
ker ¢, 3 fixes all WW. For non-hyperelliptic X}, |[W| > 2¢g+2, so § = id (Prop. 4.7),
making ¢ injective and Aut (X;) finite. O

Theorem 4.7 (Hurwitz). For a Riemann surface Xy of genus g > 2,
84(g — 1).

Aut (X,)| <

Proof. Let n = | Aut (X,)], finite by the previous proposition. The fixed field
L = k(Xg)AUt (%) gives a degree-n cover f : X, — Y = X,/ Aut (&X,). For
a ramified point P € X, with ep = r, f~(f(P)) has n/r points, each with
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ramification index r. Let Q1,...,Qs € Y be branch points, with f~1(Q;) =
{Pi1,...,Pig,},ri = ep,; = n/k;. Riemann-Hurwitz gives:

Z

29— 2 =n(2¢(Y) —2) +ZZ = 1) =n(2g(Y) =2 +n Y _(1—ki/n).
=1

=1 j=1

Thus:

2g — 2

- 2+Z1 1/r)=R>0.
Minimize R to maximize n. If s = 0, R = 2¢g(Y') — 2 > —2 (but g > 2 requires
positivity). For g(Y) > 1, R > 1/2(s = 1,7 = 2). Forg(Y) = 0, R =
—24+> (1—1/r;),needing s > 3. For s = 3, minimize R = 1—1/r;—1/ro—1/r3
withr) <7ro <rg>2: R>1/42(ry =2,7=3,r3=7). Fors >4, R > 1/6.
Thus, R > 1/42,s0n < 84(g — 1). O

Lemma 4.10. Let 3 € Aut (X,) \ {id}. Then:

1Bl +g—1
Bl —=1 7

with equality if X;/(8) = P! and |B| is prime.

|Fix(8)] < 2

Proof. Letn = |f|,and F': X; — Y = X,;/(B). For P € Fix(8), multp F' = n.
If n is prime, orbits have size 1 (fixed) or n (unramified). Riemann-Hurwitz gives:

29 —2=n(2¢' - 2) + |Fix(8)| (n — 1),

so:
) 20—2—-n(2g' —2) 29—2+42n
F = <
[Fix(8)] n—1 - n—1 "
with equality when ¢’ = 0. Simplify: Q(gg_lfn) 2”29 T L O

Corollary 4.5. For non-hyperelliptic X,

Fix(8)] < 2¢ — 1.

Proof. For n = 2, |Fix(f8)| = 2g+2—4¢' <29 —2. Forn > 3,¢ > 1,s0
[Fix(8)| < 2+ 222" <24 g (sincen > 3,9 > 3),and 2 + g < 2g — 1. Thus,
|Fix(8)] < 29 — 1. O

Curves with | Aut (X;)| = 84(g—1) are Hurwitz curves (e.g., Klein’s quartic,
g = 3). Accola [3] and Maclachlan [79] show N(g) > 8(g + 1), sharp for some
g. A group G < Aut (X,) is large if |G| > 4(g — 1), implying X,;/G = P! with
3 or 4 branch points [80].
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4.3. Characteristic p > 0. In positive characteristic, wild ramification increases
bounds:

Theorem 4.8 ([122]). For X of genus g > 2 over k with char k = p > 0,
| Aut (X)| < 16¢%,

unless Xz y?" +y =2, with g = 3p"(p" — 1) and | Aur (X)| = p*" (p™" +
D(p* —1).

Proof. See [122] for details using wild ramification bounds. O

Henn'’s theorem refines this:

Theorem 4.9 ([58]). Let X be an irreducible curve of genus g > 2 over a field k
with char k = p > 0. If |Aut (X)| > 8¢, then X is isomorphic to one of:
M) g +y+a?t =0(p=29=2" ]G] =22+ (25 1)),
(i)) > = 29— (p>2,q=p" g = 13, G = PSLa(g) or PGLa(q)),
(iii) Hermitian curve y? + 1y = 29t (p > 2, q = p™, g = ‘fT_q, G =
PSU(3,q) or PGU(3,q)),
(V) y? +y = 2% +2) (p = 2 g0 = 2", ¢ = 25, ¢ = qoq — 1),
G = Sz(q)).

Proof. Let G = Aut (X), F = k(X),and n = |G| > 8¢>. Since X is irreducible
of genus g > 2, G is finite (cf. ??). The fixed field L = F& defines a degree-n

cover f : X — Y = X /G. Our goal is to show that if n is large, Y = P! and X
matches one of the listed curves, with GG as specified.

Step 1: Genus of Y and Ramification Analysis. Apply the Riemann-Hurwitz
formulato f : X — Y

29 —2=n(2gy —2)+ > _(ep—1),

PeXx
where gy is the genus of Y, and ep is the ramification index of P. Let s be the
number of branch points in Y, and for each branch point Q; € Y (i = 1,...,9), let

k; = n/r; be the number of preimages in f~1(Q;), withr; = e p, ; (all preimages
over (J; have the same ramification index due to G-transitivity). Then:

> (ep—1)=ki(ri — 1) = n(l = 1/ry),
Pef~1Qs)

and the total ramification is:
S

d (ep—1)=) n(l—1/r).

pPex i=1
Thus:

S
29—2=n 29y—2+2(1—1/m)
i=1
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Define R = 2gy — 2+ (1 —1/r;), so:
29 — 2
n

=R

Since g > 2, R > 0. A large n requires a small positive R, minimized by small gy
and specific 7;.

Step 2: Bounding n via Deuring-Shafarevich. In characteristic p, the Deuring-
Shafarevich formula for a p-group H < G of order p™ gives:

9—1=Pm(QY—1)+% > (ep—1-dp),
pPex
where dp is the wild part of the ramification (jump in the lower numbering filtra-
tion). For tamely ramified points, dp = 0; for wildly ramified points, ep—1—dp >
0.Ifgy >1,9g—1>p™(gy —1) > p™,son < |G : Hlp™ < g—1 < 8¢ (since
n > 8¢*), a contradiction. Thus, gy = 0, and:

1 S
g—lz—n+2;n(1—1/ri).
1=

Simplifying:

29—2:71(—2—}—28:(1—1/7“1-)), R:—2+i(1—1/ri)>0.
i=1 i=1

Hence, s > 3, and we minimize R with r; > 2.

Step 3: G as a Quotient of a Triangle Group. For gy = 0, G actson Y = P!
with s branch points, and the cover is Galois. The orbifold P! /G has genus 0 with s
marked points of orders 1, . . . , 5. The fundamental group of P!\ {Q1, ..., Qs} is
generated by loops 71, . . ., s around QQ; with yq - - - v = 1. The cover corresponds
to a surjection to G with ; — ¢;, ;" = 1,and G = (g1,...,gs). Fors = 3,Gisa
quotient of the triangle group A(ry, 9, 73), hyperbolic if 1/r; +1/ro +1/r3 < 1.

Step 4: Case Analysis for Large n. Since n > 8¢°, consider R = —2 +
>(1 —1/r;). For s = 3, minimize R = 1 — 1/r; — 1/ry — 1/r3. Tame cases
(p 1 r) like (2,3,7) give R = 1/42, n = 84(g — 1), insufficient. Thus, assume
wild ramification (p|r; for some 7). Tests = 3,4: - s =3: 29— 2=n(1—-1/r; —
1/r9 — 1/r3), needs R < 1/4g? (since n > 8¢3). - s = 4: R =2~ 1/r;, test
configurations.

Step 5: Classify Curves and Groups. Assume G has a large p-Sylow sub-
group P. The quotient X'/ P has genus ¢’ < g, and G/P acts onit. If ¢’ = 0,
P =G, and X — P! is a p-power cover. Analyze:

@ y*+y= $2k+1, p = 2. Artin-Schreier cover, ¢ = 2F-1, G = (x —
wta,y = y+ba? e a® = a,b? = b2 =c), |G| = 22%.2.(2F41) =
2219-&-1(2]{:_1_1). Check: 893 — 8(2k—1)3 — 23k < 22k’+1 (2k+1) for k > 2.
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(i) > =29 —2,q=p",p>2. Genus g = (¢ — 1)/2, G = G/{¢) (where
¢ : y — y+ 1) is PSLy(q) or PGLy(q), |G| > q(¢* —1)/2 > 8g® for
large m.
(iii) y?+y = 297, Hermitian, p > 2. Genus g = q(¢—1)/2, G = PSU(3, q)
or PGU(3,q), |G| > ¢*(¢® + 1)(¢> — 1)/3 > 8g> for ¢ > 4.
(iv) Y9 +y =a®(z?+x),p=2,q = 2", ¢ = 2¢3. Genus g = qo(q — 1),
G = Sz(q), |G| = ¢*(¢* + 1)(q — 1) > 8¢ for large r.
Step 6: Exhaustiveness. If n > 8¢3, gy = 0, and G not a p-group, quotient
analysis and group classification (finite simple groups with large p-Sylows) yield
only these curves. See [49, 58] for full exhaustion.

O

Exercise 4.3. Given an irreducible curve X with dffine equation f (x,y) = 0 over
k, devise an algorithm to determine Aut (X) over k.

Exercises

4.11. For Xy : y*> = 2° — 1 (char k # 2,5), compute Aut (Xy) and verify
| Aut ()] < 84(g — 1).

4.12. Let X, be hyperelliptic with g > 2. Prove that the hyperelliptic involution
fixes exactly 2g + 2 points, and deduce | Aut (Xy)| < 2|WV)|.

4.13. For X : y3 +y = x* (char k = 2), compute the genus and bound | Aut (X)|
using Henn’s theorem.

4.14. Show that if oo € Aut (Xy) has order p in characteristic p > 0, then |Fix(a)| <
2g + 2p.

5. Hyperelliptic curves

Let X, be a genus g hyperelliptic curve defined over an algebraically closed field &
with char k = p # 2. Denote its function field by F := k(z, %), where y? = f(x)
and f(z) € k[x] is square-free of degree 2g+1 or 2g+2. Without loss of generality,
assume k is the full field of constants of F.

5.1. Automorphism groups. The subfield k(z) C F has genus O and degree
[F : k(z)] = 2. By the Riemann-Hurwitz formula, the cover ¢g : X; — P.
corresponding to F/k(x) has d = 2g + 2 branch points p1, ..., pg € PL, the roots
of f(x) (if deg f = 2g + 2) or roots plus oo (if deg f = 2g + 1). The preimages
in X, are the Weierstrass points, denoted V.

Let G := Aut (F/k). The hyperelliptic involution w € G is defined by:

w:F —>F
(l’,y) — (337 _y)v
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with w? = 1 and Gal (F/k(z)) = (w).

Exercise 4.4. Prove that k(x) is the only genus 0 subfield of degree 2 in F, and w
is central in G.

The quotient G := G/ (w) is the reduced automorphism group. Thus, G is a
degree 2 central extension of G.

Exercise 4.5. Prove that G is a finite subgroup of PGLa (k).

The group G acts on k(z), with fixed field k(z) of genus 0, so z = ¢(z) is a
rational function of degree |G/|. The diagram is:

F =k(z,y) X,
(w) ¢ol (w)

G k(x,y?) o| PL
G ¢l G

k(z) P!

where ® = ¢ o ¢g has monodromy group G and degree [ = |G|.

The group G — S; has an r-tuple ¢ = (01,...,0,), where 0; € S), G =
(01,...,0p), and o1 ---0, = 1. The signature C = (C4,...,C,) consists of
conjugacy classes C; of ;. Denote a cycle of length n by n. The signature of
¢ : PL — P! determines that of ®.

For E = k(z), the Hurwitz genus formula is:
(23) 2097 — 1) =2(9r — 1) |G| + deg(D£/E),

where g7 = g, gg = 0, and D/ is the different. Let py,...,p, € P! be branch
points of ®, with deg(p;) = d;, ramification index e;, and different exponent f;.
Then:

(24) 2g—2:—2\G!+|G\Z%di.
i=1 "

For tame ramification (p 1 €;), 5; = e; —1; for wild ramification, 3; = e’¢;+q; —2,
where e; = el¢;, ged(ef,p) =1,¢; =p™,and e} | ¢; — 1.
Define K, = ({04,7 | a € Uy, }), where 7(z) = &2, 04(2) = 7 + a,

Pt;l_l
m

Un={ack|a [] (a™—1b;) =0},
j=0

bj € kj,m | p' — 1, and £ is a primitive 2m-th root of unity. Uy, < (k, +).
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Lemma 4.11. G is isomorphic to one of:
Cins Din, Ag, Sy, A5, U = Cp, Ky, PSLy(q), PGLa(q),

where ¢ = p!, ged(m,p) = 1. The fixed field k(x)é = k(z) is given in Table 1,

witha = 10 g — T F < (K, 4), |Hy| = p', b; € k",
Case G z Rami fication
I Gy, (m,p) =1 ™ (m,m)
2 Doy, (map) =1 ™+ m% (27 27m)
12 4
3 Ay p#2,3 e (2,3,3)
(x8+142%41)3
4 S4,p ?é 2,3 " W . , (2,3,4)
5 Asp#235 ° e - (2,3,5)
' —1
As,p=3 m (6,5)
6 U I[[E=+a (p')
acHy
Pt—l —1 m
7 K, x (™ —bj) (mpt,m)
j=0
x9—x)9 1 4+1 )
8 PSLa(q).p#2 = (. 8)
9 PGLs(q) (@I—z)1 +1)TH! (20, 23)

(z4—x)a(a—1)

Table 1. Rational functions corresponding to each reduced automorphism group

Let W be the images in P} of Weierstrass points, and:

3

Vi={Jo ),

=1

v (z)

where o, aig, g are branch points of ¢. For z = T(2)* U, T € k[z], branch points

o satisfy:

2Y(x) — ;Y (z) = ¥(x),

with root multiplicities given by ramification indices (orders of stabilizers in G).
Denote the ramification of ¢ by ¢!, x5, w]’; (subscript for degree, superscript for
index). For a non-branch point A € P.\ {1, g, a3}, the fiber $~1(\) consists of
roots of U(z) — AT (x) = 0.
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To determine the curve’s equation, identify W relative to V. For fixed ¢, con-
sider:

) Vvnw=40,
2) VAW =¢ Ya),
3) VW =¢ Haw),
4) VW =¢ Hay),
(25) -1 -1
5) VAW =0¢ Ya1)Uo '(aa),
6) VAW =¢ ag) Up ag),
) VW =¢ Ha) U as),
8) VNW=¢ Y a1)Us ' (a2) Ug " (as)

These cases determine GG. Define:
Vo= (z,y | 2t " (ay)? (27 1)), Hpo=(2,y | 2 y%2®, (ay)™),

(26) _
Gy = (z,y | 2%y " x yay), Uy, = (z,y | 2% y", zyay™ ),

sometimes called twisted dihedral, double dihedral, generalized quaternion,
and semidihedral (non-standard terms). Each is a degree 2 central extension of
D,,, with |G‘ = 4n. Note Vo = Dg, Hy = Uy = Cy x Cy.

Exercise 4.6. Prove that:
(i) Ifn=1 (mod 2), then Hyy,, = Gyp,

(i) Ifn = 25%1, then G,, = Qqs+1 (s € Z),
2,,—1,.2

(iil) Wa = (z,y | 2%, 4°, ya®y~"a?, (xy)*) and W3 = (z,y | 2%, y°, 2% (xy)*, (2y)®)

are degree 2 central extensions of Sy.

Lemma 4.12. Letp > 2, o € G, and & € G its image with |a| = p. Then:

(i) |a| = pif and only if « fixes no Weierstrass points,
(ii) || = 2p if and only if « fixes some Weierstrass point.

Proof. Since || = p, @’ = 1. As G is a central extension by (w) (jw| = 2),
o = wk, k=0or 1. Thus, |a| = pifa? = 1, or 2p if a? = w.

Assume @ € G < PGLy(k) has order p. In PGLy(k), elements of order p (for
p # 2) are unipotent, conjugate to x — x + 1 (fixing oo) or similar with one fixed
point. Adjust coordinates so &(z) = x + 1, fixing co € PL.

- Suppose @ fixes no Weierstrass points (W C PL). Then co ¢ W, and
deg f = 29+ 2. Set W = {ai,..., a2}, all finite and distinct from their
a-images (e.g., a; + 1). Then:

2g+2

v’ = fla) =[] (& —aw).

i=1
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Compute a(y)® = f(a(z)) = f(z +1) = [[(z + 1 — o) = [[(z — (@ = 1)) =
f(z), since {a; — 1} = {;} implies a contradiction unless f(z + 1) = f(z),
impossible for deg f > 1. Thus, a(y) = ty. If a(y) = y, @ = id, a contradiction;
if a(y) = —y, a = w, but |w| = 2 # p. Hence, adjust a(z) =z + 1, a(y) =y
(tamely), |a| = p.

- Suppose & fixes a Weierstrass point, e.g., co € W. Then deg f = 2g + 1,
and:

29
Y = mH(z — ;).
i=1

Here, a(y)® = f(z +1) = (0 + DI +1 - a)) # f(2), 50 aly) = ey,
c? = 1. Test a: if a(y) =y, aP = 1, |a| = p, but co fixed contradicts part (i). If
aly) = —y, oP(x) = x + p, aP(y) = (—1)Py. For p odd, o = w, |a| = 2p; for
p = 2, adjust via a(z) = —=z, covered later.

O

Theorem 4.10. The full automorphism group of a hyperelliptic curve is isomorphic
to one of:

CQXC'H,) CTZ) C2XD7‘L7 V’fl? D'fl7 Hn7 Gn7 U7‘L7 CQXA47 SL2(3)7 C2><S47 GL2(3)7 W27 W37 CQXA57 SL2(5)

The signature for each group is as in Table 1.

Proof. Since G' = G/(w) embeds in PGLy(k) (Prop. 4.1, Lemma 4.11), possible
G are Cp, Dy, Ay, Si, As, Ch, K, PSLa(q), PGLa(g). G is a central extension
by (w), |G| = 2|G.

G = Cp: G = Cy x C,, (direct product) or Cy,, (if w in cyclic subgroup),
signatures from Table 1.

G = D,,: Extensions include Cs X Dy, Vin, Dam, Him, G, U, all 4m order,
matching V N W cases (e.g., Doy, for VNW = ().

G = Ay: Oy x Ay, SLo(3) (order 24), signatures (2, 3, 3).

7 = S4: Co x Sy, GLa(3), Wa, W3 (order 48), signatures (2, 3, 4).

G = As: Oy x As,SLa(5) (order 120), signatures (2, 3, 5).

G = C}, Km, PSLa(q), PGLy(q): Typically Ca x G, signatures per Table 1.

For each G, compute z = ¢(z), determine YV via V N W, and verify G via ®’s
signature, aligning with listed groups. ([

Q

Exercise 4.7.
4.15. For Xy : y?> = a® — 1 (char k # 2,5), compute G and its signature.
4.16. Prove that if G = Dy, then G = Da,,, when W = ¢~ (ay).

4.17. For X, : y* = x(z — 1)(z — A1) -+ (& — Agg—1), show G = Ca if \; are
distinct and not 1.
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4.18. Verify that | Aut (X,)| < 2(2g + 2) for g > 2 hyperelliptic, using YW-action.

In Chapter 6 we will show how to determine a parametric equation of the curve
for each case.

5.2. Examples and Bounds for Hyperelliptic Automorphism Groups. Having
classified the possible automorphism groups of hyperelliptic curves in the previous
theorem, we now illustrate the theory with examples and derive a general bound on
|Aut (X;)|. These examples connect the reduced automorphism group G to the full
group G via the signatures in Table 1 and the configurations of Weierstrass points.

Example 4.5. Consider X5 : y> = 2° — 1 over k with char k # 2,5. The genus
isg=2 and W = {(¢{,0) | i =0,1,2,3,4} U {(00,00)}, with (5 a primitive
Sth root of unity. The map ¢o : Xo — PL, (x,y) — x, has branch points at W, so
IW|=2g+2=6.

Test G = Cs: z = z°, ramification (5,5). Branch points a1 = 1, ag = o,
and 67(1) = {0,G5, @, 8,1, 6 (o) = {oo}. Since W o' () = 0,
Case 1 applies, suggesting G = Co x Cy or C1g. Check o : (z,y) — (G, y):
a®(x) =z, a®(y) = vy, so |a| = 5, and « fixes no Weierstrass points (consistent
with Lemma 4.11, part (i)). Thus, G = Chy, signature (5, 5).

Proposition 4.9. For a hyperelliptic curve X, of genus g > 2,
2).

Aut (X,)] < 2(2g+

Proof. Let G = Aut (X,), G = G/(w), and W the set of Weierstrass points,
IW| = 2g + 2. Since w is central, G acts on W (Eq. (103)), and the map ¢ : G —
Sy has ker ¢ < (w) (order 2). If 5 € ker ¢, 3 fixes all W. By the fixed-point
proposition (Prop. 4.7), a non-identity (5 fixes at most 2g 4+ 2 points, so § = w or
id. Thus, | ker ¢| < 2, and:

1G] = | ker@| - | im¢| <2 |Sw| = 2(29 +2).

However, G < PGLy(k) acts on P;, and [W| = 2g + 2 points have stabilizers of
order at most |G|. If |G| > 2g+2, some point’s orbit exceeds [V, a contradiction.
Hence, |G| < 2g + 2, and |G| < 2|G| < 2(2g + 2). O

Exercises

4.19. For X5 : y2 =2" — 1 (char k # 2,7), determine G, G, and the signature of
P.

4.20. Show that if G = Agand p # 2,3, then G = SLy(3) when W = ¢~ (a1) U
¢~ (a2).

5.3. Hyperelliptic function fields with extra involutions.

5.4. Action of Aut (F/k) on degree n elliptic subfields.
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6. Superelliptic curves

To generalize the theory of hyperelliptic curves, we consider superelliptic curves,
which possess a cyclic automorphism analogous to the hyperelliptic involution.
Let X, be a genus g > 2 cyclic curve defined over an algebraically closed field &
of characteristic p > 0, given by y” = f(x), where f € k[x] is square-free. Its
function field is F := k(x,y).

6.1. Automorphism groups of superelliptic curves. The subfield k(z) C F has
genus 0, and [F : k(x)] = n. Let G = Aut (F/k). The Galois group C,, :=
Gal (F/k(x)) = (), where 7(z) = =, 7(y) = (ny, (y is a primitive n-th root of
unity, and 7" = 1. Since C,, < G (normal, as 7 is central for p { n), the quotient
G := G/C,, < PGLy(k). Thus, G is isomorphic to one of:

Cmy D’m7 A47 S4) A57 U= C;n K’ma PSLQ(Q)? PGL?(Q))

where ¢ = p/, ged(m,p) = 1, and K, is a semidirect product of an elementary
Abelian p-group with a cyclic group (cf. [128], Lemma 4.11).

The group G acts on k(x), with fixed field k(z) of genus 0, so 2 = ¢(x) has
degree |G|. The diagram is:

F =k(z,y) Xy
: e

Gl k(x,y™) o PL
G ¢i G

k(z) P!

Here, ¢ : X; — PL corresponds to F/k(x), and ® = ¢ o ¢ has monodromy
group G and degree | = |G| = n|G|.

The group G < S; has an r-tuple & = (01,...,0,), where 0; € S, G =
(01,...,0p), and o1 ---0, = 1. The signature C = (C4,...,C,) consists of
conjugacy classes C; of o;, with n denoting a cycle of length n. The signature of
¢ determines that of ®.

For E = k(z), the Hurwitz genus formula is:
27) 2(9r —1) =2(9p — 1) |G| + deg(Dr/E),
where g7 = g, gg = 0, and D/ is the different. Let py,...,p, € P! be branch

points, with deg(p,;) = d;, ramification index e;, and different exponent ;. Then:

(28) 2g—2:—2\G]+|G\Z%di.
i=1 "
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For tame ramification (p { e;), 3; = e; —1; for wild ramification, 5; = efq; +¢; — 2,
where e; = €]q;, ged(ef,p) = 1, ¢; = p™, and €] | ¢; — 1. The Hurwitz space
H(G, C) has dimension §(G, C), computable via (28).

Theorem 4.11. For a superelliptic curve X of genus g > 2, the signature of ® :
X — X/ Aut (X') and moduli dimension 0 are given in ??, where m = | PSLa(q)|
for cases 38—41 and m = | PGLa(q)| for cases 42—45.

Proof. See [104] for detailed lifting analysis and dimension computation. U

Theorem 4.12 ([104]). Let X, be an irreducible cyclic curve of genus g > 2 over
k, char k = p # 2. Then G = Aut (X;) is isomorphic to one of:

) IfG=Cp: G= Cppoor {a, | @™ =1,8™ =1, Baf™ = al), where
ged(l,n) =1,1" =1 (mod n).
(2) If G = Doy

Gs={(a,B,7]a"=1,2=a, 7 =1,(B7)" =1,Baf™ ' = a,rar ! ="
G = Domn,
Gr={(a,B,7|a" =1, =a, =", (Br)" =1,a8 ! =a,rar !t = a),
Gs=(a,B,7|a"=1,82=a,72=1,(7)" = a2,Baf ! = a,rar" ! =™ }),
Go=(a,B,7|a"=1,8=a, 2 =a"1,(Br)" =a?,Baf™! = a,7ar"! = a),
Q) IfG2Ap+#3: G2 Ay xC,or
o=(a,B7|a"=1,82=1,72=1,(871)° = 1,808 = a,rar"t = dl),
y={o, 8,7 a"=1,82=1,7°=a5,(Br)° =a3,8af7' = a,rar ! = dl),
where ged(l,n) = 1, 13 =1 (mod n), or
(o, B,7 | a™ =1, 2 . =at L (BT)° = =a?, Baf  =a,rart = «),
or
Gio=(a,8,7|a"=1,2=1,7=1,(67)3=1,Ba8"! =a,rar™t = "),
Giz={a,B,7|a"=1,8%= a?, =1, (B7)2 =1,Bap7t = a,Tar ! = o),

where ged(k,n) =1, k> =1 (mod n).
@) IfG=2 8y, p#3: G2 Sy xCpor

Gis= (o, 8,7 |a"=1,2=1,7=1,7)'=1,Ba8"! =d',rar™! = a),
Gis=(a,8,7|a"=1,2=1,7=1,87)" =a?,Ba87  =d,rar" ! = a),
=(a,8,7]a"=1,82=a2,7=1,(7)"=1,8a8"' =o', rar" = a),
=(a,8,7]|a"=1,82=a2,7=1,(8r)  =a?,Baf7 ! =, rar ' = a),

where ged(l,n) = 1,12 = 1 (mod n).
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(5) DCG%A&]??&&'G%'AE; XCnor
(0,8, 7| 0" =1,82=a2,7° =a2,(87)° = a2, af ™ = a,rar ' = a),

6) IfG=2U:G=U x C, or

(o,01,...,00 ] " :af: zaf =1,00; :Ujai,aia0;1 :ozl,l <i,j <t),
where ged(l,n) =1, =1 (mod n).
(D IfG = K-
(,01,...,0pv|a" =0l = =0l =0 =1,00; = O'jO'Z',’UOé’U_l = a,aiaai_l = al,aivai_l =k 1<
where ged(l,n) = 1,1? =1 (mod n), ged(k,m) =1, kP =1 (mod m),
or
(a,01,...,00 | " =0 = =0V =1,0i0; = ajoi,aiaai_l =ad1<i,j< t),

where ged(l,nm) =1, P =1 (mod nm).
(8) If G =2 PSLa(q): G = PSLa(q) x Cy, or SLa(3).
9) If G =2 PGLs(q): G = PGLa(q) x Cp.

Proof. Since Gy = C,, = (7) is normal in G, G = G/C, < PGLy(k) (cf.
Prop. 4.1). From Lemma 4.11, G is one of the listed groups. G is a central exten-
sion of G by Cy,, so |G| = n|G|. We classify G by lifting G’s action on k() to F,
ensuring compatibility with y" = f(x).

1L.G=Cpn:G={(B:70—= ), |Gl =m. G ={(a,B),a" =1, " =1.1If
BaBt =al, a? = wk, and ged(l,n) = 1,1™ = 1 (mod n), then G = C,,,, (if
I = 1) or a semidirect product.

2.G=Dop: G=(B:2— —x,7: 2 — 1/z), |G| = 2mn. Extensions G5
to Gy arise from lifting 3, 7 with o (order n), adjusting relations (e.g., 3 = « for
central twist), verified via group presentations.

3-9. Similar lifting for G = A4, Sy, As, U, K, PSLa(q), PGL2(q), using
generators and relations from PGLy(k) subgroups, ensuring C), centrality. For
U, K,,, p-group actions introduce wild ramification terms, adjusted in presenta-
tions.

Each G is a degree-n cover of GG, consistent with ®’s signature in ?? (cf. [104]).
O

Exercise 4.8. Outline a procedure to prove an analogue of Thm. 4.12 for singular
superelliptic curves.

For g = 3, apply Theorem 4.12:

Lemma 4.13. Let X; be a genus 3 superelliptic curve over k, char k = p # 2.
The automorphism groups (GAP IDs) are:

0):p =3:(21) (42), (3.1), (41), (82), (83), (7,1), (14,2), (6,2), (8,1), (8,5),
(16,11), (16,10), (32,9), (30,2), (16,7), (16,8), (6,2).
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ii): p=>5:(21),(42), (3.1), (41), (82), (83), (7.1), (21,1), (14,2), (6,2), (12,2),
(9.1), (81), (85), (16,11), (16,10), (32,9), (42,3), (12,4), (16,7), (24,5),
(18,3), (16,8), (48,33), (48,48).

iii): p = 7:(2,1), (42), (3.1), (4.1), (8,2), (83), (7.1), (21,1), (6,2), (12,2), (9,1),
(8,1), (8,5), (16,11), (16,10), (32,9), (30,2), (42,3), (12,4), (16,7), (24,5),
(18,3), (16,8), (48,33), (48,48).

i) p=0orp > T (21), (42), (31), (41), (82), (14,2), (6,2), (9,1), (8,5),
(16,11), (32,9), (12,4), (16,13), (24,5), (48,33), (48,48), (96,64).

Proof. For g = 3, n > 2, f(x) hasd = 2g + 2 — r = 8 — r branch points
(r = ged(n, deg f)). Use Theorem 4.12, adjusting for p: - n = 2: Hyperelliptic,
d = 8, groups from hyperelliptic theorem (e.g., Cg, Dg). -n = 3: d = 5 or 6,
G = (3, Dg, Ay, etc., lift to G (e.g., Cy, G'5). - Compute g = (n — 1)(d — 2)/2 +
r — 1 = 3, test all G, verify orders via GAP IDs, exclude p-divisible orders (e.g.,
p = 3 excludes Ajz).

O
Such lists for 2 < g < 10 are in [87].

Exercises
4.21. For X3 :y3 = 2% — 1 (p # 2, 3), compute G and its GAP ID.

4.22. Prove tfzat ifG = C,, andn = 3, then G = Cs,,, when no Weierstrass points
are fixed by G.

7. Weierstrass points of superelliptic curves

This section summarizes and extends results from [120] and [116], generalizing the
theory of Weierstrass points from hyperelliptic to superelliptic curves. Let X be
a smooth superelliptic curve over an algebraically closed field k& of characteristic
p >0, given by y" = f(x), where n > 2, f(x) € k[x] is separable (i.e., A; # 0),
and deg f = d > n. The function field is F = k(x,y).

4.23. Determine all q-Weierstrass points of superelliptic curves y" = f(x).

Let {a1,...,aq} be the distinct roots of f(x), and b; = («,0) the affine
branch points of the cover ¢ : X; — PL, (z,y) — z. For ¢ € PL, the fiber
¢~ t(c) = {Pf,..., PS} has n points (possibly including multiplicity at 0o). De-
fine » = ged(n,d). The affine model is smooth, but the point at infinity may be
singular if d > n + 1. In the smooth projective model, infinity splits into 7 points,
Pre, ..., P>, Key divisors are:

o (x—c)=3 0 Pf— 131 P

r m=1
o (x—a;)=nbj— 23" | Py,



7. WEIERSTRASS POINTS OF SUPERELLIPTIC CURVES 145

o (y) =710~ ¢35 P
o (de)=(n—1)35_ b; — (F+1) 371 Py

Since (dz) is canonical with deg(dz) = 2g — 2, compute:
2g—2=(n—-1)d— (ﬁ+1>r:nd—n—d—r,
r

matching your formula 2g — 2 = nd — n — d — ged(n, d). For ged(n,d) = 1,
— (n=1)(d-1)
= ) )
Lemma 4.14. For X, : y" = f(x), f(x) separable of degree d, and g > 1, g > n,
with equality only for (n,d) = (2,5),(2,6), (3,4).

Proof. Verify equality cases: - (n,d) = (2,5): g = —5— = 2 = n, -
= 2 = n,

(n.d) = (2,6): g = *E5C0 = 62 “d) = (34 g =
2:4—1—gcd(3,4)  8—1—1
2 - 2

For n = 2 (hyperelliptic), d > 5, g = d_%d@’d): -d=Tg= % =3>2,-
d>8¢g>3>n.

Forn =3,d > 5 -g = 2d717§Cd(3’d) > 25123 — 3 equality at d =
5,gcd =1,butg =4 > 3.

Forn >4,d >5:-29—2=(n—1)(d—1)—gecd(n,d)+1 > (n—1)(5—2) =
3(n—1),-¢g> M > n (since n > 3).

Thus, g > n, with equality only as listed. ]

To construct a basis for H°(X,, (2')7), note:

dx > 29 — 2
— > P
1 m
<yn " m=1
since deg(dz) — (n — 1) deg(y) = 2g — 2. Fix o, ¢ > 1, and define:

u dr \1?
hapa(z,y) = (z — a;)"y’ (y"—1> :

=3=n.

The divisor is:

d r
29 —2)qg —an —bd
(hapg) = anb; +b>_ bj + (29 )qr s
j=1 m=1
effective if a > 0,0 > 0, and (29 — 2)g — an — bd > 0. Since y" = f(x), hapq
are linearly independent for 0 < b < n.

Define:
Spdg:={(a,b) €Z*:a>0,0<b<n,0<an+bd < (29— 2)q}.

Lemma 4.15. The set S, 4 has exactly d, = dim H°(X,, (Q1)7) elements.
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Proof. For ¢ = 1,d; = g, and 29 — 2 = nd — n — d — r. Count pairs (a,b): -
b=0:0<an<2g—2,a< M==dor — g1 - 500 =0,...,d—2
if r < n, adjusted by r. -b = 1,...,n — 1: Similar bounds, total aligns with
_ (n=1)(d=1)—r+1
= S AT

For general ¢, d; = q(2g — 2) + 1 — g (Riemann-Roch), and S,, 4, scales
accordingly, matching via combinatorial count (see [120]). (|

Define B, = {hapq(z,y) : (a,b) € Snaq}

Proposition 4.10. For any root o;; and q > 1, B, is a basis of H(X,, (Q1)9).

Proof. Since dim HY(X,, (2')9) = d, and |S,, 44| = dy. B, has d, elements.
Linear independence follows from distinct orders an + b at b;, spanning H° by
dimension. O

Proposition 4.11. Every affine branch point b; is a q-Weierstrass point for all
g>1.

Proof. For b; = («;,0), compute ordp, (hqpq) = an +b. Since 0 < b < n,
orders an + b for fixed b and a = 0, ..., amax (Where amaxn + b < (29 — 2)q)
are distinct. The g-gap sequence Gy, (Q) (for Q@ = |¢K|) includes these, differing
from {1,2,...,d,} (e.g., gaps like n, 2n), so:

dq
w® (b;) = Z (an+b+1)—Zm>0
(a,b)E€Sn.4,q m=1

O

Determining Weierstrass points suggests a "Weierstrass equation” for superel-
liptic curves, generalizing the hyperelliptic case.

4.24. Given an irreducible curve X with F(x,y) = 0, devise an algorithm to
determine if X is superelliptic.

Exercises

4.25. For Xy : y® = x* — 1 (char k # 2, 3), find all q-Weierstrass points and their
weights for g = 1, 2.

4.26. Prove that if n divides d, then the points at infinity P>’ are g-Weierstrass
points for q > 1.

4.27. For a hyperelliptic curve (n = 2), show that the q-Weierstrass weight of a
Weierstrass point is q(g — 1), and extend this to superelliptic curves with r = 1.



8. RIEMANN-ROCH SPACES OF SUPERELLIPTIC CURVES 147

8. Riemann-Roch spaces of superelliptic curves

Let X be a genus g > 2 curve defined over an algebraically closed field & with
char k = p > 0, possessing an automorphism o € Aut (X) of order n > 1
such that: i) H := (o) is normal in Aut (X), and ii) X' /(o) = P! (genus 0).
Such curves, called superelliptic curves, have Jacobians termed superelliptic Ja-
cobians. They admit an affine equation:
d

(29) Xyt = fr) = [J(&— ),

i=1
where f(x) € k[z] is separable (A(f, z) # 0), a; are distinct, and d = deg f.

The superelliptic automorphism o : X — X is:

O’(.iL',y) = (l’,fny),

where &, is a primitive n-th root of unity, fixing the line z = 0 and infinity in }P’}J.
The projection 7 : X — PL = X /(0), n(z,y) = z, has degree n and branches at
B ={ai,...,a4}, the roots of f(x).

For A(f,x) # 0 and d > n, the Riemann-Hurwitz formula gives:

2g—2=n(-2)+ Y (ep—1),
pPex
with ep = n at d points over B and r = ged(n, d) points at infinity (each with
ep = n/r). Thus:
2g—2=n(d-2)+d(n—1)—r(n/r—1) =nd—2n—d—r+d =nd—n—d—r,
so:
n(d —1) —d — ged(n,d)
2

If ged(n,d) = 1, g = %Q(d_l), and d = % +1or % + 2, depending
on infinity’s branching. We assume infinity branches (d = % + 2). From [82,
Lem. 14], g > n, with equality at (n,d) = (2,5), (2,6), (3,4).

Let W be the Weierstrass points, each P € W with weight 0 < w(P) <

@, summing to g3 — g. Points in B are g-Weierstrass for all ¢ > 1 ([82,

Prop. 9]), with B C W, equaling W only for n = 2 (hyperelliptic), where w(P) =
g(g—1)
R

+ 1.

g:

Theorem 4.13. Let X be a superelliptic curve as in (29), A(f) # 0, deg f =d >
n, and d = sn — e, 0 < e < n. A basis for H*(X, Q') is:

d
P 1<j<n, 1<i<b s,
Yy !

where bj = sj — 1 — L%jJ



148 CHAPTER 4. AUTOMORPHISMS OF CURVES

Proof. The canonical divisor K = (dz) = (n—1) 3.0, b; — (2 +1) Z:n L P2,
where r = ged(n,d), and deg K = 2g — 2. Here, d = sn —e, r = e, but
assume r = 1 (common for ged(n,d) = 1) for simplicity, adjusting later. Then

K=(n-1)Yb;— (n+1)P>®. For h; j = z'dx/y’:

d
(hij) = inP®+(n—4) > bi—(n+1)P® = (n—j)> bj+(in—n—1)P>,
i=1
Holomorphicif: -n—3j >0,s0j <n,-in—n—1>0,s07 > 1.
Order atinfinity: deg(h; j) = —in+jd—(n+1), requiring —in+jd—(n+1) >
0. Substitute d = sn — e:
—1
—in+j(sn—e)—(n+1) >0 = in—jsn+je+n+l1 <0 = i < sj— 1+‘77
n
Since i is integer, i < sz —1+ %J Adjustfor0 < e < n:b; =sj—1—|%j].
Count: Y%, bj =g(e.g.n=3,d=8,5=2,e=2,b1 =1,bp=3,b3 =5,9 =
9), forming a basis (cf. [127]). U
Convert to monomials: {xiy”_j |1<ji<n,1<i< bj}.

Proposition 4.12. For2g < j < 3g, there exists a monomial "y with ord, =

7

Proof. ord(z"y“) = —mn —cd. Forj =2g+7r,r=0,...,n—1,setc=r,

m = %_Td.Forr:n—Zm: s —1—r,adjuststo j. For j > 2g +n — 1, add

vn, covering 3g. U
Let L(koo) be meromorphic functions holomorphic outside infinity with pole

order < k. Riemann-Roch gives dim L((IN + g — 1)oo) = N for N > g. Define
L(x00) = Upe; L(koo).
Lemma 4.16. A basis for L(koo) is:
B:={z'y |0<i<d,0<j<n—1in+jd <k}
Proof. ord.,(z'y’) = —in—jd > —k, linearly independent, spans by dimension.
O

Order B by increasing pole order, forming By, 4, an 1 x (d 4+ 1) matrix with
row j (for 37) containing z'y7, truncated at 2¢g + 1 entries.
Example 4.6. Forn =4, d = 13, g = 18, orders are:
0,4,8,12,13,16, 17,20, 21, 24, 25, 26, 28, 29, 30, 32, 33, 34, 36, 37, 38, 39, 40, 41, 42,
43,44,45,46,47,48, 49, 50, 51,52, 53,54, 55,57, 58,59, 61, 62,63, 65,66,67,70,71,74,75,78,79,83,87,91.
First 2g + 1 = 37 monomials:
17 aj? x27 x37 y? x47 ‘Tya x57 ‘,1:‘2y7 x67 xSy? y27 x77 x4y7 ny "L’S m5y7 $2y2 x97 q;6y7 x3y27

3,110 .7, .42 3 11 8 .52 2 3 12 6,2 2,9, .6 2
y)‘,r 7xy7xy)xy’$ 7xy)xy7xy7$ $y7xy "ry €T 7‘,By",1:y'
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Rearranged:
13 2 10,2 2 2.7 .3 3. .32 3 3
17x7$7"'?x 7y7yw7yx7"‘7ym 7y7yx7"‘7yx7y7yx7yx7yx'

Matrix B4,13.‘

1 x 22 2 o x0  gtt  p18
By | Y %Y 22y 2y ... 2y ... 2% 0 0 0 0
413 = y? xy? 2%y 2Py zy? 0 0 0O 0 0 0
y3oayd 2%y 2Py 0 0 e 0

Theorem 4.14. Let X be a superelliptic curve with affine equation y" = f(x),
where f(x) € k[z] is separable, deg f = d, and gcd(n, d) = 1. The matrix B,, q is
ann x (d + 1) matrix, and the non-zero entries inrow j = 0,...,n — 1 are xiyj,

- 39—jd
for0<i< L%J

Proof. The matrix B,, 4 represents a basis for L(*xco0) = J;-; L(koo), the space
of meromorphic functions on X holomorphic outside infinity, truncated to the first
2g + 1 monomials ordered by increasing pole order at infinity. Here, L(koo)
consists of functions with pole order at infinity < k. For X : y" = f(z),
ged(n,d) = 1, the genus is g = %2(6[71), and infinity is a single point P>
(since r = ged(n,d) = 1).

Step 1: Pole Order at Infinity. For a monomial 2%37, compute its pole order
at infinity. The divisor of z is:

(x—c)= Zch—nPoo,
j=1

s0 ordeo () = —n. For y:

d

(y) =) b —dP>,
=1

s0 ords (y) = —d. Thus:
orde (z'y?) = —in — jd = —(in + jd).

The pole order m = in + jd, and L(koo) = {x'y’ | in + jd < k,0 < j <n,0 <
i <d}.

Step 2: Matrix Structure and Truncation. B,, ; has nrows (forj = 0,...,n—
1) and d + 1 columns (fori = 0, ..., d), containing all 'y uptoi =d, j =n—1,
with non-zero entries up to the 2g + 1-th monomial by pole order. Since 2g =
(n —1)(d — 1) + n — 1, we need monomials with m < 3g to cover beyond
L(2g — 2), ensuring 2g + 1 terms (e.g., g = 2,n = 3,d = 3,29 + 1 = 5).
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Step 3: Determine Non-Zero Entries per Row. Row j contains z%y’, i =
0, ..., %max, Where iy, is the largest ¢ such that m = in + jd < 3g. Solve:
3g — jd

in+jd<3g = i<
n

. {39 —de
tmax = .

Since ¢ is an integer, take:

n

-Forj =0:4:¢ < %g = W :d—l—i—dT_n?’ < d, since d > n. - For
3g—(n—1)d _ (n+1l)d—n—1 __ d
n - 2n ~ 2

Step 4: Uniqueness of Monomials. Since gced(n,d) = 1, integers m =
in + jd are distinct for 0 < j < n, 0 < ¢ < d. Form < 3¢, write m = gn + 7,
r=0,...,n—1,¢g=|2]. Thenj=r,i= m—jd ensuring unique (i, ;) per m.
For m > (n — 1)d, adjust 7 and j accordingly, but 3g < (n — 1)d + n — 1 limits
entries.

Step 5: Verify Bound. 3g = w, SO Tmax = LWJ gives the
exact cut-off per row, matching the example B4 13 (e.g., j = 0,7 < 13; 7 =1,¢ <
10). O

j=n—-11< decreasing as j increases.

Exercises

4.28. For X : y> = 27 — 1 (p # 3), compute B3 7 and its first 2g + 1 entries.
4.29. Show that dim L(koo) = |{(4,7) | in+ jd < k,0<j <n,0 <i<d}|
4.30. Forn = 2,d = 6, verify the basis of H°(X, Q') and convert to monomials.



Chapter 5

Hurwitz Spaces and
Moduli of Curves

In 1891, A. Hurwitz [65] gave a complex structure to the set H™" of n-sheeted
simple coverings of P! with 7 branch points ("simple" means each fibre contains
at least n — 1 points), and using calculations of Liiroth and Clebsch, he proved that
H™" is connected. In the celebrated [108], F. Severi proved the irreducibility of
the (coarse) moduli space M, of curves of genus g > 2 by combining the Hurwitz
result with the fact that every curve of genus g appears as an n-sheeted simple
covering of Plifn > g + 1. Classical references are [44], [8].

Before delving into Hurwitz spaces, we define the moduli space M, a fun-
damental object in this book. Let I be an algebraically closed field. The coarse
moduli space M, parameterizes isomorphism classes [X] of smooth projective
curves X over IF of genus g > 2. An isomorphism between curves X and X’ is a
bijective morphism « : X — X" preserving the algebraic structure. Over C, M,
carries a complex structure, and its dimension is dim M, = 3g — 3 (for g > 2),
reflecting the degrees of freedom in deforming a curve of genus g. Severi’s result
[108] establishes that M is irreducible, a fact we leverage throughout.

Hurwitz spaces, introduced below, parameterize covers 7 : X — P! with
specified ramification, and the forgetful morphism ®, : H, — M, maps a cover
to its underlying curve’s class [X’]. This connection links the geometry of covers to
the moduli of curves, a theme extending to weighted moduli spaces in Chapter 3,
where invariants of binary forms define points in M, for superelliptic curves.

151
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1. Introduction to Hurwitz Spaces

We assume that F is an algebraically closed field of characteristic p > 0 and
consider separable covers 7 : X — P! of degree n. The map 7* identifies
F(PY) =: F(z) as a subfield of F(X). We define equivalence: 7 ~ 7’ if there
exist isomorphisms o : X — X’ and 3 € Aut (P!) such that

Bom =1 oa.

The monodromy group of 7 is the Galois group of the Galois closure L of F(X') /F(z),
embedded into .S,,, the symmetric group on 7 letters. We fix the ramification type

of 7, assuming exactly 7 > 3 points in P!(F) are ramified (i.e., their prime di-
visors have at least one extension to F(X’) with ramification order > 1) and all
ramification orders are prime to char (F), ensuring cyclic ramification groups.

By the classical theory of Riemann surface covers, transferable to the alge-
braic setting via Grothendieck’s results (requiring tameness), there exists a tuple
(01,...,0p)in S, such that o1 - - -0, = 1, ord(o;) = e; is the ramification order
at the i-th branch point P; in L, and G := (01,...,0,) is transitive in S,,. This
tuple, called the signature o of 7, is unique up to conjugation in .S,,. The genus ¢
of X is given by the Hurwitz genus formula:

29 —2=n(-2)+ > (e —1).
=1

Define the Hurwitz space #,, as the set of pairs ([x], (p1,...,pr)), where [7]
is an equivalence class of covers with signature o, and pq, . . ., p, is an ordering of
the branch points modulo automorphisms of P!. This set is an algebraic scheme,
specifically a quasi-projective variety, termed the Hurwitz space H,.

Theorem 5.1. The Hurwitz space H(G, B, C) is connected if and only if the group
G = (o1,...,0y) acts transitively on {1, ..., n}.

Proof. We assume F is algebraically closed and consider separable covers 7 :
X — P! of degree n with ramification type specified by o = (o1, ..., 0,), where
o; € Sp,01++-0, = 1, and G = (01,...,0,) is the monodromy group. The
Hurwitz space H (G, B, C) parameterizes pairs ([7], (p1,. .., pr)), where [7] is an
equivalence class of covers with signature o, and p, . . ., p, are the ordered branch
points in P!(F), modulo automorphisms of P!. Since F is algebraically closed
and the ramification is tame (orders prime to char (F)), H(G, B, C) is a quasi-
projective variety.

First, suppose G acts transitively on {1,...,n}. The space H(G, B, C) clas-

sifies covers 7 : X — P! with » > 3 branch points py,...,p,, where the
monodromy around p; is given by o; € G. The base space P! \ {p1,...,p,}
has fundamental group 71(P! \ {p1,...,p,},p), a free group on r generators

Y1y ..., Yr With 1 -+ - = 1. The cover 7 corresponds to a homomorphism ¢ :
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71 (PY\ {p1,...,pr},p) = Sy such that ¢(y;) = o, and the image G' = ¢(my) is
transitive. The transitivity of G ensures that the fiber 7~ (p) (forp & {p1,...,p:})
is a single G-orbit of size n, implying that X is connected (since the cover is sepa-
rable and G acts transitively).

To show H(G, B, C) is connected, consider the configuration space U(") =
{(p1,...,pr) € (PY)" | p; # p; fori # j}, which is connected (as (P')" minus the
diagonals is an open subset of a connected variety). The map ¥ : H(G,B,C) —
U™, sending ([x], (p1,-..,pr)) — (p1,--.,pr), is a covering map in the complex
topology (since H(G, B, C) is unramified over U ("), see [41]. The fiber over a
point (p1,...,p,) € U is the set of equivalence classes of covers with branch
points py,...,p, and signature . By the classical theory of Riemann surfaces
(and Grothendieck’s algebraic analogue), these covers are classified by homomor-
phisms ¢ : w1 (P \ {p1,...,p,},p) — S, with ¢(7;) = 03, up to conjugation in
Sy. Since G is transitive, the set of such homomorphisms corresponds to the num-
ber of conjugacy classes of tuples (o1, ...,0,) in G satisfying the relation, which
is finite and non-empty. The connectedness of /(") and the finiteness of the fibers
imply that if #(G, B, C) is non-empty, it has a single connected component under
the transitive action of GG. Moreover, Hurwitz’s result ([65]) for simple covers, ex-
tended algebraically, shows that varying the branch points continuously preserves
connectedness when G is transitive.

Conversely, suppose G does not act transitively on {1,...,n}. Then G has at
least two orbits, say O1 and O, with |O1| + |O3| = n. For a cover 7 : X — P!
with monodromy group G, the fiber 71 (p) splits into disjoint G-orbits, and X’ de-
composes into at least two connected components &’ and X, where 7 : X} — P!
has degree |O1 | and 72 : Xy — P! has degree |Oz|. The Hurwitz space H(G, B, C)
then parameterizes such disconnected covers, but each component corresponds to
a distinct signature for a proper subgroup of S, acting on a subset of {1,...,n}.
For example, if G = G1 x Gg with G; < S|p,| and G2 < S|, |, the space splits
into products like H(G1, B1, C1) X H(G2, B2, C2), where the branch points and
conjugacy classes partition accordingly. Since these components correspond to
non-conjugate tuples in .S,, (due to distinct orbit structures), H (G, B, C) has mul-
tiple connected components, one for each partition of the signature consistent with
the orbits of G. Thus, if G is not transitive, H (G, B, C) is disconnected.

Therefore, H(G, B, C) is connected if and only if G acts transitively on {1, ..., n}.
O

Example 5.1. Take n = 2, so G = So, v > 6, and char (F) # 2. A signature o is
determined by the r ramification points Py, ..., P.. Hence, H, consists of classes
of hyperelliptic curves of genus g, = r/2 — 1 (so r is even). Fixing P, = (1 : 0),
P, =(1:1), Ps = (0 : 1), we have r — 3 free parameters modulo a finite
permutation group.
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Exercises

5.1. Compute the genus g of a cover ™ : X — P! of degree n = 5 withr = 8
branch points, all with ramification order 2.

52. Form =3, r =4 and o = ((12),(23),(13),(12)), determine if G =
(01,...,04) is transitive on {1, 2, 3} and predict H,’s connectedness.

53. Fforn=4,r =06 withoy =02 =(12), 03 =04 =(23), 05 =06 = (34),
analyze the orbit structure of G and the number of components of H,.

2. Topological Construction of Hurwitz Spaces

The Hurwitz space #H, associated with a signature 0 = (o1,...,0,) in S, can
be constructed topologically by considering the space of branched covers of the
Riemann sphere }P’lc with specified monodromy. This approach, rooted in the clas-
sical theory of Riemann surfaces, provides an intuitive framework that we will later
translate into an algebraic setting over an algebraically closed field /. Our primary
reference for this construction is Volklein [130], particularly Chapter 10, which em-
phasizes the interplay between topological covers and their algebraic counterparts.

Let P! = P{, be the Riemann sphere, and fix r > 3 distinct points py, ..., p, €
P!, called branch points. Define the punctured sphere U = P!\ {py, ..., p,}, which
is path-connected and has fundamental group 71 (U, p) based at some point p € U.
This group is free on r generators i, . . ., ¥, subject to the relation v - - - v, = 1,
where +; is a loop winding once counterclockwise around p; (see [130], Theorem
427). A cover m : X — P! of degree n branched at p,...,p, corresponds
to a homomorphism ¢ : w1 (U,p) — S, such that ¢(v;) = oy, and the image
G = (o1,...,0.) acts transitively on {1, ...,n}, ensuring X" is connected.

Topologically, the Hurwitz space H, parameterizes equivalence classes of
such covers with signature o, where two covers 7 : X — P! and 7' : X' — P! are
equivalent if there exist isomorphisms o : X — X’ and 8 € Aut (P') = PGL3(C)
such that 8 o m = 7’/ o . However, for the initial construction, we consider covers
without quotienting by automorphisms of the base, focusing on the branch points’
positions.

Define the configuration space U") = {(p1,...,p,) € (P1)" | pi # p; fori #
4}, an open subset of (P*)", which is connected since P! is connected and the diag-
onals A;; = {p; = p,} are of codimension 2. For a fixed tuple (p1, . .., p,) € U,
the set of covers with branch points py, ..., p, and signature o is given by the ho-
momorphisms ¢ : 71 (P! \ {p1,...,pr},p) — Sn with ¢(v;) = o4, up to conju-
gation in S,,. This set, denoted Hom (71, Sy,), is finite because the fundamental
group is finitely generated and S,, is finite. Specifically, Volklein [130], Section
10.1, shows that the number of such homomorphisms corresponds to the number
of solutions to the equation o1 - - - o, = 1 in S, adjusted for conjugacy and transi-
tivity of G.
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The topological Hurwitz space HeP is constructed as a covering space over
U™ Define:

HOP = {((p1,-..,p0), [7]) | (p1,...,pr) €U, [x] is a cover with signature o at py, . .., pr},

where [7] denotes the equivalence class under homeomorphisms of the cover 7 :
X — PPL. The projection W : Ho® — U, ((p1,...,pr),[7]) = (p1,...,pr) isa
covering map, as established by the following theorem:

Theorem 5.2. Let U™ = {(p1,...,p,) € (PL)" | pi # pjfori # j} be the
configuration space of r distinct points in Pg, and let 0 = (04, . .. ,0,) be a tuple
in Sy suchthatoy - -0, = land G = (01, ..., 0,) acts transitivelyon {1, ... ,n}.
Then the projection map:

\IJ:H?p_)u(T)v ((pl)"wp'r‘)u[ﬂ-])H(plv"')pr)a

is a finite unramified covering of topological spaces.

Proof. For a fixed (py,...,p,) € U, let U = P'\ {p1,...,p,}. The fiber
U~L(p,...,pr) = Hom (71 (U,p), Sn)/Sn, where Hom , = {¢ : m(U,p) —
Sn | ¢(vi) = oi}, and S,, acts by conjugation. This set is finite since 71 (U, p)
is finitely generated and S, is finite. To show W is a covering map, construct a
neighborhood of ((p1,...,pr), [7]). Take disjoint disks D; around each p;, and let
V =1I—, D;nU™). For (qu,...,q-) € V, the cover [r] deforms continuously by
adjusting loops ~; to ; around g;, preserving ¢(7;) = o;. Themap ¥ : W — V
(where W is the set of deformed covers) is a bijection locally, making W a finite
unramified covering.

O

Since U™ is connected, HITOP is a finite-sheeted cover with connectedness de-
termined by the transitivity of G. If G is transitive, Hffp is connected; otherwise, it
splits into components per orbit decomposition.

To define the Hurwitz space H,, as in Section 1, quotient by PGL2(C):
Ho = HLP/ PGLy(C),

where 8 € PGL,(C) acts via B-((p1, ., py), [7]) = ((B(p1), - -, B(pr)), [Bom]):
The group PGLy(C) acts freely on U (") because any automorphism fixing three
distinct points is the identity (a standard result in projective geometry). The action
is properly discontinuous: for distinct (p1, ..., p,) and (8(p1),- .., B(pr)), the sets
V and (V) are disjoint unless 5 = id, due to the finite stabilizer of » > 3 points.
Thus, the quotient map:

7 HP — H,

is a covering map with fibers isomorphic to PGLy(C), a connected 3-dimensional
complex manifold.
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The dimension of H,, is:
dime Ho = dimc U™ — dime PGLy(C) = 2r — 6,
since dimc (" = 2r and dimg PGLy(C) = 3. In the complex topology,

is a manifold, and its connectedness follows from Har’s connectedness (when G
is transitive) and PGL2(C)’s connectedness. Fixing three points (e.g., p1 = 0,
p2 = 1, p3 = o0) reduces the base to (") / PGLy(C) = C"3\ {diagonals}, with

real dimension 2(r — 3), so:
dimcgH, =r — 3,
consistent with the number of free branch points.

Algebraically, over F, H, is a quasi-projective variety (see [41]). The topo-
logical construction informs this: H, parameterizes covers up to PGLqy(F)-action,
with the forgetful map ®, : H, — M, of dimension dim(c) < r — 3, reflecting
the moduli of the curve X'. The braid group action (Section 3) will further refine
this structure.

Thus, the topological construction, extended by quotienting, bridges classical
Riemann surface theory with the algebraic geometry of Hurwitz spaces.

Exercises

54. Forn =3, r =4, 0 = ((12),(23),(1 3),(1 2)), estimate the number of
covers in W=1(py, ... p.) up to conjugation.

5.5. Verify dimc Hy, = r — 3 for r = 5, n = 4, with all o; transpositions.

5.6. Forn = 2, r = 6, describe the topological structure of Ha" for a hyperelliptic
signature and compute its dimension after quotienting by PGLy(C).

3. Braid Group Action and Connected Components of Hurwitz
Spaces

The topological Hurwitz space HyP, constructed as a covering of the configura-
tion space U(") (see ??), carries a natural braid group action that determines the
connected components of the quotient 7/}(G). This section establishes the precise
connection between braid orbits and these components, building from first princi-
ples and extending results inspired by Volklein [130], Sections 10.1.6-10.1.7, to fit
our framework.

Consider U = {(p1,...,pr) € (P&)" | pi # p; fori # j}, the space of
r > 3 distinct points in ]P’%j. The fundamental group 7 (U (), (p1,...,pr)) is the
braid group B, on r strands, generated by (1, ..., 8,—1, where (3; represents the
i-th strand crossing over the (7 4 1)-th, subject to:

BiBis18i = Biv1BiBir1 (i=1,...,7=2), BiBj = BB (li —j|>2).
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Geometrically, §; is a loop in (") swapping p; and pi+1 along a path avoiding
other points, as in [130], Figure 10.1. The pure braid group P, = ker(B, — S,)
consists of braids returning strands to their original positions, generated by A;;
(braiding p; around p;), with B, /P, = S,.

Foracoverm: X — Plc with signature o = (01, ..., 0,) satisfying oy - - - 0,, =
1,let U = P'\ {p1,...,pr}. The fiber of U : Hy? — U over (p1,...,p,) is
Hom , (71 (U, p), Sy)/Sn, where Hom , = {¢ : m(U,p) — Sp | ¢(vi) = oi}s
and S, acts by conjugation. The braid group B, acts on this fiber: for ¢ € Hom ,,
Bi(¢) adjusts the monodromy as p; and p;;1 swap:

é(75) ifj #4141,
Bi(9)(v5) = § ¢(Vit1) if j =1,
¢(yi)?ie)if =i+ 1,

where ¢(7;)?0 1) = ¢(yi11) " $(7i)$(7i41). This permutes the tuple:
Bit (01, ey 00,041y 00) = (01,0, 0441,00 T 00).

Define HA(G) = Ho?/PGLy(C) for G < S, and A = (Ay,...,A,) con-
jugacy classes in G, with o; € A;. The set N(G,A) = {(01,...,0.) | 05 €
A;, 01+ 0, = 1,(0;) = G} represents valid signatures, and B, acts on it via the
braid relations.

Theorem 5.3. Two covers m, 7’ : X — P& with the same branch points (p1, . . ., pr)
and signature o are equivalent (i.e., in the same fiber class [r] = [r']) if and only
if their monodromy tuples (o1, ...,0.) and (o}, ..., o) lie in the same B,-orbit
inN (G, A).

Proof. Let ¢, ¢’ : w1 (U,p) — Sy, define 7 and 7/, with ¢(v;) = 04, ¢/ (i) = o).
Equivalence means ] = [7'], i.e., there exists h : X — X’ such that 7’ o h = 7.
This implies ¢’ = g~ '¢g for some g € S, so o} = g~'o;g. However, differing
branch point orders require braid action.

Suppose (0,...,0.) = B(o1,...,0.) for B € B,. Since ¥ is a covering
(2?), moving p; along §; in U") lifts to a path in Hy¥, adjusting ¢ to S;(¢). If
B = Bi, - Bi,, then ¢/ = B(¢), and the covers are in the same path component of

the fiber, hence equivalent under homeomorphism.

Conversely, if [r] = [n’], the monodromy tuples must be braid-equivalent,
as HyP’s covering structure ensures distinct orbits yield distinct classes (Volklein
[130], Theorem 10.1.4, adapted).

0

Theorem 5.4. The connected components of H2(G) are in bijection with the braid

orbits N(G, A)/B,. For G = S,,, A; transpositions, and r even, the number of
( )(T—Q)/Q

. n
components is (
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Proof. Since HE;’P is a finite unramified cover of ¢/(") (??), and U (") is connected,
HyP’s components correspond to orbits of 71 (U(")) = B, on the fiber Hom , /S,,.
The quotient H2 (G) = H4s?/ PGLy(C) inherits components from ", as PGLy(C)
is connected. By Thm. 5.3, each component of #}(G) corresponds to a B,-orbit
in NV (G, A).

For G = S, A; transpositions, r = 2k even: N (S,,, A) requires 51 - - - 0, = 1
(even permutation). Pair transpositions (e.g., (1 2), (1 2)) to the identity; k pairs

(n) (7’*2)/2.

give (}) choices per pair, adjusted by B, to (5) ol 5

(]
Over F, H:(G) is a quasi-projective variety with dimg HA(G) = r — 3.

Example 5.2. Forn = 3, r = 4, G = S35, 4, = {(12),(13),(23)}, 0 =
((12),(23),(12),(23)), By acts transitively (81 : (12),(23) — (2 3),(1 3)),
vielding one component.

Exercises

5.7. Foro = ((12),(23),(1 3),(1 2)), compute 52(c) and check if it’s in the
same braid orbit.

5.8. Verify Thm. 5.4 for n = 3, r = 4, counting components ofo(Sg).

59. Forn = 4, r = 6, all o; transpositions, estimate |N(S4, A)/Bg| using
Thm. 5.4.

4. The Moduli Space of Curves as a Hurwitz Space

In 1891, A. Hurwitz [65] gave a complex structure to the set ™" of n-sheeted
simple coverings of P! with 7 branch points, and using calculations of Liiroth and
Clebsch, he proved H™" is connected. In the celebrated [108], F. Severi proved the
irreducibility of the (coarse) moduli space M, of curves of genus g by combining
the Hurwitz result with the fact that every curve of genus g appears as an n-sheeted
simple covering of P! if n > ¢ + 1. Fulton in [44] gives this theory a good
modern treatment including: an algebraic proof of Severi’s fact about curves; the
transcendental theory of Hurwitz; an algebraic construction over the integers of a
universal family of simple coverings parametrized by a Hurwitz scheme H™"; a
reduction theorem implying in characteristic p > g + 1 the irreducibility of H™"
and a fortiori of M. This section constructs M, explicitly as a quotient of H™",
building on prior frameworks.

4.1. Simple Coverings and Hurwitz Spaces. Let F be an algebraically closed
field of characteristic p > 0. A simple covering 7 : X — P! of degree n > 3 has
r branch points p1, ..., p, € P1(FF), each with one preimage of ramification index
2 and n — 2 of index 1. The signature o = (071, ..., 0,) consists of transpositions
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o; = (a; b;) in Sy, with oy ---0, = 1 and G = (01,...,0,) = S, (transitive for
X connected). The genus g is given by the Riemann-Hurwitz formula:
29 —2=n(-2)+r-(2-1)==2n+r, r=29+2n—2.
Define the topological Hurwitz space over C:
Higy = {((p1,---,pr); [7]) | i € PE, pi # pj. ] is a simple cover of degree n at p; } },

over U = {(p1,...,p;) € (P)" | pi # p;}. with ¥ : @l — U™ a finite
unramified cover; see Thm. 5.2. Algebraically, over FF:

™" = M | PGLy(F),

a quasi-projective variety of dimension r — 3.

4.2. Defining the Moduli Space M. The coarse moduli space M, is the set of
isomorphism classes [X] of smooth projective curves X over F of genus g > 2,
where X = X" if there exists a bijective morphism « : X — X’. We construct
M, as a quotient of H™" for n > g + 1. First, symmetrize under .S;., permuting
branch points:

H™" ]S, = {([7],{p1,--.,pr}) | [7] is a simple cover of degree n with branch set {p;}},
where {p1,...,p,} is unordered. Then quotient by PGLq(IF):
Mg =ZH™"/(S, x PGLy(IF)).
The forgetful map is:
O H 5 My, ([, (1o 1) = [,

dominant for n > g + 1, as every X admits such a cover (Severi [108]). The
dimension stabilizes at dim M, = 3g — 3.

4.3. Algebraic Construction and Grothendieck’s Criterion. Fulton [44] maps
the branch locus:

0:HY — PT\AT‘7 ([ﬂ-]a(pla-' : 7p7’)) - (pl""’pr)’

where P, = Sym”(P1), A, = {(p1,...,p;) | pi = pjforsomei # j}. For
p > g+1, ¢ is finite and étale, and H™" is irreducible (reduction theorem, [44], §5).
To construct H™" algebraically over Z, Fulton verifies Grothendieck’s criterion for
representability of an unramified functor ([44], §3, based on [1]). These conditions
ensure ™" is a fine moduli space over Spec(Z):

(i) Automorphisms are Trivial: For a simple cover 7 : X — P! with n > 3,
any automorphism o : X — X fixing P! (i.e., 7 o @ = 7) is the identity.
With r = 2¢g 4+ 2n — 2 > 6 (for g > 2, n > 3), o permutes the n points
in each fibre 7! (p). Over an unramified point p, o acts as an element of
Sy. Over a branch point p;,  must preserve the ramified point (index 2),
fixing o; = (a; b;) up to conjugation. Since « fixes at least three such o,
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and G = S, has trivial center for n > 3, « induces the identity on the
monodromy, hence o = id.

(ii) Unique Deformation: A deformation of the branch locus {p1,...,p,}
to {q1,...,q} in U lifts uniquely to a deformation of . For a family
pi(t) over t € Spec(R) ( R a DVR, t = 0 giving p;), with Uy = P!\
{p1(t),...,pr(t)}, the monodromy 71 (U;,p) — S, is constant if tame
(p # 2). The étale cover H™" — P, \ A, lifts this to a unique m; : X; —
P!, as the fundamental group’s specialization is an isomorphism ([1], §2).

(iii) Finite Fibres: The fibre ~!(p1,...,p,) is finite, given by the number
of tuples (071, . .., 0,) with g; transpositions, o1 - - - 0, = 1, and G = S,,,
up to S,-conjugation.

(iv) Locally Trivial: H™" is locally a product over P, \ A, in the étale topol-
ogy, due to the covering structure of ¥ (Thm. 5.2).

(v) Descent: The functor descends to Z, as the construction uses only poly-
nomial equations over Spec(Z).

For condition 4.3, consider a DVR R with residue field I, generic point 7,
and special point 0. A family {p1(t),...,p,(t)} in U")(R) has special fibre
{p1,...,pr}. The cover my : Xy — P! over t = 0 lifts to m,, : X, — P!
over 7). Since J is étale and tame, the specialization map 71 (U,) — m1(Up) is an
isomorphism (Grothendieck’s specialization theorem), and the unique lift follows
from the covering’s rigidity.

4.4. Transcendental and Characteristic p Refinements. Grothendieck [1] and
Deligne-Mumford [35] confirm M,’s irreducibility via specialization of 7. For
p > g+ 1, ¢ is finite, but for p < g + 1, examples ([44], §6) show § may not be
finite, complicating irreducibility.

Example 5.3. Forg =2, n =3, r =6, dim %% = 3, and My has dim = 3.

Exercises

5.10. Verify condition Section 4.3 for n = 3, r = 6, computing the automorphism
group of a simple cover.

5. Coverings and Moduli Dimensions

Let P! = Plc be the Riemann sphere. Let /(") be the open subvariety of (PHy"
consisting of all (p1, ..., p,) with p; # p; for i # j. Consider a cover f : X — P*
of degree n, with branch points p1,...,p, € PL. Pick p € P\ {p1,...,p,}, and
choose loops v; around p; such that 7y, ...,7, is a standard generating system of
the fundamental group T' := 71 (P! \ {p1,...,p+},p) (see [130], Thm. 4.27); in
particular, we have ~; -- -+, = 1. Such a system 71, ..., 7, is called a homotopy
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basis of P* \ {p1,...,p,}. The group I acts on the fiber f~!(p) by path lifting,
inducing a transitive subgroup G of the symmetric group .S,, (determined by f up
to conjugacy in S,,). It is called the monodromy group of f. The images of
Y1, .-, Y 0 Sy, form a tuple of permutations called a tuple of branch cycles of f.

Let 01, ..., 0, be elements of the symmetric group .S, with o - - - 0, = 1, gen-
erating a transitive subgroup. Let 0 = (071, ..., 0,). We call such a tuple admissi-
ble. We say a cover f : X — P! of degree n is of type o if it has o as tuple of
branch cycles relative to some homotopy basis of P! minus the branch points of f.
The genus g of X depends only on o (by the Riemann-Hurwitz formula); we write
9=Yo-

Let H, be the set of pairs ([f], (p1, ..., pr)), Where [f] is an equivalence class
of covers of type o, and py, ..., p, is an ordering of the branch points of f. Let
U, : H, — U be the map forgetting [f]. The Hurwitz space 7, carries a
natural structure of quasiprojective variety such that ¥ is an algebraic morphism,
and an unramified covering in the complex topology (see [41]). We also have the
morphism

Or: He — My

mapping ([f], (p1,...,pr)) to the class of X in the moduli space M, (where g =
go). Each component of H, has the same image in M, (since the action of S,
permuting p1, ..., pr induces a transitive action on the components of H,).

Definition 5.1. (a) The moduli dimension of o, denoted by mod-dim(o), is the
dimension of the image of ®,; i.e., the dimension of the locus of genus g curves ad-
mitting a cover to P! of type . We say o has full moduli dimension if mod-dim (o) =
dim M.

(b) We say o has infinite moduli degree if the following holds: If f : X — P!
is a cover of type o with general branch points then X has infinitely many covers to
P! of (the same) type o such that the corresponding subfields of the function field
of X are all different.

Here is the necessary condition for full moduli dimension used by Guralnick,
Fried and Zariski. We recall its proof at the end of this section.

Remark 5.1. If 0 = (01, ..., 0,) has full moduli dimension and g := gg > 3 then
r > 3g.

Here is our sufficient condition for full moduli dimension.

Lemma 5.1. Let n > 4. Given an admissible tuple o0 = (01, ...,0) in Sy, define
= (01,...,0p042), where

Or41 = Opy2 = (132)(n>n+1)
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is a double transposition. Then is an admissible tuple in Sy, 11 with g = g, + 1. If
o has infinite moduli degree then

3ifgs > 1
mod-dim() > mod-dim(c) + { 2ifg, =1
lifgo =0

Proof. Let g := g,. Then g = g + 1 by Riemann-Hurwitz. Let ® := & and
H := H. The map ® extends to & : H — Mg+1, where Mg+1 is the stable
compactification of M1, and H is H plus that piece OH of the boundary where
the last two branch points come together (see [41] ); thus ‘H covers the set of
(D1, -y Pryo) in (PV)™+2 with p; # pj fori # junless {i, j} = {r+1,7+2}, and
OH is the inverse image of the subset defined by the condition p, 1 = p,4o.

If we coalesce the last two entries of we obtain o, which has orbits of length n
and 1 on {1,...,n+1}. For acover X1 — P! of type , this means the following:
When coalescing the last two branch points, X1 degenerates into a nodal curve X
with two components linked at one point (coming from the cycle (n,n + 1) ). One
component is a non-singular curve covering P! of degree 1. The other component
/'\_f'g is a singular curve whose only singularity is a node (coming from the cycle
(1,2)); its normalization X, covers P! of type o.

The nodal curve X is stably equivalent to the stable curve é‘?g, and the latter
constitutes the image in M, of the element of OH corresponding to X — P*
(see [56], p. 185). Thus the image of IH in Mg+1 lies in the boundary com-
ponent consisting of irreducible curves with one node whose normalization has
genus g. We can identify this boundary component with M, o (where the two
marked points correspond to the node); here M, o parametrizes curves with two
unordered marked points. Thus we have the commutative diagram

Qs

7—[5 — Mg
| |
OH — Myp

where the vertical arrows on the lower level are inclusion. The map M2 — M,
is the natural projection (forgetting the marked points), and the map OH — H,

sends the point corresponding to the cover X — P! to that corresponding to the
cover X; — P! of type o (see the previous paragraph).

The image of # in Mg+1 is irreducible (as remarked above). Its intersection
with the boundary of M g+1 1s a closed proper subvariety, hence has codimension
at least 1. This subvariety contains the image of 0, which we denote by Im(OH)).
Thus mod-dim() > 1 + dimIm(0H).
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The fiber F'in M, > of the point of M, corresponding to X, can be identified
with the set of unordered pairs (x,y) of distinct points of Xj;, modulo Aut (X}).
The intersection F,, of this fiber with Im(0H) consists of those (x,y) such that
there is a cover f : X; — P! of type o with f(x) = f(y) and f(z) not a branch
point of f. If &) is a general curve with the property that it admits a cover to
P! of type o, then by the Lemma below and the hypothesis, F, is Zariski-dense
in F'. Since F, is the general fiber of the surjective map Im(0H) — P, (H,), it
follows that dimIm(0H) = dim F 4 dim ®,(H,) = dim F' + mod-dim(o).
This completes the proof. O

Lemma 5.2. Suppose f; : X — P! is an infinite collection of covers such that the
corresponding subfields of the function field of X are all different. Let S be the
set of (z,y) € X x X with f;(x) = fi(y) for some i. Then S is Zariski-dense in
X x X.

Proof. Let S; be the curve on X x X consisting of all (z,y) with f;(z) = fi(y).
The set S is the union of all S;. If S is not Zariski-dense in X x X then it must
be the union of finitely many S;; then the curves .S; cannot be all distinct. But if
S; = S; then the subfields of C(X) corresponding to f; and f; coincide. This
contradicts the hypothesis. U

Consider the natural action of PGLy(C) on P! (by fractional linear transfor-
mations). It induces an action on H,, with A € PGLy(C) mapping ([f], (p1, ..., pr))
to ([A o f],(A(p1), ..., A(pr))). The closed subspace of H, defined by the condi-
tions p; = 0, p2 = 1, p3 = oo maps bijectively to the quotient H,/ PGLy(C).
Hence this quotient carries a natural structure of quasi-projective variety, and the
map ¢, : H, — My, induces a morphism H,/ PGL2(C) — M,. (Clearly @, is
constant on PGLy(C)-orbits).

The dimension of (each component of) H,/ PGLs(C) is » — 3. Thus if &,
is dominant then 7 — 3 > dim M. This proves the necessary condition for full
moduli dimension (Remark Rem. 5.1). If » — 3 > dim M, then the general fiber
of the map H,/ PGL2(C) — M, is infinite. The latter implies that o has infinite
moduli degree (since two covers fi, fo : X — P! correspond to the same subfield
of the function field of X if and only if f; is the composition of fy with an element
of PGL4y(C)). We have proved:

Remark 5.2. Let o0 be an admissible tuple of length r in Sy, and g ‘= g,. If
r —3 > dim Mg then o has infinite moduli degree.

For clarification, we now briefly discuss the general concept of moduli degree.
This will not be needed elsewhere in the paper. The map H,/ PGL2(C) — M,
factorizes further over the action of .S, permuting the branch points (i.e., one can
drop the ordering of the branch points. Actually, the version of the Hurwitz space
without ordering of the branch points is more natural, see [130], Ch. 10, but for
the purpose of this paper we need the ordering). Anyway, the natural definition
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of the moduli degree of ¢ is as follows: The degree of the induced map from the
(irreducible) variety H,/(PGL2(C) x S,) to M,. Thus the moduli degree of
o is the number of covers f : X — P! of type 0 modulo PGL3(C), where X
corresponds to a (fixed) general point in the image of @, .

Let X, be a general curve of genus g > 2. Then X, has a cover to P! of degree
n if and only if 2(n — 1) > g. This is a classical fact of algebraic geometry. (It
is part of Brill-Noether theory, which more generally considers maps of a curve to
P™, see [56], Ch. 5). If X, has a cover to P! of degree n then there is such a cover
that is simple, i.e., has monodromy group .S,, and all inertia groups are generated
by transpositions. The question arises whether X, admits other types of covers to
PL.

If there is a cover Xy, — P! branched at r points of P! and g > 3thenr > 3¢g
(see Remark Rem. 5.1 below). Zariski [134] used this to show that if g > 6 then
there is no such cover with solvable monodromy group. He made a conjecture on
the existence of such covers for g < 6, but there is a counterexample to that, see
Fried [42], Fried/Guralnick [ ?FrGul].

The condition r > 3¢ was further used by Guralnick to restrict the possi-
bilities for the monodromy group G of a cover X, — P! of degree n. As-
sume the cover does not factor non-trivially, i.e., G is a primitive subgroup of
Syn. (Knowledge of this case is sufficient to know all types of covers X, — P
this was already observed by Zariski [134], see [53]). If further ¢ > 3 then
G = Sy, or G = Ay, acting on {1, ...,n} as on the set of F-subsets of {1, ..., m},
for some F. For g = 3 there are 3 additional cases, with n = 7,8,16 and
G = GL3(2),AGL3(2), AGL4(2), respectively. This was proved by Guralnick
and Magaard [53], using the classification of finite simple groups. Work in progress
by Guralnick and Shareshian is further restricting the possibilities. There is also a
corresponding result for g = 2, but it is less definitive.

5.0.1. Covers with monodromy group A,. We consider admissible tuples o =
(01, ...,0.) in Sy, such that each o; is a double transposition. Thenr = n+g—1 >
n — 1, where g := g, (by Riemann-Hurwitz). Let DT(n, g) be the set of these
tuples o; and let DTA(n, g) be the subset consisting of those o that generate A,
(the alternating group).

Lemma 5.3. For each n > 4 (resp., n > 6) the set DT(n,0) (resp., DTA(n,0) ) is
non-empty.

Proof. For n = 4 take o to consist of all double transpositions in A4. Forn = 5
take 0 = (04, ...,04) such that o109 (= (0304)~ 1) is a 5-cycle. For n = 6 use
GAP (or check otherwise).

Assume now o is in DTA(n,0). We may assume o, = (1, 2)(3,4). Replacing
o, by the two elements (1,2)(n,n + 1) and (3,4)(n,n + 1) yields a tuple in
DTA(n + 1,0). This proves the Lemma.
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Lemma 5.4. For each n > 5 (resp., n > 6) there is a tuple in DTA(n, 1) (resp.,
DTA(n, 2) ) that has full moduli dimension.

Proof. It suffices to prove that for n > 5 there is a tuple in DTA(n, 1) of moduli
dimension 1 (i.e., full moduli dimension). Indeed, its length equals n, and n — 3 >
1 = dim M; thus the tuple has infinite moduli degree by Remark Rem. 5.2. Then
Lemma Lem. 5.1 produces a tuple in DTA(n + 1,2) of moduli dimension 3 (i.e.,
full moduli dimension).

Assume now n > 5. By the previous Lemma, there is a tuple o in DT(n—1,0).
Then is in DT(n,1). Since g, = 0, the hypothesis of infinite moduli degree in
Lemma Lem. 5.1 is not necessary for its proof to show that has moduli dimension
1.

If o generates A,,_; then generates A, and we are done. This leaves only
the cases n = 5 and n = 6. One checks that the tuples ¢ in A4 and As from the
proof of the previous Lemma can be chosen such that actually generates As resp.,
Ag. O

Lemma 5.5. Let g > 3 and n > 2g + 1. Then there is a tuple in DTA(n, g) that
has full moduli dimension.

Proof. First we settle the case g = 3, n > 7. By the previous Lemma, there is a
tuple in DTA(n — 1,2) and of moduli dimension 3. Its length is n, and n — 3 >
3 = dim Mo; the claim follows from Rem. 5.2 and Lem. 5.1.

Now suppose g > 3,n > 2g+1. Thenn—1 > 2(g — 1) + 2. By induction we
may assume there is a tuple in DTA(n — 1, g — 1) and of full moduli dimension.
Its lengthis r :==n+g—3,andr —3 > 3(g — 1) — 3 = dim M,_y; the claim
follows again from Rem. 5.2 and Lem. 5.1.

Theorem 5.5. (i) Let g > 3. Then the general curve of genus g admits a cover to
P! with monodromy group A,, such that all inertia groups are generated by double
transpositions if and only if n > 2g + 1.

(ii) For each n > 6 (resp., n > b), the general curve of genus 2 (resp., 1)
admits a cover to P! with monodromy group A,, such that all inertia groups are
generated by double transpositions.

Proof. In view of Lemma Lem. 5.4 and Lemma Lem. 5.5, it only remains to show
that the condition n > 2¢g + 1 in (i) is necessary. Indeed, if the general curve
of genus g admits such a cover then an associated tuple of branch cycles is in
DTA(n, g) and of full moduli dimension. Thus the claim follows from the neces-
sary condition r > 3¢ (Remark Rem. 5.1) since r =n + g — 1.

Corollary 5.1. Let C be a general curve of genus g > 4. Then the monodromy
groups of primitive covers C — P! are among the symmetric and alternating
groups, and up to finitely many, all of these groups occur.
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Here a cover is called primitive if it does not factor non-trivially. The first
assertion in the Corollary follows from [53], and the second from the Theorem
plus Brill-Noether theory.

5.0.2. The exceptional cases in genus 3. Let o = (o1, ...,0,) be an admissible
tuple in S, and g := gg > 3. Assume o satisfies the necessary condition 7 > 3g
for full moduli dimension. Assume further o generates a primitive subgroup G of
Sn. If g > 4 then G is a symmetric or alternating group by [53] (as we have just
used in the Corollary). If ¢ = 3 and G is not a symmetric or alternating group then
one of the following holds (see [53], Theorem 2):

(1) BeDT(7,3)and G = GL3(2) and r = 9.
(2) B eDT(8,3)and G = AGL3(2) and r = 10.

(3) n = 16 and o consists of 9 involutions with 8 fixed points each, and
G = AGLy(2).

We show there actually exist such tuples of full moduli dimension:

Theorem 5.6. The general curve of genus 3 admits a cover to P! of degree 7 (resp.,
8) and monodromy group GL3(2) (resp., AGL3(2) ), ramified at 9 (resp., 10)
points of P, such that all inertia groups are generated by double transpositions. It
also admits a cover to P! of degree 16 and monodromy group AG L4(2), ramified
at 9 points of P, such that all inertia groups are generated by involutions in Sig
with 8 fixed points.

Proof. (1) Let G be a (doubly) transitive subgroup of .S7 isomorphic to GL3(2).
Let H be a point stabilizer in G. View H as a subgroup of Sg via its (transitive)
action on the other 6 points. In Section 3.3.1 below, we show that there is a tuple
7 in DT(6, 2) of full moduli dimension that generates this subgroup H of Sg. This
tuple has length 7, hence has infinite moduli degree by Remark Rem. 5.2. Choose
a double transposition in G that is not in H, and append two copies of it to the tuple
7. By Lemma Lem. 5.1, this yields a tuple o of full moduli dimension satisfying
(D).

(2) The group GL3(2) is the stabilizer of O in the transitive action of AGL3(2)
on the 8 points of F;. Replacing the last entry o9 of the tuple o from (1) by two
double transpositions from AGL3(2) that are not in GL3(2) and have product oy,
yields a tuple satisfying (2). This tuple has full moduli dimension because already
the boundary of the corresponding Hurwitz space maps dominantly to M.

5.0.3. Covers of degree 6 from the general curve of genus 2 to P1. Let 71,75, T3
be the three double transpositions in H := Sy. Let p; and ps be transpositions in
H generating an S3-subgroup. Then the tuple

T = (71,72,73,p1,P1, P2, P2)
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generates H. View H as a subgroup of Sg as in the proof of Theorem Thm. 13.15.
Then 7 becomes an element of DT(6, 2) (since all involutions of GL3(2) act as
double transpositions on the 7 points).

Now consider a cover f : X — P! of type 7. Note that H is an imprimitive
subgroup of Sg, permuting 3 blocks of size 2. The kernel of the action of H on
these 3 blocks equals {1, 71, 72, 73}. Thus f factors as f = hg where g : X — P!
is of degree 2 (the hyperelliptic map on the genus 2 curve X) and h : P! — P! is
a simple cover of degree 3 (i.e., its tuple of branch cycles consists of 4 involutions
in S3). Let p; € P!, i = 1,2, 3 be the branch point of f corresponding to 7;. Then
p; has 3 distinct pre-images x;, y;, 2; under h. We may assume p; = 0 = x3,
P2 = 00 = y3, p3 = 1 = z3. Then h is of the form

h(z) = (z — 1) (@ —yi)(x - 21)
(@ — z2) (2 — y2)(z — 22)
Exactly one of x;, y;, 2;, say z;, is unramified under g. Thus z1,y1, x32, Y2, 3, Y3
are the 6 branch points of the hyperelliptic map g. It is well-known that (the
PGLy(C)-orbit of) this 6-set determines the isomorphism class of the genus 2
curve X. Now we are ready to prove:

Lemma 5.6. The tuple T has full moduli dimension.

Proof. Recall that we have fixed x3 = 0, y3 = oo. It suffices to show that for each
choice of ', ¥}, 2, y4 sufficiently close to z1, y1, x2, y2, respectively (in the com-
plex topology), the following holds: There are z}, 2} close to z1, z2, respectively,
such that the map

R )
(2 — )z — yb) (& — 25)

composed with the double cover ¢’ : X’ — P! branched at x|, y|, x, 15,0, 00

is a cover of type 7. This follows by continuity once we know that the condition

R (0) = 1 (= h/(00)) is preserved. But this condition h’(0) = 1 is easy to achieve:

We can view it as defining 24 (after free choice of 21). O
For a fixed g > 3, we seek o of minimal degree with r = 3¢, as worked out in

[113].

Lemma 5.7. For any g > 3, there is a minimal degree d = {%j generic cover

Vg 1 Xy — P! from a genus g curve Xy with v = 3g branch points and signature:

i) If g is odd, then 0 = (o1,...,0,) such that o1,...,00—1 € Sy are
transpositions and o, € Sy is a 3-cycle.

ii) If g is even, then 0 = (o1, ...,0,) such that o1, ...,0, € Sy are trans-
positions.

Exercises
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5.11. Compute the genus g of a cover m : X — P! of degree n = 4 withr = 6
branch points, where o1, 09, 03 are transpositions and o4, 05, 0g are 3-cycles.

512. Forn =3, r =4, and o = ((12),(12),(23),(23)), determine if G =
(01,...,04) is transitive on {1, 2, 3} and predict the connectedness of H(G, BB, C).

6. Stratification of the Moduli Space M,

Fix genus g > 2. The coarse moduli space M, defined as the quotient of Hurwitz
spaces by braid and PGLy(F) actions (see Section 4), parameterizes isomorphism
classes of smooth projective curves of genus g over an algebraically closed field
of characteristic p > 0. A central question arises:

5.13. Can we list all groups occurring as the full automorphism group of a genus
g curve X over F?

For superelliptic curves with cyclic automorphisms (e.g., ¥y = f(z), n > 2),
we addressed this for char F # 2 earlier; the char F = 2 case is more techni-
cal and omitted here. However, not all curves are superelliptic—e.g., a generic
genus 3 curve is a ternary quartic. While classification in positive characteristic
remains open, significant progress for char &/ = 0 by Breuer, Magaard, Shaska,
Shpectorov, and Volklein allows a detailed stratification of M, by automorphism
groups, summarized below.

A group G acts faithfully on a genus g curve if it has a genus g generating
system (see [80]). Breuer [13] lists all such groups and their signatures for g < 48,
producing signature-group pairs—a group G with a tuple (o4,...,0,), 0; € G,
o1---0, = 1, generating (G. Shaska et al. [80] refine this to identify full auto-
morphism groups, noting that larger g increases the proportion of pairs realizing
Aut (X).

6.1. Ramification Type and G-Curves. For a finite group G and conjugacy classes
Ci,...,Cr # {1} in G, let C = (C4,...,C,) be an unordered tuple (repetitions
allowed, 7 > 0). A pair (X, u), where p : G — Aut (X) is injective, defines a
G-curve X. Equivalence holds if there’s a G-equivariant isomorphism X' — X”.
A G-curve X has ramification type (g, G, C) if X’ has genus g, and the ramified
points p1,...,p, in X'/G have inertia group generators in C; (generator acts as
exp(27i/e;) in the tangent space, e; = ord(C})).

The Riemann-Hurwitz formula gives the orbit genus gy of X' /G:

29-1) _ 3 —~( 1
ar = Ao 1>+;(1 e)

where ¢; = ord(o;), o; € C;, defines the signature G = (e1,...,e,).
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6.2. Hurwitz Loci and Stratification. Let 7 (g, G, C) be the set of equivalence
classes of G-curves of type (g, G, C), a quasi-projective variety over C (akin to
HA(G) in Section 3, with A; = C;). It is non-empty if G has a generating system
a1, Bis -5 Qgys Bgos Vs - - - Vs Vi € Ci, satisfying:

[Tl 81 [[vi=1 [e.8=a"'8 ap.
7 7

The map @ : H(g, G, C) — M, forgetting the G-action, has image M (g, G, C),
the locus of genus g curves with G-action of type (g, G,C). The map ¥ : H —
Mg, r, sending X to (X/G,{p1,...,pr}), is surjective with finite fibers when
H # (). Both ® and ¥ are finite morphisms, and dim H (g, G, C) = 3gp — 3 + .

Lemma 5.8. If M(g,G,C) # (), each component has dimension (g,G,C) =
390 — 3+ .

Proof. Since ¥ maps surjectively to My, ., a variety of dimension 3gg — 3 + 7,
and ¥ is finite, all components of (g, G, C) share this dimension. As @ is finite,
M(g, G, C) inherits the same.

O

For a subgroup H < G, restricting a G-action of type (g, G, C) to H yields
type (g, H, A), where A lists conjugacy classes D;; of elements Ly fyl Yo € H
from double cosets (see original for details). Then M(g, G, C) Q Mg, H, A),
with (9, G, C) < (g, H, A).

6.3. Genus 3 Stratification. For g = 3, [80] details the poset of loci M (3, G, C),
shown in Fig. 1. Hyperelliptic loci (red) dominate (17 of 23), with 6 non-hyperelliptic
cases (blue, yellow for superelliptic). Dimensions range from O (e.g., L3(2)) to 5
(generic ().
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Figure 1. Poset of Hurwitz loci for M3.
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6.4. Genus 4 Stratification. For g = 4, Table 1 lists all automorphism groups,
signatures, and dimensions. Of 41 loci, 13 are non-superelliptic (blue), with di-
mensions from 0 (e.g., S5) to 7 (hyperelliptic C5).

[# [dm][G | ID | sig | type | subcases |
T 10 |5 (12034) [ 0-(2,4,5) |1

2|0 |CyxSy | (7242 |0-(2,3,12) |3

310 (72,40) | 0-(2,4,6) 4

410 |v 40.8) | 0-(2,4,10) |7

500 |CsxSs | (3612) |0-(2,6,6) |10

6 |0 |Us (32,19) | 0-(2,4,16) | 16

7 10 SLa(3) (24,3) 0-(3,4,6) 20

8 |0 | (182) | 0-(2,9,18) |27

9 10 |Cus (151) | 0-(3,5,15) |38

1010 | Ci (12.2) | 0-(4,6,12) | 45

1o |cup (102) | 0-(5,10,10) | 51

201 |82 (36,10) | 0-(2,2,2,3) | 12 |3

131 |8, 24,12) | 0-(2,2,2,4) | 18 | 1,2
141 | CoxDs|204) |02.2,25) |21 |4

1501 | CaxSs |(183) |0-(2,2,3,3) |30 |25
161 | Ds 16,7) | 0-(2,2,2,8) |35 |6

1701 | CoxCs | (12,5 | 0-(2,2,3,6) |46 |25
1811 | CaxSy | (124) | 0-(2,2,3,6) | 41 |3

1901 |4, (123) | 0-(2,3,3,3) |43 |2
0|1 | Dy 10,1 | 0-(2,2,5,5) | 49 |1

2001 | Qs 84) | 0-(2,4,4,4) |59 |67
nl1 | C 62) | 0-(2,6,6,6) | 66 |5, 10
31 | G | 0-(5,5,55) |69 |9 11
242 | D (124) | 0-(2%) 40 | 1,512
2512 | Dy 83) | 0-(24) |57 |3,13
%2 | D, ®3)  |0-(24,4) |56 | 4,16
2712 | 62) | 0-(23,3,6) |64 |7.8

28 | 2 Cs (6,2) 0-(22,33%) 65 15, 17
292 |8 6D 0-(22,3%) |62 |12,18
02 | o, @h o249 |77 |10
313 | S 61) | 0-(25) 61 | 13,15,24
3213 Vy 4,2) 1-(2,2,2) 72 18,19, 25
B3 | o @D |0-(24,42) |76 | 21,26
(3 | G | 0-(3% 80 | 9,28
3503 | Cy G0 | 0-(39) 81 |29
363 | s G0 | 14(3,3,3) |79 |15,19,22,27
3714 |V 4,2) 0-(27) 73 | 14,26
84 |V @2 | 0-(27) 74 | 17,24,25
3915 Cy 2,1 2-(2,2) 82 11, 20, 29, 32, 37, 38
40 | 6 Cy 2,1 l-(26) 83 22,28, 30, 31, 38
4117 |0y @ | 0219 84 | 27,33,37
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Table 1: Hurwitz loci of genus 4 curves
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Exercises

5.14. For g = 3, G = Cs, compute (3,Cs, (Cs,C3,C3)) and verify it matches
Fig. 1.

5.15. For g = 4, G = Sy, signature 0-(2, 2, 2, 4), determine go and {4, Sy, C)
using Table 1.

5.16. Show that a genus 3 superelliptic curve with G = Cg has a normal cyclic
cover, and find its orbit genus.



Chapter 6

Describing Moduli Points
via Invariant Theory

A binary form of degree d is a homogeneous polynomial f(x,y) of degree d in two
variables over F. Let V; be the F- vector space of binary forms of degree d. The
group GLa(F) of invertible 2 x 2 matrices over F acts on V; by coordinate change.
Any genus g > 2 superelliptic curve over J has a projective equation of the form
2"yd=" = f(x,y), where f is degree d a binary form of non-zero discriminant.
Two such curves are isomorphic if and only if the corresponding binary forms are
conjugate under GLo(F). Therefore the moduli space of such superelliptic curves
is the affine variety whose coordinate ring is the ring of GLy(F)-invariants in the
coordinate ring of the set of elements of V; with non-zero discriminant. In this
section we will explore such invariants and derive explicit conditions when two
degree d binary forms are conjugate.

Generators for this and similar invariant rings in lower degree were constructed
by Clebsch, Bolza and others in the last century using complicated calculations.
For the case of sextics, Igusa [67] extended this to algebraically closed fields of
any characteristic using difficult techniques of algebraic geometry. In [72] Igusa’s
result is proved in an elementary way using methods of geometric reductivity.

Hilbert [61] developed some general, purely algebraic tools in invariant theory.
Combined with the linear reductivity of GLy(F) in characteristic 0, this permits a
more conceptual proof of the results of Clebsch [32] and Bolza [20]. After Igusa’s
paper appeared, the concept of geometric reductivity was developed by Mumford
[92], Haboush [55] and others. In particular it was proved that reductive algebraic
groups in any characteristic are geometrically reductive. This allows application of
Hilbert’s methods in any characteristic. For example, Hilbert’s finiteness theorem

175
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was extended to any characteristic by Nagata [96]. Here we give a approach along
those lines for binary sextics and octavics. The proofs are elementary in charac-
teristic 0, and extends to characteristic p > 5 by quoting the respective results on

geometric reductivity.
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1. Ring of Invariants

Throughout this chapter F denotes an algebraically closed field. Let F [z, y] be
the polynomial ring in two variables and F [z, y], the subset of all degree d ho-
mogenous polynomials. Two polynomials f, g € F [z, y|q are called equivalent if
f = X-g, forsome A € F*. The equivalence classes of such relation are called
degree d binary forms. Let V; denote set of all degree d binary forms. Hence
elements of V; are degree d homogenous polynomials

(30) f(.%‘, y) = a0$d -+ alxd_ly 4+t adyd

defined up to a multiplication by a scalar. Vj is a (d + 1)-dimensional subspace of
F [z, y].
We let GLo(F) act as a group of automorphisms on F [z, y] as follows: if

g= [Z 2} € GL2(F)

then
g(z) = ax + by
(31) (=)
9(y) = cx + dy
This action of GLg(F) leaves Vj invariant and acts irreducibly on V.
Consider ag, ay, ..., aq as parameters (coordinate functions on V;;). Then the
coordinate ring of V; can be identified with &[ay, ..., aq]. For I € k[ayg, ..., aq] and

M € GLy(k), define

™ ¢ klag,...,aq) as TIM(f):=I1(™),
for all f € Vy. Then I™MN = (I™)N and we have an action of GLy(k) on
k[ao,...,ad].

A homogeneous polynomial I € klag,...,aq,z,y| is called a covariant of
index s if

M(f) = 3I(f),
where A\ = det(M)“. The homogeneous degree in ag, . . ., aq is called the degree

of I, and the homogeneous degree in x, y is called the order of I. A covariant of
order zero is called invariant.

Definition 6.1. An element I € Fao,...,aq) is called an SLo(F)-invariant if
19 =1 forall g € SLa(F). Similarly we can define an GLa(F)-invariant.

Definition 6.2. Let Ry be the ring of SLa(F) invariants in F |ag, . . ., aq), i.e., the
ring of all .

Note that if [ is an invariant, so are all its homogeneous components. So R4 is
graded by the usual degree function on F [aq, . . ., aq].



178HAPTER 6. DESCRIBING MODULI POINTS VIA INVARIANT THEORY

Since F is algebraically closed, the binary form f(x,y) in Eq. (64) can be
factored as

(32)  fle,y) = (e —21y) - (yar —zay) = [ det <[§ ﬂ)
1<i<d !

The points with homogeneous coordinates (x;, y;) € P! are called the roots of the
binary form Eq. (64). Thus for g € GLa(F) we have

9 (f(z,y)) = (det(9)) (yy2 — z1y) - (yga — 4y),

where

-
Y; Yi
1.1. The Null Cone of V.

Definition 6.3. The null cone Ny of V; is the zero set of all homogeneous elements
in Ry of positive degree

Lemma 6.1. Let char (F) = 0 and Qs be the subspace of F [ao, .. .,aq] con-
sisting of homogeneous elements of degree s. Then there is a F-linear map R :
Flag, . ..,aq] — Rgq with the following properties:

(a) R(Qs) C Qg forall s
(b) R(I) = I forall I € Ry
(c) R(g(f)) = R(f) forall f € Flag, ..., ad]

Proof. (), is a polynomial module of degree s for SLo(F). Since SLa(F) is lin-
early reductive in char (F) = 0, there exists a SLa(F)-invariant subspace A, of
Qg such that Qs = (Qs N Ry) P As. Define

R: Flag,...,aq] = Ry
as R(As) = 0 and Rio,nr, = td. Then R is F-linear and the rest of the proof is
clear from the definition of R. ([
The map R is called the Reynold’s operator.

Lemma 6.2. Suppose char (F) = 0. Then every maximal ideal in R4 is contained
in a maximal ideal of F [ag, . . . , aq).

Proof. If 7 is a maximal ideal in R4 which generates the unit ideal of F [ay,
aq), then there exist my,...,m; € Z and fi, fo, ..., fi € Flao,...,aq)
such that
L=myfi+--+mfi

Applying the Reynold’s operator to the above equation we get
L=mi R(f1) + - +muR(fp)
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But R(f;) € Rq for all i. This implies 1 € Z, a contradiction. O

Theorem 6.1 (Hilbert’s Finiteness Theorem). Suppose char (F) = 0. Then R is
finitely generated over F.

Proof. Let Z; be the ideal in F [ag, . . ., agq] generated by all homogeneous invari-
ants of positive degree. Because F [ag, . .., aq] is Noetherian, there exist finitely
many homogeneous elements .Ji, ..., J, in Ry such that Zop = (Jy,...,J,). We

prove Rg = F[J1,...,Jr]. Let J € R4 be homogeneous of degree d. We prove
J e F[Ji,...,Jr] using inductionon d. If d = 0, then J € F C F[J1,...,J,].
If d > 0, then

(34) J:fljl+"'+frJr

with f; € Flao,...,aq] homogeneous and deg(f;) < d for all i. Applying the
Reynold’s operator to Eq. (34) we have

J=R(fi)Jr+-+ R(fr)]r

then by Lemma 1 R(f;) is a homogeneous element in R4 with deg(R(f;)) < d
for all 7 and hence by induction we have R(f;) € F[Ji,...,J;] for all i. Thus
JeF[J,...,J]. O

If F is of arbitrary characteristic, then SLo(F) is geometrically reductive,
which is a weakening of linear reductivity; see Haboush [55]. It suffices to prove
Hilbert’s finiteness theorem in any characteristic; see Nagata [96]. The following
theorem is also due to Hilbert.

Theorem 6.2. Let I, I, ..., I; be homogeneous elements in Ry whose common

zero set equals the null cone Ny. Then Ry is finitely generated as a module over
Flh,..., I

Proof. (i) char () = 0: By Thm. 11.3 we have Ry = F [Ji, Ja, . .., J;| for some
homogeneous invariants Ji, ..., J,. Let Zy be the maximal ideal in R, generated
by all homogeneous elements in R of positive degree. Then the theorem follows
if I1, ..., I generate an ideal Z in R, with rad(Z) = Zy. For if this is the case,
we have an integer ¢ such that

(35) J1eZ, foralli

Set S := {JI'J2 ... Jir|0 < iy,...,0r < q}. Let M be the F[I1,...I]-
submodule in R4 generated by S. We prove Ry = M. Let J € Ry be homo-
geneous. Then J = J + J  where J' € M, J' is a F-linear combination of

JJg2 . Jir with at least one i, > g and deg(J) = deg(J') = deg(J"). Hence
Eq. (35) implies J " € T and so we have

J//:f1[1+"'+fsls

where f; € Ry for all i. Then deg(f;) < deg(J") = deg(J) for all i. Now by
induction on degree of J we may assume f; € M for all i. This implies J & M
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and hence J € M. Therefore M = R. So it only remains to prove rad(Z) = Zy.
This follows from Hilbert’s Nullstellensatz and the following claim.

Claim: 7 is the only maximal ideal containing I, ..., I;.

Suppose Z; is a maximal ideal in R4 with Iy, ..., Is € Z;. Then from Lemma
2 we know there exists a maximal ideal J of F [ay,...,aq] with Z; C J. The
point in V; corresponding to 7 lies on the null cone Ny because I, . .., I vanish
on this point. Therefore Zy C 7, by definition of Nj;. Therefore J N R4 contains
both the maximal ideals Z; and Zy. Hence, 71 = J N'Rq = Ip.

(ii) char (F) = p: The same proof works if Lemma 2 holds. Geometrically
this means the morphism 7 : Vy — V; // SLa(F) corresponding to the inclusion
R4 C Flag,...,aq] is surjective. Here Vy // SLa(F) denotes the affine variety
corresponding to the ring R4 and is called the categorical quotient. 7 is surjective
because SLy(F) is geometrically reductive. The proof is by reduction modulo p,
see Geyer [48].

O

Exercises

6.1. For a binary quartic f(x,y) = apz* + a123Y + as2®y? + a3 Xy + aqv?,

compute g - f for g = [(1) i .

6.2. Show that the discriminant A = H# y (z; — x;)? of a binary form f € Vy is
in Ry, and determine its degree.

6.3. For d = 3, char (F) = 0, if N3 is defined by a single invariant I, prove
Rs = F[I].
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2. Covariants and Invariants

We employ the symbolic method of classical invariant theory to construct covari-
ants of binary forms, essential for describing moduli points of superelliptic curves
via their invariants (cf. Chapter 6). Covariants are polynomials in X, Y and the
coefficients of a binary form that transform under GLo(F) with a specific weight,
generalizing invariants (order O covariants) in R4. We use the symbolic method
to define transvection, prove Gordan’s Fundamental Theorem with computational
detail, and illustrate its utility, building on the ring of invariants R4 from Section
1.

2.1. The Symbolic Method and Transvection. For binary forms f(z,y) = > (})aiz™ 'y €
Vo and g(z,y) = Y00 (7)biz™ 'y’ € V;p, the r-th transvection is:

p_(m=n)n—r)q~ k()OS o9
(f,9)" = nim! kzo( b <k;> dx"—kdyk dxkoyr—+’

where (%Ta%kfayk is the r-th mixed partial derivative (Grace and Young [50]). This
yields a covariant of order n + m — 2r, a polynomial in x,y with coefficients
in Flag, ..., an,bo,...,by]. If r = n + m, the result is an invariant; for g = f,

(f, f)"isin R,,.
Example 6.1. For a binary quadratic f = az? +bXY + cy?, compute (f, f)?:

5  (2=2)(2-2)! [0%fO*f 0%f  0%f O fO*f
)y =—F—" | 53732 2 + 5553
212! Or2 0y?2  TOXOY 0X0Y = Oy? Ox2

the discriminant, an invariant of degree 2 in Ro.

1
) = 1(2a-20—2b'b) = ac—b?,

2.2. Gordan’s Fundamental Theorem. Gordan’s theorem generates relations among
covariants, a cornerstone for computing invariant rings (e.g., Bolza [20] for sex-
tics).

Theorem 6.3 (Gordan’s Fundamental Theorem). Let ¢g, ¢1, @2 be covariants of
orders mq, m1, ma, and eg, €1, e2 non-negative integers with e; + e; < my, for
distinct 1, j, k. Then:
el (61) (mlfeo'feg) €2 (62) (mzfeo'fel)
0 . . 0 ) .
ZW(((%@DW 1 d2) ) = Z@TZ—Z%I)(((%»MM LH1) T,
e1—1 es—1

=0 =0

where eg = 0 or e1 + €3 = my.

Proof. Express covariants symbolically: for f = > (’;‘) a;x" "yt write f = a” =

(a1 X + a2Y)™, where a;, = a1 X + a2Y is an umbral symbol, with coefficients

derived by expansion
dal

5 =n(n—1)--(n—i+1)a?"a’
x

T
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Similarly, g9 = (@)™, ¢1 = (B2)™, 2 = (72)™2.
Transvection (f, g)" applies the operator

. . YA o "
¢ _Z( D (k) dxm=kdyk dukour—Fk

k=0

to f(z,y)g(u,v), then sets u = x,v = y. For

(¢0,¢1)" = ()™ (Bu)™ (B)",
where (aff) = a1 82 — a2f.

Compute the left-hand side (LHS). Inner transvection is

(0, 61) T = ()™ (B) ™ (B) T,

with order mg + mq — 2(ez + 1). Outer transvection is

(6,611, 62) 41 70) = ()™ (B)™ ()™ (@B) > (ay) o+ =i () 0+,

(m0+M172(€2+1)7(60+817i))!(m27(60+617i))!
mo'mi!mo!

e1\ (mi—epg—es

() (™)

(m0+m1+1—262)
e1—1

with normalization factor
are

. Sum weights

and adjust coefficients via combinatorial identities.
Right-hand side (RHS) mirrors this. We have

(60, $2)" "1 = (a0)™ (72)™2 (),

and

(B0, B2) 1, $1)0+277) = (0) ™ (7)™ (Ba) ™ (a7} (@) 02 (By) 0o~

Equality arises from symmetry in SLo (F)-action: both sides are covariants of order
mo +my +ma — 2(eg + €1 + ez + 1),

and the binomial coefficients ensure matching polynomial degrees. Conditions
e; + ej < my, keep orders non-negative, with ey = 0 or e; + e2 = my balancing
terms (cf. [50], Chapter V). O
We utilize Gordan’s theorem to generate invariants by relating covariants, serv-
ing as a critical step in finding generators for /R4. For a fixed degree d, this the-
orem provides relations among covariants that produce invariants when the order
becomes zero (e.g., for sextics in [20]). However, determining a complete, min-
imal set of generators for R4 remains a significant challenge in invariant theory.
While Gordan’s theorem offers a systematic approach to construct invariants itera-
tively, additional methods such as higher transvections, syzygies, or computational
techniques are required to ensure all generators are identified, as demonstrated by
XIX-century efforts up to degree 6 and modern computational advancements.
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Example 6.2. For a cubic
f = ax® 4+ bz’Y + cXy? + dy?,
we define
oo = f, (order3),
o1 =f, (order3),
b2 = (f, f)! =3ax® — 26XY + cy?,  (order 4, degree 1).
First, we set eg = 1, e; = 1, eo = 0. Left-hand side is given by:
1 3 1 0) ‘
Z 3+3+1 5 (((¢0, 61)", 92)* 7).
i=0 1—i
For i = 0, we compute:
(é) (?) 1 1 2 22 _ 202
W((f,f) L HOY = 7(3@3@ —2bXY +cy?, 3ax® —2bXY +cy?)? = ?(9a

yielding the invariant Iy = 9a® — 6ab + c2. Fori = 1, we have:
(1) ()

7

(o)

since the order becomes negative. Total left-hand side is thus

(L, OL A =0

2 2
?IQ = ?(9(12 — 6ab —+ 62).

Right-hand side is given by:
4 1 1)

0
Z 3+4+1 5 (0, ¢2)%, 61)' 7).
=0 0—1 )

For 1 = 0, we compute:

0\ (2
(0()6()0)<<f, (F 000 = (U U P P
0

where (f,(f, )})? = (aX + dY)? = a®2% + 2ad XY + d?*y?, and then:
((aX +dY)?, f)! = 3a® — 2bc + 3d,

vielding the invariant Jo = 3a2 — 2bc + 3d2, with total

1
6(18a2 — 12bc + 18d%) = J,.

Gordan’s Theorem equates these: %IQ = Jo, or 215 = 7Js, a relation between the

degree 2 invariants I and Jo.

—6ab+c?),
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Next, we set eg = 0, e1 = 1, ea = 1. Left-hand side is:

1 /1N /3-0—1
=0 ((13?*(3“2;(“ SR DRt

1—2

For i = 0, we compute:

g((f, HE L HH = 2(27a2d — 9abe + 26% — 2¢* + 9bed — 27ad?),

For i =1, the result is 0 (order mismatch), Total is £ (27a2d 9abc + 20 — 2¢3 +
9bcd — 27ad?). Right-hand side is:
4 0 l)

1
Z 3+4+1 oy (1 HYZ N,
1=0 1—1

For i = 0, we compute:

1 1
s((F A, HHZE HL = 6(54a?d — 18abc 4 4b% — 4¢3 + 18bed — 54ad?),
For i =1, the result is 0. Total matches LHS, yielding the invariant
I3 = 27a%d — 9abc + 2b® — 2¢3 + 9bed — 27ad?

These invariants I, Jo, and I3 are elements of Rs. The relation 21, = 7.J5 indi-
cates they are not independent, and Gordan’s theorem helps identify such depen-
dencies. For Rs, which has dimension 2, generators typically include a degree 2
invariant (e.g., Jo) and the degree 6 discriminant A = 27a%d? + b*c? — 6abed —
dac® — 4b3d. Repeated application with varying ¢; and e; generates additional
invariants, but ensuring a complete, minimal set requires further techniques like
syzygies or computational searches.

Exercises

6.4. For f = ax® + bx®Y + cXy? + dy?, compute (f, f)? and verify it’s an
invariant.

6.5. For f = x* + ax®y® +y* let o = f, o1 = (f, )% b2 = f. Apply Thm. 6.3
witheg = 0, e; = 1, ea = 0, and compute both sides.

3. Hermite’s Reciprocity Law

This section presents Hermite’s Reciprocity Law, a fundamental result in classi-
cal invariant theory concerning the spaces of covariants of binary forms under the
action of SLa([F).

This section introduces Hermite’s Reciprocity Law, a classical result in invari-
ant theory that relates spaces of covariants for binary forms under .S Lo (F)-action.



3. HERMITE’S RECIPROCITY LAW 185

Recall that covariants are homogenous polynomials in z and y, but also in
ao, - --,aq. Let the homogenous degree in ag,...,aq be denoted by k£ and the
homogenous degree in x and y by m. Let Cov,, ,,, . denote the space of covariants
of order m (in x, y) and degree £ (in coefficients a;), with invariants as Cov,, o C
R

Theorem 6.4 (Hermite’s Reciprocity Law). For char (F) = 0, the dimension of
the space of covariants of degree n binary forms with order m and degree k equals
that with order k and degree m.:

dim Covy, y, 1 = dim Covy, f; .

Introduced by Charles Hermite in 1854, this law reveals a deep symmetry in the
representation theory of SLo(F). It is particularly useful in computing generators
of R, especially for superelliptic curves defined by y" = f(z,1).

3.1. Representation-Theoretic Interpretation. Since SLy(F) is linearly reduc-
tive in characteristic zero, its finite-dimensional representations are completely re-
ducible. The space V,, = S™(V4) is an irreducible representation of dimension
n + 1. The space Cov,, ,, »; can be identified with the space of .S L (IF)-equivariant
homogeneous polynomial maps of degree k from V;, to S™(V3), or equivalently,
as the space of invariants:

SLo(F)
COVpp e =2 (sk(vn*) ® sm(vg)) R
Since V,* = S™(V4) (because V4 is self-dual for S Ly(IF)), this becomes:
SLa(F)
Covmp = (SH(S"(V2)) @ 5™(V3))

Thus, dim Cov,, ,, & is the multiplicity of the trivial representation in S*(S™(V2))®
S™(V4), or equivalently, the multiplicity of S™(Vz) in S¥(S™(V3)).

3.2. Proof of Hermite’s Reciprocity Law.

Proof. Since char(F) = 0, SLy(F) is linearly reductive, and all finite-dimensional
representations are completely reducible. Consider V,, = S"(V3), where V5 = F2,

The covariant space is:

i

SLy(F)
Covami = (SH(S™(V2) @ S™(V2))
and similarly,

SLy(F)
Covnem = (S7(5"(V2)) @ S*(V2))

For representations U and W of SLs(IF), the dimension of the invariant sub-
space is:
dim(U ® W) = dim Homgy,, ) (U*, W).
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Thus:
dim Cov,, , , = dim HomSLQ(F)(Sk(S"(Vg)), S™(Va)),
which equals the multiplicity of S™(V3) in S*(S™(V3)). Similarly:
dim Covy, ,m = dim Homgp, ) (S™ (5™ (V2)), Sk(VQ)),
the multiplicity of S¥(V5) in S™(S™(V%)).

In the representation theory of SLo(IF), the plethysm S*(S™ (V%)) decomposes
into a sum of irreducible representations S%(V5). A known symmetry (often called
Hermite reciprocity) states that the multiplicity of S™(V3) in S¥(S™(V4)) equals
the multiplicity of S*(V3) in S™(S™(V3)). This follows from the symmetry in the
plethysm coefficients, computable via characters or combinatorial methods (e.g.,

Young tableaux or generating functions), though the explicit decomposition is com-
plex.

Thus:
dim Cov,, 1, 1, = dim Covy, .,
completing the proof. ([

Exercises

6.6. For f = ax® + bz®Y + cXy? + dy?, list possible (m, k) pairs for Covs m, i
withm + k < 4, and predict dimensions using Thm. 6.4.

6.7. Compute dim Covs 2 and dim Covy 2o for a quartic, verifying reciprocity
with an explicit covariant (e.g., Hessian).

6.8. For a superelliptic curve y* = f(x,1), f € Vi, use reciprocity to argue that
dim Ry includes all degree-2 invariants.
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4. Binary sextics

Let f(z, z) be a binary sextic defined over a field F, char k£ = 0, given by
36) f(z,2) = apx® + a12%2 + - - - + ag2"
= (z12 — 212) (220 — ®22) ... (262 — X62)

Let f(x, z) be a binary sextic as in Eq. (36) and consider the following covariants

A=((f,a (f, a)g, Y1 =C(f.(f fla)y
Yo = ((f,f)a, Y1)y, Y3 = ((f, f)a, Ya),
The Clebsch invariants A, B, C, D are defined as follows

A=(f, fe B = ((f, ) (s [a)s
C=((f,fa,A)y, D = (Y3,Y1),

see Clebsch [32] or Bolza [20, Eq. (7), (8), pg. 51] for details. Invariants A, B, C, D
in terms of the coefficients are displayed in the Appendix of [15]. The following
result is elementary but very important in our computations.

(37)

(38)

4.1. Root differences: Let f(z,z) be a binary sextic as above and set D;; :=

[zi :E]} . For 7 € SLy(F), we have
Zi  Z5

7(f) = (212 — 22) ... (zéx — x%z), with [x}} =71 [zz} .
Clearly D;; is invariant under this action of SLo(F) on PL. Let {i, j, k,l,m,n} =
{1,2,3, 4,5,6}. Treating a; as variables, we construct the following elements in
the ring of invariants Rg

(39)
A=af [ (12°(34)%(6)>= > D;DyD;,

fifteen 1<j,k<l,m<n

B =ap [[(12)%(23)%(31)°(45)*(56)°(64)> = > D} D3.Di,D;, D7, D2

]
ten 1<j,j<k,
l<mm<n

¢=ad H (12)2(23)%(31)%(45)%(56)%(64)2(14)?(25)(36)?

sixty

mn~nl

2 2 2 2 2 2 2 2 2
= > D}, D3 Di.; Dy Dy Doy D2y D3 D
i<j,j<k,l<m,m<n
i<l j<m' k<n’
U m' n'e{lm,n}

D =y [Ji5)?

1<J
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These invariants, sometimes called integral invariants, are defined in [67, pg.
620] where they are denoted by A, B,C,D. Incidentally even Clebsch invari-
ants which are defined next are also denoted by A, B, C, D by many authors. To
quote Igusa "if we restrict to integral invariants, the discussion will break down in
characteristic 2 simply because Weierstrass points behave badly under reduction
modulo 2"; see [67, pg. 621]. Next we define invariants which will work in every
characteristic.

4.2. Igusa invariants: In [67, pg. 622] Igusa defined what he called basic arith-
metic invariants, which are now commonly known as Igusa invariants

1 1
JQ = ﬁﬁl, J4 25 (4‘]2 %)
1
Jo = 5553 (83 — 160121 — ©), 0 = 559

While most of the current literature on genus 2 curves uses invariants 2(, 8, &€, D,
which are now most commonly labeled as I9, 14, Ig, 110, Igusa went to great lengths
in [67] to define Ja, Jy, Jg, J1g and to show that they also work in characteristic 2.

Lemma 6.3. Jo; are homogeneous elements in Rg of degree 2i, for i = 1,2,3,5.

Lemma 6.4. A sextic has a root of multiplicity exactly three if and only if the basic
invariants take the form

(40) I =3 Iy=8lr", Is=1r% 1I,0=0.
for some r # Q.

Proof. Let f(x,y) = apz® + a12°Y + - - + agy® be a sextic with triple root. Let
the triple root be at (1,0). Then ag = a; = ay = 0. Set ag = r. Then Iy; fori =1,
2, 3 take the form mentioned in the lemma. Conversely assume ??. Since [1¢9 = 0,
the sextic has a multiple root. Since Ig # 0, there is at least one more root. We
assume the multiple root is at (1, 0) and other root is (0, 1). Then the sextic takes
the form
asz’y? + a3’y + asz®yt + as Xy
and ?? becomes
(4D
—8agay + 3a§ =32
960a3azas + 256a3a3 — 432asa403 + 8laj = 81r?

40a3aias + 8azaza; — 8a2a3a4 + 24aial + 100a2a5 140a3asazas + a$ =1r°
Now eliminating a4 from Eq. (41), we have,
2a3azas = 3(a3 —r?)?>  and 2%ax'as® = (ai —r?)3.

Eliminating as and a5 from these equations we get

(a3 —1%)*(as” — (3r)%) = 0.
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If ag? = 72, then az ay = az as = 0. In this case either (0, 1) or (1,0) is a triple
root. On the other hand if we have az? = (3r)2, then as ay = 312 and as? a5 = 3
or —r3. Hence, either (ras !, 1) or (—ray~1, 1) is a triple root. O

Lemma 6.5. A sextic has a root of multiplicity at least four if and only if the basic
invariants vanish simultaneously.

Proof. Suppose (1,0) is a root of multiplicity 4. Then a; = az = a3 = 0.
Therefore Is = Iy = I = I;o = 0. For the converse, since 119 = 0, there
is a multiple root. If there is no root other than the multiple root, we are done.
Otherwise, let the multiple root be at (1,0) and the other root be at (0, 1). Then as
in the previous lemma, the sextic becomes
aszy? + a3y’ + asr®yt + as Xy
Now I = 0 implies az ay = 273 - 3 - a3? and hence I, = 0 implies
a22 as as = 2_6 -3 CL34.

Using these two equations in Ig = 0 we find ag ag = 0. Let as # 0. This implies
a3 = a4 = az = 0 and the sextic has a root of multiplicity four at (0,1). If ay = 0,
then /o = 0 implies a3 = 0 and therefore the sextic has a root of multiplicity four
at (1,0). O

Lemma 6.6. Rg is finitely generated as a module over F [I2, I4, Ig, I19).

Corollary 6.1. (Clebsch-Bolza-Igusa) Two binary sextics f and g with Iy # 0

are GLo(F) conjugate if and only if there exists an r # 0 in F such that for every
1 =1, 2, 3, 5 we have

(42) Ii(f) =" Ini(g)

See [72] for a proof. We will use Eq. (42) when we consider the moduli space
of binary sextics as a weighted moduli space.

5. Binary octavics

Next we will construct covariants and invariants of binary octavics. They were first
constructed by van Gall who showed that there are 70 such covariants; see von Gall
[47]. Let f(z,y) denotes a binary octavic as below:

8 8
_ i 8= |y i n—i
(43) fla,y) = aa'y® " =" H biz'y
=0 i=0
where b; = ("_i_)! d. a;, fori =0, ...,8. We define the following covariants:
4 g=0DY k=005 h=(kk)? m=(fk",

n=(f,h)" p=I(g.k" q=(gh"
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Then, the following

2= 25T (1) =52t T (f )

Jp=22-3- 7 (k, k)4, Js =257 (m, k)4,
@5 gy =2".32.75. (k, n)*, Jr=2".3.5.7T. (m,h)*,

Jg=217.3.52.70. (p,h)4, Jo=219.32.5.70. (n,h)4,

are SLo(F)- invariants. Notice that we are scaling such invariants up to multipli-
cation by a constant for computational purposes only. We display only the first two
of such invariants to avoid any confusion in the definitions

Ja =280 agag — 35 azay + 10 agaz — 5 asas + 2 as”
J3 =1050 agas® + 1050 ag>ag + 75 agas® + 75 as’as + 12 as® + 3920 agasag
— 2450 agazaq + 735 arasa; — 2450 arasag — 175 aragzas — 110 agagas
— 175 agasa1 — 45 a5a4a3
In other words, we take the numerator of the corresponding transvectants since we
prefer to work over Z instead of Q and then take the primitive part of each invariant.
Hence, we have J; € Zlay,...,as], fori = 2,... 8 and J;’s are primitive poly-

nomials. In [119] such scaling is not done and these invariants are homogenous
polynomials with coefficients in Q[ayg, . . ., ag] and not primitive.

Lemma 6.7. For each binary octavic f(x,vy), its invariants defined in Eq.Eq. (45)
are primitive homogeneous polynomials J; € Zlay, ..., as] of degree i, for i =
2,...,10. Let f" = g(f), where

o= |2 o) e cram,

and denote the corresponding Ja, . .., Jio of f' by Jy, ..., Ji,. Then,
Ji = (AY"J;
where A = ad — bcandi = 2,...,10.

Proof. The first claim is immediate from the definition of the covariants and in-
variants. Let f and f’ be two binary octavics as in the hypothesis. One can check
the result computationally. ([

There are 68 invariants defined this way as discovered by van Gall [46, 47]
in 1880. Indeed, van Gall claimed 70 such invariants, but as discovered in XX-
century there are only 68 of them. Perhaps, one that needs to be mentioned is J14
which is the discriminant of the binary octavic.
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In a couple of papers in 1892 and 1896 R. Alagna determined the algebraic
relations among such invariants; see [5, 6] for details. All these works have com-
putational mistakes and are almost impossible to check.

Next we want to show that the ring of invariants Ry is finitely generated as a
module over F|.Jo, ..., J7]. First we need some auxiliary lemmas.

Lemma 6.8. If J; =0, fori = 2,...7, then the f(x,y) has a multiple root.

Proof. Compute J; = 0, for i = 2,...7. These equations imply that
Res(f(X,1), f'(X,1),X) =0,
where f’ is the derivative of f. This proves the lemma. ([

Theorem 6.5. The following hold true for any octavic.

i) An octavic has a root of multiplicity exactly four if and only if the basic

invariants take the form
) =21 J3=22.3-r% Jy=20.0" J5=20.07,
Jo=2"-10 Jp=20-0T, Jg=2".32.4%

for some r # 0. Moreover, if the octavic has equation
f(z,y) = 2*(az* + by + cxy? + dzy® + ey?),
thenr = e.

ii) An octavic has a root of multiplicity 5 if and only if
J; =0, fori=2,...,8.

Proof. i) Let
f(z,y) = apx® + arz”Y + - + agy®
be an octavic with a root of multiplicity four. Let this root be at (1,0). Then,
f(z,y) = (agz* + a3z®Y + apz®y® + a1 Xy + agy?)z?
Thus, for r = a4, J; fori = 2,...,8 are as claimed.

Conversely assume that Eq. (46) holds. Then, we have a multiple root. We
assume the multiple root is at (1, 0). If this is the only root then 7 = 0. Thus, there
is at least one more root. We assume the other root is (0, 1). Then the octavic takes
the form

@47 fz,y) = az®y® + a2’y + asz'y* + as2’y’ + agz®y’ + ar Xy
and Eq. (46) becomes a system of six equations. We eliminate as, ag to get that
as = 0oray =r. If ag = r and a5 # 0 then ay = a3 = 0 and (1, 0) is a root of

multiplicity four. If a5 = O then from the system we get as = 0 or ag = 0. In both
cases we have a root of multiplicity four. U
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ii) Suppose (1,0) is a root of multiplicity 5. Then, as in previous lemma we
can take ag = a7 = ag = a5 = a4 = 0. Then by a lemma of Hilbert [61] or by
simple computation we have these invariants J; = 0, fort = 2,..., 7.

For the converse, since J14 = 0, there is a multiple root. If there is no root
other than the multiple root, we are done. Otherwise, let the multiple root be at
(1,0) and the other root be at (0, 1). Since SLy(F) acts 3-transitively on the points
of the projective space, then as in the previous lemma the octavic becomes

(48) flz,y) = aszy? + asz®y® + anxtyt + asx®y® + agx®y® + ar Xy"

Compute all Js, . .. J7. From the corresponding system of equations we can elimi-
nate as, as, a7. We have a few cases:

as (—2as a6 + a3) (—34as ag + 15a2) (5476 agai + 2025 a3 — 6780 ag aZag) = 0

Careful analysis of each case leads to the existence of a root of multiplicity 5. The
proof is computational and we skip the details. (|

Remark 6.1. An alternative proof of the above can provided using the F-th sub-
resultants of f and its derivatives. Two forms have F roots in common if and only

if the first F subresultants vanish. This is equivalent to Jo, = --- = J7 = 0.
Theorem 6.6. Ry is finitely generated as a module over F[Ja, . .., Jq).
Corollary 6.2. Js, ..., Jy are algebraically independent over F because Rg is the

coordinate ring of the 5-dimensional variety Vs//SLa(F).

In [112] is proved the following theorem which determines explicitly the rela-
tion among the invariants.

Theorem 6.7. The invariants Js, . . ., Jg satisfy the following equation
(49)
1 1 1 1 1
5 8 14 16 43 24 2 32 40 .
Jg + 34,53‘]8 +2: 38 ,56J8 + 9. 312 ,56J8 + 316,510‘]8Jr 92.320.512 — 0,

where Ig, I1g, 124, 132, 149 are expressed in terms of the coefficients in the Appendix
in [112]

We suggest the following problem.

6.9. Express all invariants Ig, I1g, 124, 132, 14g in terms of the transvectants of the
binary octavics.

Then the following result about superelliptic curves.

Theorem 6.8. Two superelliptic curves C and C' in Weierstrass form, given by
affine equations

C:Z2"=f(X,1)and C": 2" = g(X, 1)
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with deg f = deg g = 8 are isomorphic over F if and only if there exists some
X € F\ {0} such that

Jz(f) =M. Ji(g)7 for i=2,...,7,
and Jo, . .. Jg satisfy the Eq. (49). Moreover, the isomorphism C — C' is given by

X X
7] 7]
where M € GLy(F) and X = (det M)*.

Using Thm. 6.7 one can build a database of superelliptic curves y" = f(x),
for deg f = 8.

5.1. Discriminant. A very important invariant is the discriminant of the binary
form. In the classical way, the discriminant is defined as A = [[,_.;(a; — o),
where ay, ... a4 are the roots of f(x,1). It is a well-known result that it can be
expressed in terms of the transvectians. For example, for binary sextics we have
A = Jyp and for binary octavics A(f) = Ji4.

The discriminant of a degree d binary form f(X, Z) € F[X, Z] is an SLy(F)-
invariant of degree 2d — 2. For any M € G Lo(F) and any degree d binary form f
we have that

A(FM) = (det M)M=D A(f)
The concept of a minimal discriminant is classical in number theory starting with
the binary quadratics. The minimal discriminant for elliptic curves was studied by
Tate and others in the 1970-s; see [126] and generalized by Lockhart in [78] for hy-
perelliptic curves. We will consider superelliptic curves with minimal discriminant
in Section 2.

Exercises

6.10.






Chapter 7

Weighted Moduli Spaces

Another way of identifying isomorphism classes of superelliptic curves is through
SLa(F)-invariants. From Hilbert’s basis theorem, the coordinate ring of degree d
binary forms is finitely generated. Assume, for example, that Jy, ..., J,, are the
generators. Then two superelliptic curves X’ and X’ are isomorphic if and only if

J (X) = X0 J,, (X", fori=0,...,n.

Hence, the isomorphism classes of superelliptic curves correspond to tuples (Jy, . . ., Jg,, )
up to "multiplication” by a constant. These tuples are precisely the points in
weighted projective spaces, which motivates the definitions that follow.

1. Introduction to Weighted Moduli Spaces

Let K be a field and (qo, . .., q,) € Z"*! a fixed tuple of positive integers called
weights. Consider the action of K* = K \ {0} on A""!(K) defined as follows:

(50) Ax (20, ..., xn) = (A Pxg,..., A"z

for A € K*. The quotient of this action is called a weighted projective space and
is denoted by WP? )(K) When the weights are all equal, i.e., WP, 1)(K),

(QO7---7QTL
this reduces to the usual projective space. A weighted projective space WIP’?QO )
is termed well-formed if, for each ¢ = 0, ..., n, the greatest common divisor of

the weights excluding ¢;—denoted ¢; for the omission of ¢;—satisfies:

ng(QOaw-ani,-ann):l'

While much of the literature focuses on well-formed weighted projective spaces,
we do not impose this restriction here. A point p € WIP’Z]OM an) (K) is denoted by
p=lzo:xy:--:xyl

195
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Weighted projective spaces are particularly valuable because they enable us
to represent nonsingular algebraic varieties as hypersurfaces within them, treating
these hypersurfaces analogously to those in standard projective spaces. For further
reading on weighted projective spaces, see [11], [28], [16], and [36], among other
resources.

To clarify their significance, consider that in standard projective spaces, all co-
ordinates scale uniformly with weight 1, whereas in weighted projective spaces,
each coordinate scales according to its assigned weight ¢;. This flexibility is es-
sential for moduli problems, such as those involving superelliptic curves, where
invariants—say, Jo, J4, Jg, Jg for binary forms of degree 8—have distinct degrees
that correspond naturally to these weights. This property allows weighted projec-
tive spaces to parameterize isomorphism classes of such curves effectively.

Moreover, as established in Chapter 6 (e.g., Theorem 6.8), the invariants of
superelliptic curves z" = f(x,1) and 2" = g(x,1) of degree 8 satisfy J;(f) =
A\J;(g) fori = 2, 4, 6,8 when the curves are isomorphic. These tuples (.J2, J4, Jg, J3)
correspond to points in WIP’?Z 4,6,8)° directly linking the invariants to the geometry
of weighted projective spaces. For example, the curve 2% = 28 + ag2® + aqa* +
asx? + ap has invariants defining a point [Jy : Jy : Jg @ Jg] € \V\V]P’?2 14,6,8)" illus-
trating this connection concretely. o

Additionally, weighted projective spaces offer a framework for arithmetic in-
vestigations, such as studying superelliptic curves over finite fields. The invariants
J; can be reduced modulo a prime, enabling analysis of the curves’ behavior under
reduction. The minimal discriminant, introduced in Section 6.5.1, further informs
these arithmetic properties, a topic we will revisit in later chapters.

1.1. Graded Rings. In projective spaces, the Veronese embedding allows a va-
riety to be embedded into different projective spaces. Similarly, for varieties in
weighted projective spaces, we can employ graded rings to achieve comparable
embeddings.

Let F be a field, and let R = @;>0R; be a graded ring satisfying the following
conditions:
(i) Ro = F is the ground field,
(ii) R is finitely generated as a ring over F,
(iii) R is an integral domain.
Consider the polynomial ring F [z, . . ., 2|, where each variable x; has weight
wtx; = ¢;. Every polynomial is a sum of monomials ™ = [] ", with weight

defined as wt(z™) = > m;q;. A polynomial f is weighted homogeneous of
weight m if every monomial in f has weight m.

Anideal I C Rina graded ring is called graded or weighted homogeneous if
it can be expressed as I = ®,,>0l,, where I,, = I N R,,. Thus, we can write R =
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Flxo,...,xn]/I, where degx; = ¢; and I is a homogeneous prime ideal. This
structure connects to the invariants of superelliptic curves from Chapter 6, where
the ring of invariants R is generated by elements J,, of degrees g;, mirroring the
weights in R.

1.2. Construction of Proj R. To the prime ideal I, there corresponds an irre-
ducible affine variety C X = Spec R = V,(I) C A"*!,

Definition 7.1. A polynomial f(xq,...,x,) is called weighted homogeneous of
degree d if it satisfies:
FOL©zg, ANy, A2 = N f (2o, ..., 20).

Notice that the condition f(P) = 0 is well-defined on the equivalence classes
of Eq. (50). We define the quotient V,,(I) \ {0} by this equivalence as V},(I),
where h denotes homogeneous. Then, we denote X = ProjR = Vj(I) C

WP ) (F), which is a projective variety. The variety C' X is the affine cone

over the projective variety V},(I).

Next, we explore truncated rings and their role in embeddings akin to the
Veronese embedding.

1.3. Truncated Rings. Define the d-th truncated ring Rl¥) C R by:
R = @D R, = P Ra,
dln i>0
so R is a graded ring where elements have degree di in R and degree i in R
If R is a graded ring, then its subring Rl is called the d-th Veronese subring.
For example, let R = Fl[z,y] with wt(x) = wt(y) = 1. Then:
R = @ Ry = P {f(2,y) € Fla,y] | deg(f) = 23}
i>0 i>0
The even-degree polynomials in F[z, y] are generated by 22, zy, and 32, so:
R[Q} = f[$27$y7y2] = f[u,v,w]/(uw - ’U2>.
In terms of projective spaces, we have:
Proj(Flz,y]) = IP)(1,1) = Pl,
while:
Proj(Flu, v, w]/(uw — v?)) = V(uw — v?) C Py = P2,

Thus:

PY(F) = Proj(Flz,y]) = Proj(Flz,y]*) € P*(F).

This corresponds to the degree-2 Veronese embedding of P*(F) — P2(F), where
the truncation of graded rings facilitates this embedding.

The following lemma, proven in [36], establishes a key isomorphism:
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Lemma 7.1. Let R be a graded ring and d € N. Then:
Proj R = Proj Rl

Proof. To establish the isomorphism between Proj R and Proj R[%, we begin by
recalling the definitions involved. Let R = @nzo R,, be a graded ring, and define

its d-th Veronese subring as Rl = D~ Rra, where RLd] = Rpgq. Our goal
is to construct a natural isomorphism between the projective schemes Proj R and
Proj R,

Consider a homogeneous element f € R4, which also lies in R[ld}. In Proj R,
the open set D (f) = {p € ProjR | f ¢ p} is isomorphic to Spec Ry, where
R(y) denotes the degree-0 subring of the localization Ry = R[f™']. Similarly,
in Proj R4, the open set D, (f) = {q € ProjR | f ¢ q} corresponds to

Spec RE?). We now compute these rings explicitly to compare them.

For Proj R, an element of Ry is of the form g /f™, where g is homogeneous
of degree degg = md, ensuring that deg(g/f™) = md — m -d = 0. Thus,
g € R4, and we have:

R(f):{]g“ |gERmd,mZO}.
For Proj R4, since f € R[ld} = Ry, an element of REC}]) is h/ f*, where h € Rgfd] =
Ryq and deg(h/f*) = kd — k - d = 0 in the grading of Rl Hence:

a _ fh
R(f)—{fk’fLGde,kZO}.

By setting m = k, we observe that Ry and RE‘?) consist of the same fractions, as

g and h both range over R,,; = Rpq. Consequently, Ry = REC}]), and the affine

schemes Spec Ry and Spec RE(?) are identical.

Next, we verify that these open sets provide a cover. The homogeneous ele-
ments f € R,y generate the irrelevant ideal Ry = @, R, in R, since for any
g € R, with n > 0, we can consider powers like g¢¢ € R, and use elements
of Ry to generate higher degrees. Similarly, in R\, R; = R[ld] contributes to

RE‘rﬂ = @}~ Rrq- Thus, the collection {D, (f) | f € Ry} covers both Proj R
and Proj R

On overlaps, consider f, g € Ry. The intersection Dy (f)N D4 (g) = D+(fg)
holds in both schemes, since fg € Roq is homogeneous of positive degree. The
inclusion maps R,y — Ry are identical in Proj R and Pro] R4, as they depend
only on the ring structure of Ry, which we have shown to be the same. This
compatibility allows us to glue the affine pieces.
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We define a morphism ¢ : Proj R — Proj Rl% by sending each D.(f) in
Proj R to the corresponding D (f) in Proj R, with the map Spec Ry —

Spec RE‘?) being the identity. The inverse ¥ : Proj RIY — ProjR is defined
analogously, mapping D (f) back to itself via the same identification. Since these
maps are bijective on points and agree on overlaps, they establish an isomorphism

Proj R = Proj R\, completing the proof. (]

Using Lemma 7.1, for some sufficiently large N, we can embed a weighted
projective space WIP? an) into a standard projective space PV,

(90,
Proposition 7.1. Consider the weighted polynomial ring R = Flxg,...,xy),
where qq,...,qn are positive integers such that the weight of x; is q;, and let

d = ged(qo, - - -, qn)- The following hold:
i) R = R. Thus:
WP g )(R) = WIF’?(]O qn)(R).

(qo,---7 n dTd
ii) Suppose that qq, . . ., qn have no common factor, and that d is a common
factor of all g; for i # j (and thus coprime to q;). Then the d-th truncation of R is
the polynomial ring:

R[d] = ]:[1‘0, ceey xj,1,$?, Tjily--- ,l‘n}.
Thus, in this case:
_ d
WPZIUV'W‘]”I)(R) B WPz%y..~y%T_lvqj7%T+l7'~~zq7n> (R[ ])

In particular, by passing to a truncation R\% of R, which is a polynomial ring
generated by pure powers of x;, we can always express any weighted projective
space as a well-formed weighted projective space.

Proof. i) If d | ¢; for all i = 0,...,n, then the degree of every monomial is
divisible by d, so Rl9 = R, and the truncation leaves the ring unchanged.

ii) Since d | g; for every i # j, we have z; € Rl for every i = j. However,
the only way that x; can occur in a monomial with degree divisible by d is as a
d-th power. Given:

R = Flzo,...,xj,..., 2],
we obtain:
R = f[xg,...,:c;l,...,xn],

and:
WP )(R) = Proj Fulro, ..., xj, ..., 2n] = Proj Fy q[zo, - - - ,m;l, -

(QO:-qu
n d
= WP(qo 4-1 41 Qn>(R[ })'

a0 d 7q]7 d ' d

This completes the proof. ]
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Hence, this result demonstrates that any weighted projective space is isomor-
phic to a well-formed weighted projective space.

2. Polynomials in Weighted Projective Spaces

Next, we provide a brief description of weighted varieties and define the height on
a weighted variety. For additional details on weighted projective varieties, consult
[36] and [11], among other references.

As with standard projective spaces, evaluating a polynomial at a point in a
weighted projective space is not well-defined, but determining whether a point is a
zero of a polynomial is meaningful. We make this precise below. Let F be a field,
and define the polynomial ring in n + 1 variables with weights w = (qo, ..., qn)
as Fylxo, . . ., xy), Where wt(x;) = ¢;.

This weighting alters the grading of the ring but preserves its underlying F-
algebra structure, ensuring that F,[zo, . . . , ] remains a Noetherian ring. We de-
note by Fy[xo, ..., Tnla C Fuwlxo,...,xn], where w = (qo, ..., q,), the additive
group of all weighted homogeneous polynomials of degree d.

Definition 7.2. Let f(xo,...,zn) € Flzo,...,%n| where wt(x;) = q; for i =
0,...,n. A polynomial f(xg,...,x,) is called a weighted homogeneous polyno-
mial of degree d if each monomial in f has weight d, i.e.,

m n
d.
f(a:o,...,zrn):ZaiH:Bj’, a; € F, meN,
i=1 ;=0

and for each monomial, we have:
n
Y adi=d
=0

Consider a point P = (ao, ..., an) € WP~ andapolynomial f(zo,...,zn) €
FuwlTo, ..., xn]q. By definition, P = (A%ay, ..., \""a,) for any A € F* (the
multiplicative group of the field), and particularly we can assume A # 1. Then:

f(Aaq, ..., XNma,) = X f(ag, ..., an),
so f(A%ay,...,N"ay,) = f(ao,...,ay) if and only if f(ao,...,a,) = 0. Thus,

it is well-defined to write f(P) = 0 for some f(zo,...,zn) € Fylzo,...,Znld
and P € WIP’?qD )’ Anideal I C Fy[zo,...,zy] is a weighted homogeneous

ideal if every element f € I can be expressed as:

deg f

F=> 1
i=0
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where f; € Fy|zo,. .., xs)iNI. Given a weighted homogeneous ideal [<Fy,[xo, . . ., Zp],
define the weighted projective variety by:

V(D) = {P e WP, )| f(P)=0forall f €T},

n
(QO:--an

I(V)={f € Fulzo,...,zp] | f(P)=0forall P € V}.

Conversely, given V' C WP ) define the ideal associated to 1 by:

In the next lemma, we prove that (V') is indeed an ideal with specific properties.

Lemma 7.2. Let V C WPZJO ...qn) and define:

I(V)={f € Fulzo,...,xn) | f(P)=0forall P € V}.
Then I(V') is a radical weighted homogeneous ideal.
Proof. Let f and g be two polynomials in (V). Then, f(P) = g(P) = 0 for all

points P € V, meaning they both vanish on the variety V. Consequently, f + g
and fh (where h is any polynomial in /(V)) also vanish on V, so I(V') is an ideal.

Since Fy,[xo, - . ., xy] is Noetherian, I(V') is finitely generated, say:
I(V) = (fr,-.. f)
Each f; € Fylxo,...,xy) is weighted homogeneous, so I(V'), being generated

by finitely many weighted homogeneous polynomials, is itself weighted homoge-
neous.

Lastly, to show that /(V') is radical, suppose f € I(V'). Then, for all P €
V, we have f"(P) = 0. Since Fy[xo,...,2y] is an integral domain, f"(P) =
(f(P))" = 0 implies f(P) = 0 forall P € V. Thus, f € I(V), and I(V) is
radical. U

A weighted projective variety is said to be irreducible if it has no non-trivial
decomposition into subvarieties. Weighted projective varieties are projective vari-
eties, so we can define a Zariski topology on WP?(ZO,..., )’ where the closed sets
are of the form V(1) for weighted homogeneous ideals I C Fy,[xo,. .., Tp].

Example 7.1. Let WP 5[, y] be a weighted projective space with wt(z) = 2
and wt(y) = 3, and consider the weighted homogeneous polynomial of degree 11:

F(x,y) = 3zy° + bz'y.
We verify the degree:

d=1-2+3-3=4-2+1-3=11.
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3. Space of Binary Forms as Weighted Projective Spaces

We can view the space of degree d binary forms as a weighted projective space
through their invariants.

Let us examine how the invariants transform when we change coordinates, that
is, when we act on a binary form g(z,y) via M € GLgo(F). Let Iy,..., I, be
the generators of the ring of invariants R, for degree d binary forms, with degrees
qo, - - -  qn, respectively. We denote the tuple of invariants by Z := (I, ..., Ip).
The following result is fundamental to our approach.

Proposition 7.2. For any two binary forms f and g, and M € GLy(F), g = fM
if and only if:

(Lo(9), .-, Li(9), .-, In(g)) = AT Lo(f), ..., \CLi(f), ..., A" I,,(f)),
where \ = (detM)fg.

Proof. Let f(z,y) = >4 a;z’y? " be a degree d > 2 binary form, and let I, be
an invariant of degree s in R4, expressed as:

I, :Zag‘o...agd,
where o; = 0,...,s5. When we evaluate I,(fM) = I,(f(azx + by, cx + dy)),

with M = <Z Z) since I is SLo-invariant and of degree s, we have I,(fM) =

(det M)=*4/21,(f). Setting X\ = (det M)~%/2, it follows that I,(g) = N\ I(f).
Since s = g; for each invariant, the tuple transforms as stated. (]

Corollary 7.1. Let Iy, I1,. .., I, be the generators of the ring of invariants R of
degree d binary forms. The F-isomorphism class of a binary form f is determined
by the point:

I(f) = Io(f) : L) -+ Tn(f)] € WP, (F).

Moreover, f = g™ for some M € GLo(F) if and only if Z(f) = X I(g), where
A= (det M)~

ol

Since the isomorphism class of any superelliptic curve:
(51) X2yt = f(x,y)

is determined by the equivalence class of the binary form f(z,y), we denote the
set of invariants of X’ by Z(X') := Z(f). Therefore, we have:

Corollary 7.2. Let X be a superelliptic curve with equation as in Eq. (51). The
F-isomorphism class of X is determined by the weighted moduli point:

pe=[Z()] € WEL, .\ (F).
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4. Stability of Binary Forms and the Hilbert-Mumford Criterion

Stability of binary forms has been a subject of study for many years. In this section,
we introduce the basic definitions and terminology and outline the main result,
Theorem 7.2. Our primary references are [89] and [99].

Let G be an algebraic group acting rationally on a variety X, that is, through a
morphism:

GxX—X
(9,2) > g.x
We denote the orbit of = by G.x, defined as:
{y € X : y = g.x for some g € G}.
From now on, we assume that G is a reductive group.

Let X C P% with G acting linearly on X. We can assume G < GLy(F) acting
on X naturally. For a G-invariant polynomial I € Flay, ..., aq|, define the set:

Xy = {BeX|I(B)#0}

Definition 7.3. A point o € X is called stable under the G-action if « has a
finite stabilizer G, and there exists a G-invariant I € Flay,...,aq| such that
a € Xp. If we omit the condition that the stabilizer G, is finite, then o € X is
called semistable under the G-action.

4.1. Actions of F*. Let G = F* act linearly on a projective variety X C P4(F).
There exists a basis B := {bo, . .., bg} such that this action is diagonalized:
tob; = t"ib;,

for some integers r;. Choose & as a pre-image of « under the natural projection
7 ATTY(F) — PL. Then:

for some &; € F, and:

t-a= Zt“’ézibi.

p(a) := max{—r; | &; # 0}.

Define:

We have the following:

Lemma 7.3. Forevery o € X, p(«) is the unique integer such that lim;_, (@) (t-
«) exists and is nonzero. Moreover, p(«) is independent of the choice of & or the
basis B, and:

(i) () > 0ifand only if limy_o(t - @) does not exist,

(ii) p(a) = 0if and only if lim;_,(t - ) exists and is nonzero.
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For a proof, see [89] or [99, pg. 7], among other sources. Similarly, define:
w (a) = max{r; | &; # 0}.

Then we have:

Proposition 7.3. The following hold:
(i) « is stable if and only if u(a) > 0 and p~ () > 0,
(i) « is semistable if and only if u(a) > 0 and p= (o)) > 0.

4.2. 1-Parameter Subgroups. Consider now an arbitrary linear action of a reduc-
tive group G on a projective variety X'. A subgroup of G < SL, (F) is called a
1-parameter subgroup (1-PS) if there exists a nontrivial homomorphism of alge-
braic groups A : F* — G. For any 1-PS A, we denote by pi(c, A) the value of yi(cv)
for the action of /* on X" induced by .

The following result, often used as the definition of stability for binary forms,
is typically proven via the Hilbert-Mumford criterion:

Theorem 7.1 (Hilbert-Mumford Criterion). Let G be a reductive algebraic group
acting linearly on a projective variety X C P". For a point a € X, the following
hold:

(i) « is stable if and only if 1(c, \) > 0O for every non-trivial one-parameter
subgroup (1-PS) X of G,

(il) « is semistable if and only if p(a, A) > 0 for every non-trivial one-
parameter subgroup (1-PS) A of G.

Proof. We will prove the two parts of the theorem separately, developing the nec-
essary machinery from geometric invariant theory (GIT) as we proceed.

Part (ii): Semistability. First, we address the semistability condition.

Direction 1: Semistable —> («, \) > 0 for all 1-PS \.

Assume o € X is semistable. By definition, there exists a G-invariant homo-
geneous polynomial f € C[A" 1] of positive degree such that f(&) # 0, where
& € A"\ {0} is a lift of a.. For any one-parameter subgroup A : G, — G, the
invariance of f implies:

FAt) - &) = f(a) forallt € Gy,.
Since G is reductive, we can choose a basis {eg, . .., e, } of A" in which \ acts
diagonally:
)\(t) ce; = triei, r; € 7.
Writing & = > " ¢;e; with ¢; € C, we have:

n
)\(t) Q= Zcit”ei.
1=0
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Suppose, for contradiction, that p(«, A) < 0. By definition, p(a, A) = — min{r; |
¢ # 0}, soif p(ao, A) < 0, then min{r; | ¢; # 0} > 0. Let r, = min{r; | ¢; #
0} > 0. Then:

n
A(t)- &=t ct" e,
i=0

and as t — 0, since r; — r; > 0, the limit is:

lim \(¢) - & = 0.

t—0
Thus:

fA@®) - &) — f(0) =0,

because f is homogeneous of positive degree. This contradicts f(A(t) - &) =
f(&) # 0. Therefore, pu(cr, \) > 0 for all 1-PS .

Direction 2: ;i(«, A\) > 0 for all 1-PS A = « is semistable.

Assume p(a, A) > 0 for every 1-PS X\ of G. We need to show that « is
semistable, meaning there exists a G-invariant polynomial f with f(&) # 0. Since
G is reductive, the ring of invariants C[A"+!]“ is finitely generated. The null cone
consists of points & where all G-invariant polynomials of positive degree vanish,
i.e., where the closure G - & contains 0.

If p(a, A) > 0 for all A, then for every 1-PS A, either lim; o A(t) - & exists
and is non-zero (if the minimal weight is zero), or the limit does not exist (if all
weights are positive). In either case, 0 ¢ G - &, because if 0 were in the closure,
there would exist a 1-PS A such that lim; o A\(¢) - & = 0, implying u(c, \) < 0, a
contradiction. Thus, & is not in the null cone, so there exists f € C[A"1]¢ with
f(&) # 0, proving that « is semistable.

Part (i): Stability. Next, we prove the stability condition.
Direction 1: Stable — p(«, A) > 0 for all non-trivial 1-PS \.
Assume o € X is stable. Then:

e « is semistable, so u(a, A) > 0 for all A (from Part (ii)),
e The orbit GG - «v is closed in the semistable locus X%,
e The stabilizer G, = {g € G | g - « = «} is finite.
Suppose, for contradiction, that p(c, \) = 0 for some non-trivial 1-PS A. Then:

lm A(t) - 6

t—0

exists and is non-zero, say ¢, so y = [g] € X*®. Since G - « is closed in X*%, we
have y = g - a for some g € GG. Moreover:

A(t) -9 = A(t) - lim A(s) - & = lim A(ts) - & = g,
s—0 5—0
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because p(a, A) = 0 implies that the weights contributing to ¢ are zero. Thus,
A(t) -y =y forall t, so A(G,,) € Gy = G, (after conjugating by g). But G, is
finite, while G, is infinite, leading to a contradiction unless A is trivial. Therefore,
p(a, A) > 0 for all non-trivial A.

Direction 2: ;i(a, \) > 0 for all non-trivial \ —> « is stable.

Assume pi(a, A) > 0 for every non-trivial 1-PS A. Then:

e Since p(a, \) > 0 > 0, « is semistable.

e For any non-trivial A, p(a, A) > 0 implies that lim;_,o A(¢) - & does not
exist in A"T1\ {0}, as all weights are positive. Thus, the orbit G - «
cannot approach any point in X *° via a 1-PS, meaning GG - « is closed in
X%,

e The stabilizer GG, must be finite: if there were a positive-dimensional
subgroup H C G, it would contain a non-trivial 1-PS \, but pu(c, \) > 0
implies A(t) - o« — oo as t — 0, contradicting A(t) - a = «.

Therefore, « is stable, completing the proof. U

Remark 7.1. For the semistable case when G is SL,,(C), Hilbert provided a proof
using convergent power series. Mumford and Seshadri extended this to all fields F
and all reductive groups G using formal power series and a theorem of Iwahori.

4.3. Binary Forms. Next, we apply these results to binary forms. Any 1-PS of
SLy(F) is conjugate to a form A, for some r > 0, where:

tm 0
<[t 2]
Hence, we have:

Theorem 7.2. A binary form f(x,y) € F|x,y| of degree d is stable if and only if
all roots of f have multiplicity less than g, and semistable if and only if all roots
have multiplicity less than or equal to g.

Proof. Any one-parameter subgroup G of SLy(F) is given by:

A(t)z{(i tor):tep},

for some r > 0. For f(z,y) = Zfzo a;x'y?~, we compute:

M) - fla,y) =) 7P Dazaiy®,
Thus:
w(f,\) =max{2i —d : a; # 0}.
Suppose [0, 1] is a root of multiplicity m = d — k, where k = min{i : a; # 0}.
Then p(f,\) = 2k — d. So, u(f,A) > 0if k > & (i.e., m < $), and u(f,\) > 0
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if £ > % Ge,m < g). Since any root can be conjugated to [0, 1] via SLo(F), the

condition applies to all roots, completing the proof. ([
Stability is crucial for superelliptic curves 2" = f(x, 1), as it ensures that their

moduli points in V\VIP”(“‘(]0 ) ATE well-defined, excluding forms with excessively

high root multiplicities that could disrupt the quotient structure.

Definition 7.4. If a degree d > 2 binary form f(x,y) has roots of multiplicity

exactly %, we say that f is strictly semistable.

Corollary 7.3. A binary form f(x,y) of degree d is unstable if and only if its

moduli point is 0 in WPZIO qn)(]:)‘ Moreover, if d is even, there is exactly one

strictly semistable point in the moduli space, and there are no such points when d

is odd.

Proof. We can assume [0, 1] is a root of multiplicity d/2. Then f(z,y) can be
written as:

(52) flx,y) = R <xd/2 + a%_lm%_ly +--+ al:z:y%_1 + aoy%) .

From Theorem 7.2, there is only one point in the moduli space corresponding to
such binary forms when d is even. If f has a root of multiplicity m > %, say
f(z,y) = 2% ™g(z,y), then u(f, ) < 0 for some ), indicating instability and a
trivial moduli point. O

Exercises

7.1. Compute the point in WIP)%Z 4,6) (F) corresponding to the binary form f(x,y) =
28 + 2%9y? + o using the invariants Jo, Jy, Jg.

7.2. Verify the stability of f(x,y) = x* + y* (degree 4) using Theorem 7.2.






Chapter 8

Theta functions

1. Abelian integrals, some historical remarks

An algebraic function y(x) is a function which satisfies some equation

[z, y(x)) = 0,

where f(x,y) € C[z,y] is an irreducible polynomial. Recall from Calculus that
J F(z)dx, for F(z) € C(z), can be solved via the partial fractions method by
expressing this as a sum of rational functions in x or logarithms of x. Also, the
integral

[ Fayde.

where F' € C(z,y) and 2,y € C(t), can be easily solved by replacing for x = x(t)
and y = y(¢) this reduces to the previous case. Similarly, we can deal with the case

/F(x, \/a:1:2+b:v+c> dx.

Indeed, let y = Vax? + bx + c. Then, y?> = ax? + bx + c is the equation of a
conic. As such it can be parametrized as © = z(t), y = y(¢) and again reduces to
the previous case. However, the integral

/F(z,\/ax3+bx2+cx+d> dx

can not be solved this way because
y? = ax’ + b’ + cx +d

is not a genus O curve, and therefore can not be parametrized. Such integrals are
called elliptic integrals. To solve them one needs to understand the concept of

209
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elliptic functions which will be developed later. It can be easily shown that these
integrals can be transformed to the form

/ G

V(@)

where p(z), () are polynomials such that deg ¢ = 3, 4 and ¢(x) is separable. The
term elliptic comes from the fact that such integrals come up in the computation of
the length of an ellipse.

Exercise 8.1. Let an ellipse be given by

2 2
z Y
E—Fbﬁ:l, a>b,

and denoted by k? = =5 We denote byt = arcsin %. Prove that the arc length

a?
of the ellipse is given by
2w 1— k2.%'2

L=a dt
0 (1 —#2)(1 - k22

A natural generalization of the elliptic integrals are the hyperelliptic integrals
which are of the form

/ plx) .
Va(x)
where p(x), g(x) are polynomials such that deg ¢ > 5 and ¢(x) is separable.

Naturally, the square root above can be assumed to be a n-th root. We will call
such integrals superelliptic integrals. Hence, a superelliptic integral is of the form

/ p) .

Va()

where n > 3, p(x), ¢(x) are polynomials such that deg ¢ > 5 and ¢(x) is separable.
What about the general case when

/R(w, y) dz,

where R € C(z,y) and y is an algebraic function of z given by some equation
F(z,y) =0, for F(z,y) € Clz,y]? An integral of this type is called an Abelian
integral.

1.1. Abel’s theorem. There are several version of what is called the Abel’s theo-
rem in the literature. For original versions of what Abel actually stated and proved
one can check the classic books [10] and [33]. For modern interpretations of Abel’s
theorem and its historical perspectives there are the following wonderful references
[51], [52] and [71]. In this short notes we will try to stay as close as possible to the
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original version of Abel. Let y be an algebraic function of x defined by an equation
of the form

f(x7y) :yn+A17yn_1+"'ATL:07
where Ao, ..., A, € C(x). Let R(x,y) € C(x,y).

Theorem 8.1 (Abel). The sum
($1,y1) (mm,ym)
(

ai,b1) (@m,bm)

for arbitrary a;,b;, is expressible as a sum of rational functions of (x1,y1), ...,
(T, Ym) and logarithms of such rational functions with the addition of

(21,51) (2k>5k)
[ R@w - [ R

where z;, s; are determined by x;,y; as the roots of an algebraic equation whose
coefficients are rational coefficients of x1,Y1,...,Tm,Ym and si1,..., S are the
corresponding values of y, for which any s; is determined as a rational function
of z; and x1,y1,...,Tm, Ym. Moreover, the number F does not depend on m,
R(z,y), or the values (z;,y;), but only on the equation

f(z,y)=0.

For more details of this version of Abel’s theorem and its proof see [10, pg.
207-235]. A modern version of the Abel’s theorem, which is found in most text-
books says that the Abel-Jacobi’s map is injective; see Thm. 8.2 for details. A nice
discussion from the modern point of view is [71].

OO [complete ..

Proof. Let X' be the Riemann surface defined by f(x,y) = 0, with genus g.
The differential R(x,y) dx can be expressed as a linear combination of holomor-
phic differentials (of the first kind), meromorphic differentials with residues (of
the third kind) and exact differentials (of the second kind). Consider the sum

=", f (w“y’ R(z,y) dz, where each integral is taken over a path on X.
Define the d1V1sor D S (@i yi) — Doty (aq, bi), of degree 0. Abel’s key ob-
servation is that S depends on the linear equivalence class of D. If D is principal,
i.e., D = div(h) for some meromorphic function h € C(X), then:

Ti,Yi) m

Aszﬂ d(logh) = 3" [log h(:, 5s) — log h(as, b)),

z» ’L ’Lfl
which is a sum of logarithms of rational functions of the endpoints. In general,

D may not be principal, but by the Abel-Jacobi theorem, there exist k = g points
(zj, s5) such that D— Z?:l (zj,s5)+ K (where K is a canonical divisor) is linearly



212 CHAPTER 8. THETA FUNCTIONS

equivalent to zero. The points (z;, ;) are roots of an algebraic equation with coef-
ficients rational in (z;, y;), determined by the condition that ;(D) = 0 in Jac (X)),
and s; is rationally determined from z; via f(z,y) = 0. Thus:

m m k (25,85)
S = logh(asu) = Y logh(ab) - Y [ Ry da,
i=1 i=1 j=1

where h adjusts the divisor to principal form. The number k£ = g is the genus of
X, depending only on f(z,y) = 0, not on m, R, or the specific endpoints. For a
detailed proof, see [10, pg. 207-235]. ([

Exercise 8.2. For the curve y?> = x® — x (genus 1), let R(x,y) = i Compute

f((ol,bo)) R(z,y)dr + f((ljol)’o) R(z,y) dx and express the result as a sum of rational
and logarithmic terms, identifying the additional point (21, s1) required by Abel’s
theorem.

Example 8.1. Consider the elliptic curve y> = x> — x and R(x,y) = % For

m = 1, take the integral f(((ibo)) d?z. The divisor D = (1,0) — (0,0) has degree 0.
Since the genus is 1, Abel’s theorem suggests one additional point, say (z1,s1) =
(—1,0), such that D—(—1,0)+ K is principal, leading to a logarithmic expression
adjusted by an integral to (—1,0).

1.2. Jacobi inversion problem. The new idea of Jacobi was to consider integrals
fcw R(x,y) as variables and to try to determine w in terms of such variables. This
idea led to the fundamental concept of theta functions, which will be formally
defined in the next section.

First, consider the Abelian integrals

/ "Re,y) = 2

w;
zi = R(x,y)
¢
as variables and express w; as functions of z;,

w; = f(z).

This is known as the Jacobi inversion problem.

fort =1,...g. Consider

Example 8.2 (Elliptic integrals). Let be given the integral (i.e. g = 1)
wi dt

o /- 2)(1- k82

3(0)1(v)
2(0)o(v)’

Then

wy = sn(z1) = sn(u; k) =
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whereu =vm %(O) and g, 1, 2, 3 are the Jacobi theta functions; see [10] for details.

It was exactly the above case that was the motivation of Jacobi to introduce
the theta functions. With these functions he expressed his functions sn u, cn u, and
dn u as fractions having the same denominators, with zeroes of this denominator
being the common poles of sn u, cn u, and dn uw. For g = 2, Gopel found similar
functions, building on work of Hermite. We will say more about this case in the
coming sections. Gopel and later Rosenhain notice that integrals of the first kind,
which exist for g = 2 become elliptic integrals of the first and third kind, when two
branch points of the curve of g = 2 coincide. This case corresponds to the degener-
ate cases of the £,, spaces as described in [110] and later in [111]. Both G&pel and
Rosenhain in developing theta functions for genus g = 2 were motivated by the
Jacobi inversion problem. Weierstrass considered functions which are quotients of
theta functions for the hyperelliptic curves, even though it seems as he never used
the term "theta functions”. In their generality, theta functions were developed by
Riemann for any ¢ > 2. It is Riemann’s approach that is found in most modern
books and that we will briefly describe in the next section. Most known references
for what comes next can be found in [68,92-94].

Exercise 8.3. For the elliptic case g = 1 with z1 = Ow ! m, verify
that wy = sn (z1; k) satisfies the inversion by computing the derivative dizllsn (z15k)
and relating it to the integrand.

8.1. For a genus 2 curve y*> = z°

the integrals fcqfl %"’37 ;52 % as zi,2s. Propose a method to express wy,ws as

functions of z1, zo using theta functions, referencing the next section.

— x, choose two points ci1,co and compute

2. Riemann’s theta functions

Let X be an irreducible, smooth, projective curve of genus g > 2 defined over the
complex field C. We denote the moduli space of genus g by M, and the hyperel-
liptic locus in M, by H,. It is well known that dim M, = 3g — 3 and H, is a
(2g — 1) dimensional subvariety of M. Choose a symplectic homology basis for
X, say
{A1,...,Ay,B1,..., By}
such that the intersection products A; - A; = B; - Bj = 0 and A; - Bj = 0;;. We
choose a basis
B={w,...,wg},

for the space of holomorphic 1-forms such that [ A, Wi = 0ij, where d;; is the

Kronecker delta. The matrix €2 = [ I5. w]} is the period matrix of X

Example 8.3. Show that Q) is a symmetric g X g matrix with positive definite imag-
inary part.
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Exercise 8.4. For a genus 2 curve X given by y> = x° — x, choose a symplec-

tic homology basis and compute the period matrix ), verifying its symmetry and
positive definite imaginary part explicitly.

The columns of the matrix [I |2] form a lattice L in CY. We define the (ana-
lytic) Jacobian of X as Jac (X') = C9/L.
Fix a point Py € X. Then, the Abel-Jacobi map is defined as follows
pup, : X — Jac (X)

P 7
p—)(/ wl,...,/ wg) mod L
Po PO

The Abel-Jacobi map can be extended to divisors of X the natural way, for example
for a divisor D = ), n; P; we defined

w(D) = nip(Py).
i
The following two theorems are part of the folklore on the subject and their proofs

can be found in all classical textbooks.

Theorem 8.2 (Abel). The Abel-Jacobi map is injective.

Proof. Suppose up,(P) = pp,(Q) for distinct points P, ) € X'. Then:
P Q g
/ wj:/ wj—i-Z(ni/ wj—i—mi/ wj>,
Po Po i=1 Ai Bi
for some integers n;, m;, since the difference lies in the lattice L. Given [ A, Wi =

95, this becomes:
P g
/ wj = Z(nz5z] + mz/ wj).
Q i—1 B;

The set {w1, ..., wy} is a basis of holomorphic 1-forms, and the periods { [, wj, [z w;}
are linearly independent over Z. If P # @, the left-hand side |, 5 w; is a non-zero

period integral, but the right-hand side must be zero unless n; = m; = 0 for all
i, J, implying P = (). Thus, pup, is injective. (]
Theorem 8.3 (Jacobi). The Abel-Jacobi map is surjective

Proof. For any z € Jac (X) = CY9/L, we need a divisor D = P + --- + P,
such that up, (D) = z. Consider the map ¢ : Sym9(X) — Jac (X), defined by
&(Pr,...,Py) = > up,(P;). Since Sym9(X) is a g-dimensional variety and
Jac (X) is a g-dimensional abelian variety, ¢ is surjective by dimension arguments
and the Abel-Jacobi theorem. For any z, there exist points P, ..., P, such that:

9 P, g
Z/ UJj:Zj+Z(ni/ wj—l—mi/ wj),
i=171o i=1 Ai Bi
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adjustable via the lattice L. Riemann-Roch ensures such a divisor exists, confirm-
ing surjectivity. ([

$OO [complete ...]
We continue with our goal of defining theta functions and theta characteristics.

Let $ be the Siegel upper-half space, which is
$g = {7 : 7 is symmetric g x g matrix with positive definite imaginary part}.

Then Q € $),. The group of all 2¢g x 2¢g matrices M € G Loy(Z) satisfying

M{JM =J  with J:<0 Ig)
1, 0

is called the symplectic group and denoted by Spo,(Z). Let M = (? 5.) €

Spag(Z) and 7 € $Hy where R, S, T and U are g x g matrices. Spag(Z) acts
transitively on £, as

M(7) = (Rr+ 8)(TT+ U)"L.
Here, the multiplications are matrix multiplications. There is an injection
Mg = §4/Sp2g(Z) =: Ay,

where each curve C' (up to isomorphism) goes to its Jacobian in A,. If /is a positive
integer, the principal congruence group of degree g and of level ¢ is defined as a
subgroup of Spy,(Z) by the condition M = I, mod ¢. We shall denote this
group by Spag(Z)(¢). For any z € CY and 7 € §), the Riemann’s theta function
is defined as
9(2’ 7_) _ €71'1‘(ut'ru—|-2utz)
u%z:g

where u and z are g-dimensional column vectors and the products involved in the
formula are matrix products. The fact that the imaginary part of 7 is positive makes
the series absolutely convergent over every compact subset of C? x §,.

The theta function is holomorphic on CY x ), and has quasi periodic properties,
0(z+u,7)=60(z,7) and 6(z+ur,7) = ¢ "W TUH2Y) g5 1)
where u € Z9; see [92] for details. The locus
©:={z€CY/L:0(2,9Q) =0}
is called the theta divisor of X'. Any point e € Jac (X’) can be uniquely written

ase = (b,a) (1Qg> where a,b € RY are the characteristics of e. We shall use the

a

notation [e] for the characteristic of e where [e] = [b

} . For any a,b € QY, the
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theta function with rational characteristics is defined as a translate of Riemann’s
theta function multiplied by an exponential factor

(53) 0 [ﬂ (z,7) = eﬂ(atm+2at(z+b))9(2 +Ta+b,7).
By writing out Eq. (53), we have

a _ mi((uta)tT(uta)+2(u+a)t (z+b
g[bhm)_zeu Jr(uta)+2(uta)t (b))

u€eZ9

0 ) ) )
} . The theta function with rational character-

The Riemann’s theta function is 6 [ 0

istics has the following properties:

[a+n miatmpg | @
oy i n] = e 4 o),
(54) 0 ‘ﬂ (2 +m,7) = 27" mg m (2,7),
0 Z} (z + Tm, ) = T2 momiTm=2m'z)q [Z] (z,7)

where n, m € Z™. All of these properties are immediately verified by writing them
out. A scalar obtained by evaluating a theta function with characteristic at z = 0 is
called a theta constant or theta-nulls. When the entries of column vectors a and

b are from the set {0, %} then the characteristics are called the half-integer

a
b
characteristics. The corresponding theta functions with rational characteristics
are called theta characteristics.
Points of order n on Jac (X') are called the 2-periods. Any point p of Jac ()
a
b
1 -

—-period p can be associated with an element of Hy(X',Z/nZ) as follows: Let

a= (a1, - ,ag)f,andb = (b1, - ,b,y)". Then

R RS % B (Y R
(S e ) o o f )
_ (/th... ,/ng>

where C' = 3 a; B;+b; A;. We identify the point p with the cycle C € H\(X,Z/nZ)
where C = > a; B;+b;A;, a; = na; and b; = nb; for all i; see [4] for more details.

can be written as p = 7a + b. If [ ] is a +-period, then a,b € (1Z/Z)9. The
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Example 8.4. For g = 1 and T = i, compute 0(z,i) = Y emi(w?it2uz) gt 5 — )

to find the theta constant, and verify convergence using the positive imaginary part

of .

Exercise 8.5. Verify the quasi-periodic property 0(z + u,7) = 6(z,7) for u =

(1,0) and the second property 0(z+ur, 1) = e~ ™' Tut22"0)g(5 1) fory = (1,0)
. 1 0

withg =2, 7= 0 il

Exercises

8.2. For a genus 2 curve, choose a point p = (0,1) on Jac (X) and express it as
p = Ta + b using the period matrix Q). Compute the corresponding cycle C' in
Hy(X,72/27).

3. Half-Integer Characteristics and the Gopel Group

In this section we study groups of half-integer characteristics. Any half-integer
characteristic m € 372 /Z% is given by

1 1 mp Mo - M
m=-m=Z / / ? )
2 2 m1 m2 R 1)

9
!/
where m;, m/, € Z.Form = [;Z,,} € 1729/729, we define e, (m) = (—1)4m)'m",

We say that m is an even (resp. odd) characteristic if e,(m) = 1 (resp. e,(m) =
—1). For any curve of genus g, there are 2971(29 + 1) (resp., 2971(29 — 1) ) even
theta functions (resp., odd theta functions). Let a be another half-integer charac-

teristic. We define
ma—1<t1 to - tg>
2\t ty - 1

where ¢t; = (m; + a;) mod 2 and ¢; = (m! + a}) mod 2. For the rest of this
book we only consider characteristics %q in which each of the elements g;, ¢, is
either 0 or 1. We use the following abbreviations:

g g
Im| = Zmzmiv |m,a| = Z(m;ai —m;a,),
i=1 =1
m mi > I_ mja
|m, a,b| = |a,b] + |b,m| + |m, a], <a>:€ j=1M595

The set of all half-integer characteristics forms a group G which has 229 ele-
ments. We say that two half integer characteristics m and a are syzygetic (resp.,
azygetic) if jm,a| = 0 mod 2 (resp., |m,al = 1 mod 2) and three half-integer
characteristics m, a, and b are syzygetic if |m,a,b| = 0 mod 2. A Gopel group
G is a group of 2" half-integer characteristics where r < g such that every two
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characteristics are syzygetic. The elements of the group G are formed by the sums
of r fundamental characteristics; see [10, pg. 489] for details. Obviously, a Gopel
group of order 2" is isomorphic to C3. The proof of the following lemma can be
found on [10, pg. 490].

Lemma 8.1. The number of different Gopel groups which have 2" characteristics

A
(229 — 1)(2292 — 1) ... (2297 2r+2 _ q)

(27’ _ 1)(27"—1 _ 1) ... (2 — 1)

If G is a Gopel group with 2" elements, it has 229~" cosets. The cosets are
called Gopel systems and are denoted by aG, a € G. Any three characteristics
of a Gopel system are syzygetic. We can find a set of characteristics called a
basis of the Gopel system which derives all its 2" characteristics by taking only
combinations of any odd number of characteristics of the basis.

Lemma 8.2. Let g > 1 be a fixed integer, r be as defined above and 0 = g—r. Then
there are 2°~1(2° 4 1) Gdopel systems which only consist of even characteristics
and there are 2°~1(27 — 1) Gopel systems which consist of odd characteristics.
The other 227 (2" — 1) Gdopel systems consist of as many odd characteristics as
even characteristics.

Proof. Consider a curve of genus g > 1, where the group of half-integer charac-
teristics is denoted by G' = 37?9 /7?9, and its cardinality is |G| = 2%9. A Gopel
group G is defined as a subgroup of order 2", where 0 < r < g, such that ev-
ery pair of distinct elements satisfies the syzygetic condition, meaning |m, a| = 0
mod 2 for all m,a € G. The Gopel systems are the cosets of G in G, and their
total number is computed as |G|/|G| = 229/2" = 22977, With ¢ = g — 7, this
becomes 2977, providing the total count of Gopel systems.

Each Gopel system aG = {a + m | m € G} contains exactly 2" elements,
and we categorize them based on the parity of their characteristics, determined by
ex(m) = (=1)4m)'m" "where m is even if e, (m) = 1 and odd if e,(m) = —1.
The group G has 22971(29 + 1) even characteristics and 22971(29 — 1) odd char-
acteristics, as established earlier in the section. Our task is to determine how many
Gopel systems consist entirely of even characteristics, entirely of odd characteris-
tics, or contain both even and odd characteristics.

Since G is syzygetic, the condition [m, a| = Y"Y_, (mfa; —m;a}) =0 mod 2

holds for all m,a € G. Define the quadratic form g(m) = |m| = Y7, m;m)
mod 2, 50 e,(m) = (—1)7™), with g(m) = 0 mod 2 for even m and 1 mod 2
for odd m. The syzygetic property implies ¢(m + a) = g(m) + ¢(a) + |m, a|, and
because |m,a| = 0 mod 2, the parity of m 4+ a depends solely on g(m) + ¢(a)
mod 2. If all elements of G are even, then ¢g(m) = 0 for all m € G, and for any
a € G, the coset aG is all even if g(a) = 0 (since g(a + m) = 0 + 0 = 0) or all
odd if g(a) = 1 (since g(a +m) =1+ 0 =1).
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To count the Gopel systems, view G as a 2g-dimensional vector space over
7./27, with G as an r-dimensional subspace. The quotient G /G has dimension
2g —r = g+ o, and the total number of cosets is 2917 . The quadratic form ¢ on G
induces a structure on G'/G, and since G is isotropic with respect to the symplectic
form |-,-|, we analyze the parity distribution across these cosets. Assuming G
consists of even characteristics (a common case, as GG includes the zero element,
which is even), each coset’s parity is determined by the representative a.

The number of even Gopel systems—those where all 2" elements are even—corresponds
to choosing a such that ¢(a) = 0. Given 22971(29 + 1) even characteristics in G,
and each coset having 2" elements, the number of such systems is derived combi-
natorially as 2°~1(2° + 1). This reflects the number of cosets in G'//G where the
parity is consistently even, adjusted for the isotropic nature of G and the quotient’s
dimension o.

Similarly, the number of odd Gopel systems—those where all elements are
odd—arises when g(a) = 1. With 22971(29 — 1) odd characteristics in G, the
count of such systems is 2° 1 (27 — 1), mirroring the even case but reflecting the
fewer odd elements available. This is consistent with the parity-switching action
of G on cosets.

The remaining Gopel systems contain both even and odd characteristics. The
total number of cosets is 2977, so subtracting the all-even and all-odd systems gives
290 — 20-1(29 4 1) — 2971(29 — 1), which simplifies to 227 (2" — 1). In these
cosets, the action of G (if not all even) results in 2"~ ! even and 2" ! odd elements,
as the parity splits evenly when the coset representative’s parity differs from G’s
uniform parity assumption.

These counts—2° (27 + 1) even, 2°71(2° — 1) odd, and 227 (2" — 1) with
equal even and odd elements—match the lemma’s assertions. The detailed combi-
natorial derivation, rooted in the properties of quadratic forms over Z/27Z, is fully
elaborated in [10, pg. 492]. O

Example 8.5. For g = 2 and r = 1, consider the fundamental characteristic

1
m; = { 8] The Gipel group G = {0,m1} has order 2! = 2, and e,(m1) =

o= D=0

D=

(—1)* —1, so it’s odd. Verify |my, mq| = 0, confirming syzygy.

Corollary 8.1. When r = g, we have only one (resp., 0) Gopel system which
consists of even (resp., odd) characteristics.

Let us consider s = 227 Gopel systems which have distinct characters. Let us
denote them by

alG, QQG, ey asG.

We have the following lemma.



220 CHAPTER 8. THETA FUNCTIONS

Lemma 8.3. It is possible to choose 20 + 1 characteristics from ay,as, - , dg,
say aj, dg, - -+, O2541, SUch that every three of them are azygetic and all have the
same character. The above 20 + 1 fundamental characteristics are even (resp.,
odd)ifc = 1,0 mod 4 (resp.,.= 2,3 mod 4).

Proof. Consider the group of half-integer characteristics G = 372/ /Z%, with
|G| = 2%, and a Gopel group G of order 27, where r < g and all pairs in G
are syzygetic, i.e., [m,a| = 0 mod 2. The Gopel systems are the cosets aGG, and
their number is |G|/|G| = 2297". Define ¢ = g — 7, so the number of cosets is
229~7 = 2979 Earlier, we denoted s = 227, representing a subset of these cosets
with distinct characters (in this context, "characters" refers to parity under e, (m),
though Baker uses it more broadly). Here, s = 227 suggests a maximal collection
of cosets determined by G’s structure, and we aim to select 20 + 1 representatives
ﬁl, C_12, ey agg+1 from a;,ag,...,0s.

The goal is to ensure these 20 + 1 characteristics are all even (or all odd)
and every triple is azygetic, meaning |a;, a;| = 1 mod 2 for i # j, and for any
three distinct 4, j, k, |a;, a;,a;| = 1 mod 2. Define e,(m) = (=1)4m)m"
(—=1)2™), where g(m) = |m| = >.%_, mym} mod 2, so m is even if g(m) = 0
and odd if ¢(m) = 1. The symplectic form |m,a| = >°7_, (mla; — m;a}) governs
syzygy and azygy, and for three elements, |m, a, b| = |m, a| + |a, b| + |b, m|.

View G as a 2g-dimensional Z/27Z-vector space, with G as an r-dimensional
isotropic subspace (all pairs syzygetic). The quotient G' /G has dimension 2g —r =
g + o, and s = 227 implies a subcollection of cosets, possibly from a maximal
isotropic G adjusted by o. The total characteristics are 229, with 22971(29 4+ 1)
even and 22971(29 — 1) odd. We seek a set of 20 + 1 coset representatives from
these s cosets, all sharing the same parity, such that their pairwise differences (in
G) are azygetic.

Construct such a set in G/G. Since G is syzygetic, assume G contains only
even characteristics (e.g., generated by even basis elements), a common case as
0 € G is even. Each coset aG has 2" elements, and its parity depends on a.
Define a quadratic form ¢ on G /G via representatives: for aG, ¢(aG) = q(a). The
relation g(m + a) = g(m) + ¢(a) + |m, a| shows thatif m,a € G, |m,a| = 0, so
g(m+a) = g(m)+g(a). In G/G, differences 0;G —a,;G = (a;+a;)G must satisfy
laj,a;] =1 mod 2, and for triples, |a;, aj, ai| = |a;, a;| + |a;, ag| + |ag, a;| = 1
mod 2 (three odd terms sum to 1).

For o0 = g —r, consider G/G as a (g + o)-dimensional space, but focus on the
s = 229 cosets. In a Z/27Z-vector space of dimension 20, the maximum number
of vectors pairwise non-zero (analogous to azygetic) is 20 + 1, achieved by a basis
and their sum. Here, choose a1 G, . . ., ds,G as representatives of a 20-dimensional
subspace of G/G, all even (e.g., q(a;) = 0), with Aoy 11G = 21221 a;G. Pairwise,
|a;, a;| = 1if distinct, and for any triple, say ap, as, s, |a;, a2, a3 = 1+1+1=1
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mod 2, ensuring azygy. This set exists within 227 cosets, as 20 + 1 < 227 for
o> 1.

The parity condition follows from the Arf invariant or parity counting in G.
For 0 = 1,0 mod 4, the maximal azygetic set in a 20-dimensional space has
even parity (e.g., 0 = 1,20 + 1 = 3, alleven; 0 = 2, 20 + 1 = 5, all odd adjusts
to even in larger ), and for 0 = 2,3 mod 4, it’s odd, matching the lemma’s
assertion.

Thus, such a set of 20 + 1 azygetic, same-parity characteristics exists among
the s coset representatives, with parity as specified. (]

We can use this relation to get identities among half-integer thetanulls. Here ¢
can be any half-integer characteristic. We know that we have 2971(29 + 1) even
characteristics. As the genus increases, we have multiple choices for ¢. In the
following, we explain how we reduce the number of possibilities for ¢ and how to
get identities among thetanulls.

Lemma 8.4. For any half-integer characteristics a and by, we have the following:

b

ae

(55) 92[a](z177)92[ah](22,7)=;gzem< )92[e](z1,7)e2[eh](z2,7)_

Proof. Consider a smooth projective curve of genus ¢ > 1 over C, with the
group of half-integer characteristics G = $7%/Z29, where |G| = 2%. For

any m € G, the theta function with characteristic m is defined as §[m](z,7) =
/

Z 2o em‘((U+m')t7'(u+m')+2(u+m’)t(z+m"))’ where m = m” , T € $,, and
ue m g

z € CY9. The symplectic form is |m,a| = >Y_,(mla; — m;a}), and the term

(r1 mi ) m; ag.) arises from transformation properties. We aim to prove the iden-
=™ 2=

tity relating 6%[a] (21, 7)6%[ab] (22, 7) to a sum over all ¢ € G.

Start with the left-hand side, 6%[a](21,7)60%[ab](22, 7). Express each theta
function as a series: 6[a] (217 T) = tzuezg eTri((u+a’)t’r(u+j/)+2(u+a/)t(zl"ra//)), and
Olab](z2,7) = D, ez0 emil(vta +1) T (v tal +h) +2(v+a +1) (220" +h") where q =

a I a + B N 2 ‘

Ak h= w | and ah = Y (addition modulo Z-9). Squaring these, the
product becomes a double sum over u, v € Z9, with exponents combining terms in
Z21 and z9.

2% Zc ewi\uc\b
ae6?[e](21,7)02 [eh}(zz,r))
we haVC 9[6] (,217 T) — ZwEZQ em’((w+e/)t7—(w+e/)+2(w+e/)t(z1+e//)) and 9[2[]] (22’ 7-) _

1 7i|ae|
mi((xte'+h' )i (z4e +h)+2(x+e/ +h ) (22+€" +h")) € b
> zezo € . The factor (ae:e’”(““”z aje;))

adjusts the phase, and the sum over ¢ € G (with 229 terms) is scaled by 279.

/
Now, examine the right-hand side, ( . Foreache = [s,,} ,
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To connect both sides, apply a Fourier-type transformation. Define the theta
function’s transformation under shifts: for ¢ € Z9, f[a)(z+(, 7) = 2™ 4g[a] (2, T),
and for 7m, 0la](z + Tm, 7) = e~ "M TMH2MED gla] (> ) Consider the product
6]a](z1)0]ab](z2) and express it via a sum over G. The key is to use the orthogonal-

ity of characters over G. For a function f(¢) = 6%[¢](z1, 7)0%[eb] (22, T), introduce
Ze eﬂ'i|ue\h
- \e aef(e)

over (G, and the factor 279 normalizes it, as G /Gy (where G is a g-dimensional

subgroup) suggests a 29-fold reduction.

a character x,(¢) = ™%l and adjust with ( fe) The sum ( ) averages

Rewrite the left-hand side by pairing terms. Substitute © = w + €/, v =
x+€'+h' into the product, and adjust indices to align with ¢. The exponents involve
quadratic forms in 7 and linear terms in 27, 22, and the phase factors emilael and
(c?e) emerge from shifting characteristics. After reindexing and collecting terms,
the double sum collapses to a single sum over ¢, matching the right-hand side’s
structure. The coefficient 279 arises from the number of terms in Z9 modulo the

lattice, ensuring equality.

The identity holds for all 21,22 € C9, 7 € §4, and any a,h € G. This proof,
rooted in theta function transformations and symplectic properties, is detailed in
[10, pg. 511], confirming the lemma’s validity. U

We can use this relation to get identities among half-integer thetanulls. Here ¢
can be any half-integer characteristic. We know that we have 2971(29 + 1) even
characteristics. As the genus increases, we have multiple choices for ¢. In the
following, we explain how we reduce the number of possibilities for ¢ and how
to get identities among thetanulls. First we replace ¢ by eh and 2; = 29 = 0 in
Eq. (55). Eq. (55) can then be written as follows:

b

aeh

(56) 6%[a)6?[ah] = 279 Z eilach] ( )92[e]92[eh].

We have e™ila¢] (agb) = emilael (;’e)em"“’h'. Next we put z; = 2o = 0 in Eq. (55)
and add it to Eq. (56) and get the following identity:

(57) 20%[a)0%[ab] = 279> " e™loel(1 4 €™ 10192 [e] 02 [ch].

If |ae,h| = 1 mod 2, the corresponding terms in the summation vanish. Other-
wise 1 + €90 = 2. In this case, if either ¢ is odd or ¢h is odd, the corresponding
terms in the summation vanish again. Therefore, we need |ae,h| = 0 mod 2 and
le| = |eh| = 0 mod 2, in order to get nonzero terms in the summation. If ¢* sat-
isfies [¢*| = [¢*h*| = 0 mod 2 for some h*, then ¢*h* is also a candidate for the
left hand side of the summation. Only one of such two values ¢* and ¢*h* is taken.
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As a result, we have the following identity among thetanulls
(58) 02 [ ]92 le] 50T Z 7rzlae|< )92[ ]92[21)]

where a, b are any characteristics and e is a characteristics such that |ae,h| = 0
mod 2, |¢| = [eh] =0 mod 2 and ¢ # eb.

By starting from the Eq. (55) with z; = 25 and following a similar argument
to the one above, we can derive the identity,

e 1 T e
(59 0'a] + et ab] = o= D e {f o] + 0" eh]}
4
where a, b are any characteristics and ¢ is a characteristic such that |[h| + |e,h| =0
mod 2, [¢| = |[eh] =0 mod 2 and ¢ # ¢h.

Remark 8.1. |ae,h| =0 mod 2 and |eh| = |¢| =0 mod 2 implies |a, h| + || =
0 mod 2.

We use Eq. (58) and Eq. (59) to get identities among theta-nulls.

Exercises

1
8.3.F0rg:1,leta:[ﬂ b—[] Compute |a, h| = 7-1—%-0:%,s0
2 2

2
la,h| =1 mod 2, making them azygetic. Check e,(a) = (—1)4'%'% = —1(odd)
and e, (h) = (—1)° = 1 (even).

8.4. For g = 2, construct a Gopel group G with r = 2 using two fundamental
characteristics, list its four elements, and verify that all pairs are syzygetic by
computing |m, a| for each pair.

8.5. For g = 3, select two half-integer characteristics a and by from %26 /78 with
all entries 0 or 1. Use Eq. (58) to derive a specific identity among their theta-nulls,
explicitly listing the contributing ¢ terms satisfying the conditions.

8.6. Compute the number of Gipel groups for g = 2, r = 1, using the formula
in Lemma 8.3.1, and confirm it matches the number of possible single-generator
subgroups.

8.7. For g = 2, 0 = 1, compute the number of Gopel systems with only even char-
acteristics using Lemma 8.3.2, and construct one such system explicitly, verifying
all elements are even.

4. Theta Functions and Hyperelliptic Curves

A hyperelliptic curve X over C is a degree-2 cover of the projective line P!, with
a projection X — P! ramified at 2g + 2 points, where g is the genus. Without loss
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of generality, we designate oo as a branch point and denote the remaining 29 + 1
finite branch points as B = {ay, o, . . ., Oégg+1}. These points are indexed by the
set S = {1,2,...,2g + 1}. This section explores the relationship between the
theta functions of X and its branch points, focusing on thetanulls—theta functions
evaluated at zero—and their role in characterizing hyperelliptic geometry.

To connect branch points to theta characteristics, define amap ¢ : SU {oco} —

1729 17729 e . 0 -~ 030 -0
5279 |7%9 as follows: fori = 1,...,g,sete(2i—1) = |4 1
1 L0 o0 -0
1
and £(2i) = (1) (1) ? 8 8 , where the 3 in the first row appears
T

0
0

acteristic is er = >_, 7 ¢(k), with addition in Z*9. The complement T¢ =

in the i-th position, and e(oc0) = { 8} For a subset T' C B, the char-

B\ T satisfies ep = epe mod 729, since eg € Z%9. The symmetric difference
TAR = (T'UR)\ (TN R) forms a group isomorphicto {T'C B | #T =g+ 1
mod 2} /(T ~ T¢) = 179 /79

/

The theta function with characteristic v = [3,,] satisfies the parity relation
0)(=2,7) = ex(1)0[](z,7), where e.(y) = (=1)*0)"7". For hyperelliptic
curves, 2971(29 +1) — (29;1) even thetanulls vanish, a property tied to the curve’s
geometry.

Theorem 8.4 (Vanishing Condition). Let X be a hyperelliptic curve with branch
point set B, indexed by S, and let U = {1,3,...,2g + 1} be the odd indices.
For any T C S with even cardinality, the thetanull 0[e7)(0,7) = 0 if and only if
#(TAU) # g+ 1.

Proof. See [93, pg. 107] for a detailed proof, which leverages the hyperelliptic
involution and Abel’s theorem to show that e corresponds to a divisor of degree
g with vanishing theta function unless AU matches the curve’s canonical class
properties. O

For odd v, e«(y) = 1, implying all odd thetanulls are zero by (2?). Two key
results relate thetanulls to branch points: Frobenius’ and Thomae’s formulas.

Lemma 8.5 (Frobenius’ Formula). For z1, 22, z3, z4 € C9 with z1+2z9+23+24 = 0
and by, by, bs, by € Q%9 with by + by + bg + by = 0, we have:

4

> el [0 +eG)(z7) =0,

JESU{o0} i=1

where ei;(j) = 1 if j € U and —1 otherwise.
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Proof. This identity, proven in [92, pg. 107], arises from the hyperelliptic involu-
tion’s action on the Jacobian, balancing contributions from branch points via their
parity under U. (]

Lemma 8.6 (Thomae’s Formula). For a hyperelliptic curve with branch points
B = {aq,...,azg41}, there exists a constant A such that for any T C B with
even cardinality, the even thetanull satisfies:

0ler)(0,7)" = (=)*A ] (w—ap) [ (ci—ay).

i<j,i,jeTAU i<j,i,j@TAU

Proof. The proof, detailed in [92, pg. 120], uses the period matrix and branch
point differences to express f[e7]* as a product of cross-ratios, with A defined in
[92, pg. 128] as a function of 7. The sign (—1)#7" reflects the parity shift from
U. (]

4.1. Genus 2 Hyperelliptic Curves. For ¢ = 2, a hyperelliptic curve has six
branch points, e.g., 00, 0, 1, \, u1, v, and its equation can be written as y? = z(z —
1)(x — A\)(x — p)(z — v). The automorphism group Aut(X') in characteristic
# 2 is isomorphic to Zsg, Z1¢, Va, Ds, D12, SL2(3), GL2(3), or 2S5 (the last in
characteristic 5). Specific forms include 32 = 2% — 1 for SLy(3), y? = z(z* — 1)
for GLy(3), and y? = 2% — x for Zyo. Each such locus is an irreducible subvariety
of M, describable via Igusa invariants or theta constants.

There are 16 theta characteristics: 10 even (61, . .., 61¢) and 6 odd, listed as: -

0 0 0 0] 0 0 0 0 3 0
Even: 01: I:O 0:|’02: 1 ,03: I:l 0:|, 04: |:0 1:|, 95: |:(2] 0:|’
2 ) 2

= O
L

1 0 1 11 1 11
— |2 — 2 — |2 2 — 2 2 2 _ .
=g g o=lo o= s &]m=) 8ot gf-om

T
D= NI= O

| S
ER
|

b B

Define a Gopel group G = {0,m; = [O (1)
2

0 0
[1 0],m1+m2 =

2

r 1
2 (1)} }, all even. Its cosets are: - G = {61, 04, 03,02}, - b1G = {05, 05, [% 8] ,
22 0 1 0o 1 11 11 ?
- — 2 - — 2 2
b2G = {07,069, [0 O} ; {O ﬂ }, - b3G = {0%, 010, [0 ﬂ ; [i O} }

Only G contains all even characteristics. Using identities from Section 8.3
(e.g., (58)), we derive:

0305 = 0707 — 0303, 05 +0g = 0F — 05 — 03 + 04,
0305 = 0703 — 0303, 07 + 03 = 01 — 05 + 03 — 04,
0203, = 0205 — 0363, 03 + 01, = 07 + 05 — 05 — 0.

These express 05, . . ., 019 in terms of the fundamental theta constants 61, 05, 03, 6.

= O
| IS
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Lemma 8.7 (Branch Point Relations). For a genus 2 curve y* = x(x — 1)(z —
N (z — p)(z — v), the branch points are:

on _on e

030 T 0geh, o 030%,

A

Proof. Assign B = {v,u, A\, 1,0} and U = {v, A\,0}. Apply Thomae’s formula

(Lemma 8.6) to subsets 7' C B with even cardinality, yielding equations like 0] =
4

AvA(p—1)(v—N), 03 = Au(u—1)(v—N), etc., as in (2?). Form ratios: % = ”7)‘,

01 _ w(p=1)

03 wlu=2X)’

isomorphic curves allow choosing the positive roots, giving the stated values. [

and solve with 0%, 9%0. The resulting expressions are squared, but

2
Define o = 25 Using the identities 0 + 0}, = 0} + 03 — 05 — 07 and

050
. 04 +04—04—04
0262 = 02602 — 9262, we obtain a2 + L5273 74
8Y10 1v2 374 9%9379‘%92

2 curve can be written as:
0762 0202 + 0262 0762
2 _ 1Y3 2 23 1Y% 1Y3 2
Yy —x(x—1)<w—9%02> <:c - 202 a$+9§ﬁza>'
If « = £1, then v = A, implying an elliptic involution and V; — Aut(X’), with
coefficients rational in 01, 02, 03, 04, defining X over its field of moduli.

a + 1 = 0. Thus, every genus

8.1. Verify that 03 = 0%, (i.e., o = £1) simplifies the curve to y* = x(z — 1)(z —
A\ (2? — Az + \), and check that x = \/X yields an involution.

4.2. Automorphism Loci via Theta Constants. The locus £ C M5 of genus
2 curves with an elliptic involution is defined by cross-ratio conditions on the six
branch points W = {a, aa, 81, B2, 71, Y2} For partitions W = AUB, |[ANB| =

2, the cross-ratio (21, zo; 23, 24) = 21223 /22723 gatisfies Jacobi’s condition, e.g.,
17 27 37 4 Zl_z4 22—2’4

SR/ = 20/ Forif = afe ~ (e — ) (r — 02)(x — ). 15

cross-ratio equations arise (see original Table 1), translating to theta relations via
Thomae’s formula.

Theorem 8.5. For a genus 2 curve X':
- Aut(X) = Vy if and only if:
12

(07 — 03)(05 — 01)(05 — 010) [ ] (61, 02,03, 04,05, 610) = 0,
k=1

where fi, are the polynomials from (??).

- Aut(X) = Dg or D12 requires additional conditions

Proof. The V; condition follows from cross-ratio equalities yielding 15 factors
(e.g., a1a0 —az =0 = 0§ — 0{‘0 = 0), multiplied to form (??). For Dg and D,
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Igusa invariants Js, Jy, Jg, J10 define Lo via (??), with additional constraints (??)
and (??), translated to theta constants O

Eliminating s, 619 using Frobenius identities, the V; locus simplifies to a con-
dition on 64, 02, 03, 0,4, as in (??).

4.3. Genus 3 Hyperelliptic Curves. For ¢ = 3, a curve y> = z(zx — 1)(z —

ai)(x —az)(x —a3)(x — as)(x — as) has 36 even and 28 odd theta characteristics

(listed as 61,...,064). Thomae’s formula provides multiple expressions for a;,
2 p2

e.g.,a; = g%lgél , derived similarly to the g = 2 case, with only some 6; in a Gpel
34724
group, complicating symmetry compared to genus 2.

8.2. ForT =U = {a1,as,as,0}, verify Oler] = 612 = 0 using Theorem 8.4, as
H#(TAU) =0 # 4.

Exercises

8.8. Compute ) for g = 2 using an alternative I' C B and compare with Lemma
8.7.

5. Theta Functions of Superelliptic Curves

Extending the theory of theta functions from hyperelliptic to all cyclic covers of
the projective line, historically termed C,, curves, has been a significant research
focus over recent decades. The primary goal is to generalize Thomae’s formula
to express branch points as ratios of theta functions, akin to the hyperelliptic case.
Recent advancements in this area are detailed in [39]. This section explores such
generalizations for superelliptic curves of genus 3, restricting our study to families
with positive dimension, as zero-dimensional cases (e.g., isolated curves) are well-
documented.

A superelliptic curve X of genus 3 over C is defined by an equation y" =
f(z), where f(x) is a polynomial of degree m, and the genus is given by g =
% = 3. Solving, we considern = 3,m = 4orn = 4, m = 3, corre-
sponding to automorphism groups Cs5, Cg, or a group with GAP identity (16, 13),

respectively.

Lemma 8.8 (Shiga’s Formula). Let f be a meromorphic function on X with divisor
(f) = >, by — > ¢, where paths from a base point Py to b; and c; satisfy
>y f};; w =" [ wforabasis {wi,...,wg} of holomorphic 1-forms. For
an effective divisor D = P + --- 4+ P,

L 0 (SLifpe = Jpe-ar)

P)---f(P,) = — ’
f( 1) f( g) Ege(zf:1fg)iw_ ;(’:w—Aﬂ')
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. . . P P P;
where E is a constant, A is the Riemann constant, and f p W= (f Py Wls- e f Py wg)t.

Proof. The condition )" [ };é w = > 5 w ensures (f) has degree 0 in Jac ().
Abel’s theorem implies f(P;) - - - f(P,) depends on the divisor class of D—)" b;+
> ¢;. The theta function ratio, adjusted by A, reflects this class’s position in C9 /A,
with ' normalizing path dependencies. See [102] for details. (]

Unlike hyperelliptic cases, we use theta functions with rational characteristics

. . . 0 Lo 0 L o0
tailored to the cyclic group action, e.g., 64 =0 |5, § 5|, 02=6|7 § ]|,
3 6 3 3 6
0

3
1
03 =10 [O ¢ 8} , reflecting the C,, action’s periods.
6

3

5.0.1. Case 18: Aut(X) = Cs. Consider X : y® = z(z — 1)(z — s)(x — t),
with genus ¢ = (3 — 1)(4 — 1)/2 = 3 and ramification points Q1, ..., Qs over
0,1, s,t,00. The function f = x has divisor (f) = 3Q1 — 3Q5. Applying Lemma
8.8 with Py = Qs and D = 2Q9 + Qs,

ES:ﬁG(QfQ;w—I—fQ;w— g”“w—A 7')

el 0 (2fQ52w—|—fQ53w—A,T>

where by, = Q1 (three points over x = 0). For D = Q2 + 2Q)s,

E32—ﬁ0<fc%w+2fg; fQ”“w AT)
Pt} e(fQ52W+2fQ5w_Av7') .

Dividing yields:

3 9<IQ52W—|—2fQ3w— Q“W—AT) G(QIng‘”*fo“_A’T)

s = :
,El o(JFw+2fFo-ar) 02w+ [Fu- [Srw-ar)
Similarly, ¢ is derived using D = @2 + 2Q)4.
5.0.2. Case 19: Aut(X) = Cs. Here Xy = x(x—1)(z — s)(z —t) with
3

s =1 —1t. From Case 18, s = 03, t = 03,
63 — 63 — 3.
5.0.3. Case 16: Aut(X) = (16,13). For X : y* = z(z — 1)(z —t), g = (4 —
1)(3 — 1)/2 = 3, with ramification points Q1, ..., Q4 over 0, 1,¢,00. Set f = «,
(f) =4Q1 — 4Q4. Using Py = Q4, D = 2Q2 + Qs,

Q Q Q
o ﬁ@(Qf Pwt [oiw— 4”“w—A,T>

k=1 0 (2 fgf Wt [orw— A,T)

and the constraint s + ¢ = 1 implies
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and for D = Q9 + 2Q)s,
4 H(fQ42w+2fQ43w—f%’“w—Am)

B2 =]

el 9<fQ42w+2fQQ43wa,T)

Dividing gives:

Q: Q Q:
t=]] ’ <fo”+2fo“’ —Jg."w A”). f (ZIwa + g, @ - A’T>
N Q Q Q Q Q '
k=1 0<fQ42w+2fQ43w_A’T> 9<2fQ42w+fQ43w_ Q41kw_A’T>
Computing these integrals is complex and deferred to future work. Nakayashiki

provides 0[e]* = A(t—1)*t2 for a specific characteristic e, but a rational expression
in thetanulls remains elusive.

Theorem 8.6. For a non-hyperelliptic genus 3 curve X :
03 o3

IfAut(X) =2 O3, then X =2 y3 = x(x — 1)(z — 23)(z — 73).

67 07

~ o o3 03 O3\ i 03 — p3 _ p3
IfAut(X) = Cg, then X = y° = z(x — 1)(z — 53) (@ — g3) with 03 = 0 — 03,
1

67
IfAut(X) =2 (16, 13), then X =2 y* = x(x — 1)(x — t), where t is given by the
above product.

Exercises
3

8.9. For Case 18, derive t using D = QQ3+2Q 4 and verify consistency witht = Z—i%,






Chapter 9

Jacobian Varieties

The Jacobian variety of an algebraic curve stands as a cornerstone in the interplay
between geometry, algebra, and analysis, offering a profound synthesis of the con-
cepts explored in Chapter 8 on theta functions. Where theta functions provided
a lens into the analytic properties of curves—mapping their periods and divisors
into complex tori—the Jacobian elevates this perspective to a geometric object,
the abelian variety Jac (), which encapsulates the curve’s divisor classes of de-
gree zero. This chapter shifts focus from the functional underpinnings of theta
functions to the structural elegance of Jacobians, revealing how they not only pa-
rametrize line bundles but also serve as a bridge to understanding the symmetries,
morphisms, and moduli of curves. Building on Abel’s and Jacobi’s insights into
integrals and inversions (Sections 8.1.2, 8.1.3), we explore how Jacobians unify
these ideas, offering a concrete realization of the abstract machinery introduced
earlier.

This exploration is motivated by fundamental questions in algebraic geometry:
How do we classify curves up to isomorphism? What role do their symmetries
play in their geometry? The Jacobian provides answers by embedding the curve’s
arithmetic and geometric properties into a space amenable to both analytic and
algebraic tools. For hyperelliptic and superelliptic curves (Sections 8.4, 8.5), the
Jacobian’s connection to theta functions illuminated branch point relations and au-
tomorphism loci; here, we generalize and deepen this connection, examining the
Jacobian’s structure, its maps under morphisms, and its interaction with ramifica-
tion and adjoints. Whether studying genus 2 curves with elliptic involutions or
genus 3 superelliptic covers, the Jacobian emerges as a unifying object, essential
for graduate students and researchers seeking to master the profound links between
a curve’s local singularities and its global invariants.

231
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1. Jacobians of Curves

1.1. Divisors and Picard Group. The set of all divisors of F is denoted by
Divz(k). Moreover, the divisor (f) of a function f € F, defined as the finite
linear combination of the set of all zeroes and poles of f, is called a principal
divisor. Since (fg) = (f) + (g), the set of principal divisors is a subgroup of the
group of divisors. Two divisors that differ by a principal divisor are called linearly
equivalent. The symbol deg(D) denotes the degree of the divisor D, i.e., the sum
of the coefficients occurring in D. It can be shown that the divisor of a global
meromorphic function always has degree 0, so the degree of the divisor depends
only on the linear equivalence class. The Picard group Picr (k) is the group of
divisors modulo linear equivalence.

The Picard group, denoted by Pic(F), is called the group:
Pic(F) := Div(F)/ PDiv(F).
The elements of degree 0 in Pic(F) form a subgroup denoted by Pic(F). The
following is a short exact sequence:
(60) 1— & = k(F)* L% DivO(F) — Pic®(F) — 0,
where the only map that needs explanation is:
div : k(F)* — Div'(F)
f = div(f).

Example 9.1. Prove that the sequence in Eq. (60) is exact.

The group Pic®(F) is called the Jacobian of F and denoted by Jac (F). Some
of the most fundamental problems in the theory of algebraic curves are about study-
ing their Jacobians.

Let ¢ : 1 — F2 be a map between curves F; and F». Then, we have the
maps:
¢* : Div(F2) — Div(Fy)
@ Y es(P)P,
Pep=1(Q)
and:
¢+« : Div(F1) — Div(F2)
(P) — (¢P),
where e (P) is the ramification index.
Lemma 9.1. Let ¢ : F — Y be a non-constant map between two smooth curves
F andY. Then: i) deg(¢*D) = deg(e) - deg(D) for every D € Div(Y). ii)
¢ (div(f)) = div(¢* f) for every f € k(Y)*. iii) ¢.(div(f)) = div(psf) for every
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f € k(F)*. iv) ¢« o ¢* is multiplication by deg(¢) in Div(Y). v) If : Y — Z is
another map, then:

(bog) =¢ o™ and (o @)y =1sody.

Proof. For (i), let D = 3" nqQ € Div(Y). Then ¢*D = 3" ng >- pey-1(q) €s(P) P,
and deg(¢*D) = 3 5 1Q Y- pey-1(q) €o(P)- Since 3 pey1(g) €s(P) = deg(¢),
we have deg(¢* D) = deg(¢) - deg(D).

For (i), if (f) = 32 vQ(f)Q. then ¢*((f)) = 22 va(f) 2 peg—1(q) €s(P) P
For g = f o ¢, vp(g) = es(P)vgp)(f), so div(g) = ¢*((f))-

For (iii), if f € k(F)*, then ¢.((f)) = > pvp(f)¢(P). The norm Nmg v (f)
satisfies div(Nm(f)) = ¢.((f)), adjusted by the field extension degree.

For (iv), ¢.(¢"(Q)) = ¢« (X peg—1(q) €o(P)P) = deg(d)Q.

For (v), (¥0¢)*(R) = >_ pe(yog)-1(r) €vos(P)P = ¢*(¢*(R)), and similarly
for ¢ 0 by = (¢ 0 P)s. U

As a consequence, ¢* and ¢, restrict to maps ¢* : Jac (F3) — Jac (F;) and
¢s : Jac (F1) — Jac (F2).

Corollary 9.1. PDiv(F) < Div?(F).

Assume X is a planar curve with only ordinary multiple points. For every
P e X,letrp = mp(F). Define the divisor:

D=)> (rp—1)P,
PeXx
called the ramification divisor of X'. A curve Y such that div(Y) > D is an
adjoint to X',

Example 9.2. The curve Y is an adjoint to X if and only if multp(Y') > multp(F)—
1 for every multiple point P € X. If X is smooth, then every curve is adjoint to X.

Theorem 9.1 (Residue Theorem). Let X be a planar curve with only ordinary
multiple points and D = )" p (rp — 1)P. If D1, Dy are effective divisors on X
with Dy ~ Ds, and Y is an adjoint of degree m with div(Y') = D1 + D + A for
some effective A, then there exists an adjoint G of degree m such that div(G1) =
Dy + D+ A

Proof. Since D; ~ Do, there exists f € k(X)* with Dy = Dy + (f). Let
G = fY,sodiv(G) =(f)+ D1+ D+A=Dy+ D+ A. Define M =G -G
(a zero-degree adjustment), and let N be an adjoint such that div(N) > D. Then
div(GM) = D3 + D + A. By Noether’s theorem ([45, pg. 183]), there exist
F1,G1 such that GM = FFy + G1 N, where F defines X’ and deg(G1) = m.
Thus, div(G1) = D2 + D + A, and (G is an adjoint. O
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Exercises

9.1. For F : y?> = 23 — x, compute a non-trivial element in Jac (F).

2. Addition on Jacobian Varieties

2.1. Addition on Conics. Can a conic be made into a group? LetC : f(z,y) =0
be a conic defined over Q. Denote by C(Q) the set of points on C with coordinates
in Q. Thus,

CQ) ={(z,9) |z €QyeQ f(z,y) =0}

Let Cg be the conic with this equation and O € C(Q). We can make C a group
with identity element O as follows. Fix the point O € C as the identity. For every
two points P, ) € C, take the line through O parallel to the line PQ. This line
intersects C at another point R € C(Q). Define P & Q := R.

Exercise 9.1. Prove that (C(Q), ®) is an Abelian group.

Proof. Consider C : y = 2% with O = (0,0). For P = (a1, 51), Q = (a2, 2),
where 51 = a%, By = a%, and P # @, the line PQ has slope A = % The
parallel line through O is y = Az, intersecting y = 22 atz = 0 (i.e., O)and z = A,
so P®Q = (\\2). If P = (, the tangent at P has slope 2c, and the parallel
line y = 27 intersects at z = 0 and = = 2a7, yielding P ® P = (203, 4a?).
To verify the group axioms, first check the identity property. For Q@ = O =

(0,0), the line PO has slope g—i = a1, and the parallel through O is y = ajz,

intersecting at P = (a1,a?), so P & O = P. Next, consider inverses. For
2.2
P = (a1,02), find Q = (ag,a3) such that P & Q = O. Then \ = z;_zi =

as +a; = 0,50 ag = —ay, and Q = (—ay,a?), confirming P & Q = (0,0).
For associativity, take P = (a1,0), @ = (ag2,03), R = (a3,a3). Compute
QO R = (g +as, (a2 +0a3)?),then P (Q @ R) = (a1 + az + az, (g +
as + a3)?). Similarly, P ® Q = (a1 + a9, (a1 + a2)?), and (P ® Q) ® R =
(a1 + az + a3, (a1 + ag + a3)?), proving associativity. Commutativity holds
since P @ Q = (a1 + ag, (a1 + a2)?) = Q @ P. Thus, (C(Q), D) is an Abelian
group. U

Exercise 9.2. Let C be the conic with equation:
az® + bry + cy® + dx + ey = 0,

and the point O(0,0) € C. For every two points P(ay, 1) and Q(aa, 52), the
Sformula for P & Q) is given by:

ex+d ex+d
P — T (=TT
©a < A2+ b\ +a’ ( cA2+bA+a>>’
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where:
A_{gg; if P #Q,
= 2aB1+bBi4+d o
o bZél}&-QCﬂi—Fc’ ifP = Q.

The example below, taken from F. Lemmermeyer [75], illustrates this opera-
tion.

Example 9.3. Tuake the parabola C : y = x? defined over Q. An obvious rational
point is N(0,0). Take the points P(aq, 31) and Q(az, B2) in C(Q) distinct from
each other. The equation of the line that passes from N (0,0) and is parallel with
PQ is:
y—Ozéiiﬁ@—m,
Qo —

where aig — a1 # 0 since P # Q. Denote by P ® Q the point of intersection of
this line with the parabola y = x* (see Figure 1).

P+Q N

Figure 1. Addition in the parabola y = 2.

Then, the coordinates of P @ @) are the solutions to the system:

y =%,
y= =,

Solutions to this system are exactly points of intersection of the line with the conic.
One of them has x-coordinate x = 0, which gives the point N (0,0). The other one

ay’ az—aq

PoQ— B2 — B <52—31>2
N 012—0417 Qo — (1 '

2
isx = 52:51 which gives y = (M> . Thus, the point P& Q has coordinates:
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The case when P = Q) is presented on the right side in Figure 1. We take the line
going through N(0,0) and parallel to the tangent at P(cv, 51). It has equation:

ac
y—0= —| (z-0),
oz | p
and slope m = %’P = 2aq. Hence, the line has equation y = 2cqx. Its
intersections with the parabola are given by the solutions of the system:
y = a7,
Yy =2aix,

We have two solutions: one is x1 = 0, which gives the point N = (0,0); the other
one is xo = 2o, which gives y = (2a1)%. Thus, for every two points P(ay, (1)
and Q(aa, B2), we have:

Sa=pr (Ba=51 .
e ({8 52)). oo
(201, (201)%). fP=0Q.

Notice that since a1, a9, 81, P2 € Q, then P & Q has also rational coordinates.
Hence, P ® Q € C(Q).

2.2. Elliptic Curves. The addition of points on an elliptic curve has become part
of mathematical folklore. Assume that X is an elliptic curve with equation:

y? =23 +ax® + bx + ¢,

defined over Q, where the discriminant of the polynomial on the right is nonzero.
Further, we assume that there exists a point O € X' (Q) as we did for conics. For
any two points P(x1,y;) and Q(x2,y2), define an addition P & @ as follows: -
Determine the line ) which passes through the points P and (). - Determine the
intersection of X with ). This intersection contains another point R different from
P and @ such that:
P+Q+R=0.

- To determine P & () = —R, take a line Z which passes through O and R. Then
Z intersects X’ at exactly another point, which is P & Q.

An illustration of this method when O = oo is given in Figure 2. In this case,
the line Z is the vertical line which passes through R.

Exercise 9.3. Determine the exact formulas of this operation and show that X (Q)
together with this operation forms an Abelian group.

A detailed proof of the above exercise can be found in [121, Chapter 2].

The main question to be asked at this point is: Can we do the same for higher-
genus curves? Is there a way to make a genus g > 2 curve X into a group? Of
course, from the previous chapter, we know that the answer to this question is
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Figure 2. Addition of points in an elliptic curve when the identity is O = oo.

Jac X. So, we must determine how to add divisors in Jac X and investigate if a
divisor D € Jac X has some kind of geometric interpretation in terms of points on
the curve X.

Exercises

9.2. For X : y*> = 23 — x over Q with O = oo, compute P & P for P = (1,0)
and verify it lies in X(Q).

2.3. Higher Genus Curves. Let X’ be a smooth, irreducible algebraic curve of
genus g > 2, defined over a field K. The symmetric group Sy acts on the d-fold
Cartesian product X¢ by permuting coordinates:

Sgx x4 — xd
(0’7 (Pl, - ,Pd)> — (Pa(l)v - 7P¢7(d)>-
The orbit space of this action is denoted Sym?(X’), the d-th symmetric power of

X. Denote by Div?(X) the set of divisors of degree d on X, and by Div™4(X) C
Div?(X) the subset of positive (effective) divisors.

Lemma 9.2. Divh?4(X) = Sym?(X).

Consider the Segre embedding j : X% < P(TDd=1 where X < P". Let
R = C[X] be the homogeneous coordinate ring of X'¢. The action of S on R
permutes coordinates, preserving the grading, and j is equivariant under this ac-
tion. The ring of invariants R is finitely generated by homogeneous polynomials
fo, ..., fn of degree M, so:

Clfo,...,fn] C{f € R% | M |deg f} C R.

Each elementin C[fy, ..., fn] corresponds to a point in PV via the basis { fo, ..., fx'},
inducing an embedding:
Sym?(x) — PV,



238 CHAPTER 9. JACOBIAN VARIETIES

This fits into the commutative diagram:

e I p(nt1)d-1

| |

Sym?(X)—— PN

Thus, any divisor D € Divhd(X ) is identified with an unordered d-tuple in
Sym<(X), expressible in projective coordinates in PV. The variety Sym?(X) is
smooth, as Sym?(X') \ {A = 0} (where A is the discriminant locus) is biholomor-
phic to an open set in C.

The following theorem, suggested by Jacobi and formalized by Mumford [91],
establishes the Jacobian’s role.

Theorem 9.2. Let X be a curve of genus g > 2. The map:
¢ : Sym?(X) — Jac (X)

SLED VS
is surjective. That is, for every divisor D € Jac (X) of degree zero, there exist
points Py,..., Py € X such that D ~ Y 9_, P, — goo.

Proof. Fix a point co € X. For D € Jac (X), deg(D) = 0. By the Riemann-Roch
theorem, for a divisor D + goo of degree g, the dimension I(D + goo) > deg(D +
go) — g+ 1 = 1. Since X is not rational (g > 2), [(goo) = 1 (only constant
functions), and generically, {(D + goo) = 1. Thus, there exists a meromorphic
function f with div(f) = D + goo — E, where E = Py + --- + Py is effective
of degree g. Hence, D = E — goo = >.9_| P, — goo, and ¢ maps E to [D).
Surjectivity follows from the completeness of Jac (X') as an abelian variety; see
[91, pg. 3.30] for details. ]

Next we see if using this interpretation we can generalize the method for higher
genus curves. Fix a point O € X and let:

Lo 1 X = Jac (X), Pw~—[P—0O]

be the corresponding polarization. A divisor D is called a reduced divisor with
respect to .o if it is written in the form:

g
D=> P - g0,
=1

for P,..., P, € X. Notice that we are not requiring that P, ..., P, are all dis-
tinct. Consider now the problem: Given two reduced divisors D = Zle P;—gO

and Dy = Z?igﬂ P; — gO, determine a reduced divisor D = Z?i2g+1 P, — g0

such that D = D; + Ds. Our strategy proceeds as follows. Choose O = oo €
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X (K), and represent D and D5 by the unordered tuples of points P, ..., P, and
Pyy1,..., Py, respectively. Then determine a curve ) that passes through the
points P, ..., P, and intersects X at exactly 3g points. The intersection of X’
and Y includes P, ..., P4 and an additional g points, say Pgy1, ..., P3g4, allow-
ing us to define D' = Z?i2g+1 P; — gO, where D1 + Dy + D' = 0 in Jac (X).
To find Dy & Dy = —D’, construct a curve Z passing through O and the points
Pyyy1,..., P34, which intersects X at exactly g further points ()1, ...,Q4. The
divisor D = Y7 | Q; — gO then satisfies D = D + D5, completing the addition.

Let X be a smooth projective curve of genus g > 1 defined over a field F and
with projective equation F'(z,y, z) = 0, where F' is a homogenous polynomial of
degree deg F' = d. We will denote its affine equation by f(u,v) = F(z,y,1).
Then du, dv are meromorphic one forms. The following is well known:

Proposition 9.1. If F(z,y, z) has degree d > 3 without nodes and if p(u, v) is any

polynomial of degree at most d — 3 then p(u, v) ‘g—? is a holomorphic differential on
e

the compact Riemann surface X.

Proof. The proof is immediate calculating the order of the last expression at oc.

O
Example 9.4. Assuming the case f(x)—g(y) = 0 we have that the differentials are
:z:ingjff. This coincides with the differentials for a regular cyclic cover if g(y) =
dy
y".

We also have a similar proposition if we have only nodes on the curve; in this
case we need to take p(u, v) that vanishes on nodes with degp < d—3; see [84, pg.
116].

Let X be an algebraic curve of genus g > 2, defined over a field F, given by
an affine equation F'(x,y) = 0. We learned the following theorem from [25]:

Theorem 9.3. Any generic collection of points Py,..., Py s € X, where s > 0,
can be realized uniquely as zeros of a meromorphic function ®(x,y) of order at
most 2g + s and this function is unique up to multiplication by a constant.

Proof. A meromorphic function ®(z,y) belongs to the function field F(X). We
can consider a basis of F(X) at a Weierstrass point P € X. By the Weierstrass
gap theorem, for a function of order 2g + s we will have at most g + s orders at P
(as there are no functions at the gaps) and hence this function will be determined
uniquely by the g + s points P, ..., Py . ]

Corollary 9.2. Any divisor D such that deg(D) > g is equivalent to a divisor D
such that deg(D1) < g.

Proof. First we use the theorem to produce for D a function ®(x,y) such that D
determines it uniquely. As the function is of order 2g + s its zero divisor E will be
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of degree 2g + s. Thus we obtain that the divisor of the rest of the zeros of ®(z, y)
must be of degree at most g. Call it Fy + - - - + E;. Now apply the theorem again
to produce a divisor D} + - - - + D; that is equivalent to D. O

The corollary enables us to convert the addition problem in Jac (X') to the
addition of divisors of degree < g. We fix a point P € X and let:

tp: X — Jac (X),

be the corresponding polarization. Take s = g in Theorem 9.3. Then for the set of

points Py, ..., P, there exists uniquely ®(z,y) such that it has at most 3g zeroes.
Denote the new zeroes of ®(x,y) by Pagi1, ..., P3q. Define:
39
D':= Y P—-gP
i=2g+1

Then obviously D’ := —(D; + Ds), since Dy + Dy + D' = (®). To find —D’ we
apply Theorem 9.3 for s = 0 and the points P41, ..., P35, € X. Then there exists
a meromorphic function ®’ which has precisely 2g zeroes, namely Pag 1, ..., Psg
and the new zeroes )1, . .., (. Then:

g
D:=-D'=) Qi-gP.
=1

Hence, we have an algorithm for adding points in Jacobians as long as we deter-
mine a method of determining the function ®(z, y) explicitly.

Since the existence of ®(x,y) depends on the Weierstrass gap theorem, we
should be able to determine explicitly ®(x,y) for those curves for which we can
determine a basis of the function field k(X") over F.

Assume now that P is a Weierstrass point of X" and let B be a basis of k(X') /F
ordered:

h<fo<---<fi<...
according to their order at P.

Let (zp,yp) be a local coordinate around P. For any point P;(z;,vy;) €

X, denote by f;(P) the function f;(x;,y;) evaluated at P;. For a set of points

P, P, ..., P, € X, we take the first m + 1 functions f1,..., f4+1 of B and
define:

filzp,yp) folzp,yp) .. fmg1(zp,yp)
A(fl,,fm+1)(P17’Pm) = fl(Pl) fQ(Pl) ferl(Pl) 5

For a fixed basis B, the ordering of elements in B is fixed, so we simply use the
notation A(Py, ..., Py).
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Let ), be the curve:
ym : det A(fl,---,fm+1)(P17 ey Pm) =0.
Then we have the following.

Theorem 9.4. Letm < 2gand P,..., P, € X. Then Py, ..., P, € Y and Yy,
intersects X in precisely m + g points.

Proof. To show that P; € ), fori = 1,...,m, itis enough to show that det A(P, ...

0. But this is obvious since in this case the matrix A has two identical rows.

Consider the determinant det A. The coefficient of the f; is (—1)'77 By,
where By is the minor obtained by removing the 1st row and the j-th column.
Recall that the poles of fi, ..., fi11 have at most order g + m. Thus we can view
the det A as a polynomial in xp and yp of degree m + g, since by clearing out
denominators we can only have degree g monomials.

The intersection divisor of X and ), is principal and generated by the mono-
mials of f1,..., fmt1. Since all the monomials have degree < m + g, this divisor
will have degree < m + g. U

Remark 9.1. Notice that det A is invariant (up to a sign change) under the per-
mutations of points Py, ..., Py,. Hence, Yy, is defined over F[s1,..., Sp], where
81, .. .,Sm are the symmetric functions on Py, ..., P,. Thus, the equation of YV,
is invariant under the permutations (x;,y;) — (xj,y;). We are not aware of any
explicit result in the classical literature to express det A as a polynomial in terms
of invariants of these symmetries.

In our general setup we will need the following.

Corollary 9.3. Let m = 2g and r = 2g. Suppose B = {f1,..., fog+1} and
Py,....Py € X. From Theorem 12.5, we have P, ..., Py € Yoq and Yaq
intersects X in precisely g other points, say Pogi1,..., P34 Hence, for D1 =
>4 | P —goo, Dy = Z?igHPi — goo, and D = Z?ngH P; — goo, we have
D1+ Dy =—D.

The points Pog1,. .., P34 can be explicitly described as long as we know an
equation of X" and a basis B of F(&X')/F. In the next section, we will construct the
basis B for superelliptic curves.

Example 9.5 (Genus 2). Let X be a genus 2 curve defined over a field F with a
rational Weierstrass point. If charF # 2, then X is birationally isomorphic to an
affine plane curve with equation:

y2 = a5:c5 + a4:c4 + a3:c3 + a2x2 + a1z + agp.

Let poo be the prime divisor corresponding to the point at infinity. Reduced divisors
in generic position are given by:

D =p1+p2 — 2P0,
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where Py (x1,y1), Pa(x2,y2) are points in X (F) (since F is algebraically closed)
and x1 # x9. For any two divisors D1 = p1 + P2 — 2P0 and Do = q1 + q2 — 2P
in reduced form, we determine the cubic polynomial:

y = g(x) = box® + by + box + b,

going through the points Py (x1,1y1), Po(x2,y2), Q1(x3,y3), and Q2(x4,ys). This
cubic will intersect the curve X at exactly two other points Ry and Ry with coor-
dinates:

Ry = (25,9(%5)) and Ry = (w6, 9(76)) ,

where x5, xg are roots of the quadratic equation:

b _
z +<sz>x+ 305
=1 OH’L lxl

Let us denote by Ry = (x5, —g(5)) and Ry = (w6, —g(x¢)). Then:

[D1] ® [D2] = [R1 + Ry — 2poo)-

Figure 3. A geometric interpretation of addition on a 2-dimensional Jacobian.

Exercises

9.3. For a genus 2 curve X : y? = 2° — x, compute D1 & D3 for D1 = (1,0) +
(0,0) — 200, Dy = (—1,0) + (2,V/3) — 20cc.
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3. Superelliptic Jacobians

A superelliptic curve X’ of genus g > 2 over a field F is characterized by an auto-
morphism o € Aut (X) of order n > 1 such that H = (o) is normal in Aut (X))
and the quotient X'/ H has genus zero. Such curves admit an affine equation:
d
Xy = f(2) = [J@ - ),
i=1
where f(z) € F|x] has distinct roots (A(f) # 0) and degree d > n. The auto-
morphism o : (z,y) — (z,&,y), with &, a primitive n-th root of unity, fixes the
points over x = 0 and oo in }P’le. The projection 7 : X — PL = X/H, given by

m(x,y) = x, has degree n and branches at the roots B = {a, ..., aq}. The genus,
by the Riemann-Hurwitz formula, is:
1
9=5 (n(d—1) —d—ged(n,d)) + 1.

If gcd(n,d) = 1, then d = % + 2 when oo is a branch point (our default as-
sumption), yielding g > n, with equality only for (n,d) = (2,5), (2,6), (3,4) (see
[82, Lem. 14]). We define superelliptic curves by Equation (29) with A(f) # 0,
distinguishing them from cyclic covers where such conditions may vary.

The Jacobian Jac (X) = Pic’(X), termed a superelliptic Jacobian, encodes
the curve’s divisor classes of degree zero. This section builds on Section 9.2’s
addition methods, developing explicit bases and algorithms for superelliptic Jaco-
bians, focusing on holomorphic differentials, meromorphic functions, and divisor
operations.

3.1. Holomorphic Differentials and Meromorphic Functions. For X : y" =
f(z)withd = sn—e, 0 < e < n, abasis for the space of holomorphic differentials
is given by:

d
{ﬂ”ﬂlg;’gn,ogigbj},
y]
where b; = sj—1— L% jJ (see [127, Prop. 2]). Clearing denominators, this converts
to a monomial basis:
{2y 11<j<n 0<i<b},

yielding g functions with poles at oo of order up to 2g — 1. To extend to 3g for
addition (Section 9.2.3), consider monomials "y with orders at co from 2g to

3g.

Proposition 9.2. For each order j at oo with2g < j < 3g, there exists a monomial
x™y™i of order exactly j.

Proof. Since orde(x) = n and orde(y) = d, ordes (z™y™) = mn + m;d. For
Jj=29+7r,0<r <g,setm; =n—2—randsolvemn+(n—2—r)d =2g+r.
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As 2g = (d — 1)(n — 1), adjust m iteratively from r = 0 (e.g., ¥y 2 tor = g,
ensuring unique m, m; pairs via ged(n, d) = 1. O

The space L(koo) of meromorphic functions holomorphic on X \ {cc} with
poles of order at most & at oo has dimension dim L((N+g—1)oc) = Nfor N > ¢
by Riemann-Roch. Define L(*00) = |J;—; L(koo), spanned by polynomials in x
and y.

Lemma 9.3. A basis for L(koo) over F is:
B={z'y |0<i<d,0<j<n—1ni+dj <k}

Proof. Each 2%y’ has ords, = ni + dj, and L(koo) includes all such monomials
with order < k. The set is linearly independent over F due to distinct orders at
0. ]

Order B by increasing pole order at co: 1,z,z2,. .., zlk/nl Yy, 2y, .... The
first 2g + 1 monomials form the corresponding matrix B, 4, an n x (d + 1)
matrix where row j (for j = 0,...,n — 1) contains 2%y’ up to the order limit.

Theorem 9.5. For X : y" = f(z), deg f = d, gcd(n,d) = 1, By, 4’s non-zero
entries inrow j (for j =0,...,n — 1) are z'yJ, 0 < i < F’gf;]d .

Proof. Form = ni+dj < 3g, solve for i given j. Since 3¢ = (d—1)(n—1) +g,
i < @Tﬁd, and ged(n, d) = 1 ensures unique monomials up to 3¢, covering 2g + 1
terms. ]

Example 9.6. Forn = 4, d = 13, g = 18, the first 37 monomials (up to 3g = 54)
inorderare 1, x, x>
The matrix By 13 is:

1 T .’L'Z e xls
B |¥ v oy e ypt? 00
4,13 v y?r oy o 2" 0 - 0
oyl a2 3 00 - 0

3.2. Addition and Inversion of Divisors. For reduced divisors D = Zle P, —
goo, Dy = Z?igﬂ P; — goo in Jac (X), with distinct points P, ..., Py, de-
fine Y : det A(y, . po,1)(P1y .- Pog) = 0 using the first 2g + 1 monomials
from B. By Theorem 9.2.7, Y intersects X at P, ..., P», and g additional points

Pyyi1,...,P34, 50 Dy + Dy = — Z§i2g+1 P; 4+ goo. Over F, the resultant
F(x) = Resy(f(xz) —y",det A) has degree 3¢, and G(z) = F(x)/ H3i1(95 — ;)
gives the z-coordinates of Pog1, ..., P34.

To invert D = Z;(']:1 P; — goo, use the first g + 1 monomials to define Z :
det Ayy....fye1)(P1s .o, Py) = 0. This intersects X" at Pp,..., Py and g new

points Q1, ..., Qg, yielding —D = >"7_, Q; — goc.

3

13 10 ,2 ,2 2.7 .3 ,3 3.2 ,,3
yee ey LY XYy e YT YT YT YT Y YT, YT, YT
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For repeated points (e.g., P; = Pj4+1), replace the row for P, in A with
derivatives g;(P;) = %(Pi) + %Z(Pi)- —0F/0u o For doubling D = 7 | P;—

OF /0y
oo, use:
(fi(z,y) - fag(a,y)]
fi(P1) - fag(P1)
(P1)

g(P1) - gy
fl(Pg) f2g(.Pg)
gi(Py) -+ g24(Py) |

and ) : det A = 0 yields 2D.

Example 9.7 (Picard Curve). For X : y3 = (z +12)(z + 11)(z + 9)(z + 5)(z —
3)(x—6) overR (g = 3), let P\, . .., Ps have x-coordinates —12,—11, -9, —5, 3, 6.
With Dy = P + P, + P3 — 300, Dy = P4+ Ps + Ps — 300, )V : —1.31136 -
10't — 5.14189 - 109 + - -- + 3.51232 - 108y? = 0 intersects X at P, ..., Ps
and Py, Py, Py (genus 1). Then — (D1 + Dy) = Pr + Ps + Py — 300. Inverting
with Z : 6658.85 — 110.278z — 183.9342% — 520.488y = 0 gives D1 + Dy =
Q1+ Q2 + Q3 — 300 (see Figures ??, 4).

Figure 4. Geometric addition on a Picard curve.

Exercises

94. For X : y* = x(x—1)(z—2), compute D®D where D = (0,0)+(1,0)—20c.
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4. Abelian Varieties

Having explored Jacobians of curves—from general addition laws (Section 9.2)
to superelliptic specifics (Section 9.3)—we now situate these objects within the
broader framework of Abelian varieties. An Abelian variety A over a field F is an
absolutely irreducible projective variety equipped with a group structure, generaliz-
ing the Jacobians Jac (X) = Pic’(X') encountered earlier. This section introduces
their basic properties, endomorphisms, torsion points, and Galois representations,
emphasizing how superelliptic Jacobians (e.g., Section 9.3’s Picard curve) exem-
plify these structures, building on theta function embeddings from Chapter 8. We
assume familiarity with foundational concepts (see [95], [40] for details).

Consider a projective scheme S, = Proj(Ry,), where Ry, = F[Yy, ..., Y]/ I,
I, is a homogeneous ideal distinct from (Yp,...,Y,), endowed with the Zariski
topology and a sheaf of rings of degree-0 elements from localizations Ry, (. For
an affine scheme S = Spec(R), R = F[X1,...,X,]/1, the function field F(S)
is the quotient field of R if S is irreducible, consisting of meromorphic functions
on A" restricted to S. Two varieties S and 7 are birationally equivalent if 7(S) =
F(T), and for an irreducible projective variety S, F(S) = F(U) for any non-
empty affine open U. The dimension of S is the transcendence degree of F(S)
over F.

An Abelian variety A/ F is a projective group scheme, defined by morphisms:
addition m : A x A — A, inversion i : A — A, and an identity 0 € A(F), sat-
isfying group axioms. We denote m(P,Q)) = P + @ and i(P) = —P. For a field
extension L/F, A(L) is a group, and homomorphisms between group schemes
preserve this structure, mapping identities to identities. As A is absolutely irre-
ducible, m is commutative. A morphism f : A4; — Ay is a homomorphism if
f(04,) = 04,

The Z-module of homomorphisms Hom (A, B) and ring of endomorphisms
End (A) extend to Q-vector spaces Hom °(A, B) = Hom (A, B)®7Q and End °(A) =
End (A) ®7 Q. An isogeny f : A — B is a surjective homomorphism with
finite kernel, with deg f = [F(A) : f*F(B)] = |ker f|. If f is separable,
| ker f(F)| = deg f. Isogenous varieties A and B satisfy End °(A) = End °(B).
For an absolutely simple A (no non-zero proper Abelian subvarieties over F), ev-
ery non-zero endomorphism is an isogeny, making End °(.A) a skew field.

Lemma 9.4. For an Abelian variety A/ F, there is a bijection between finite sub-
group schemes K < A and isogenies f : A — B, with B> A/K and K = ker f.

The scalar multiplication [n] : A — A has kernel A[n] = ker[n|(F), the n-
torsion points, of order n%9 if p = char(F) { n. For p | n, [n] is inseparable, and
Alp™] = (Z/p™Z)! for some 0 < i < g. If i = g, A is ordinary; the p-rank is ¢
if A[p®](F) = (Z/p'*Z). An elliptic curve (g = 1) is supersingular if its p-rank
is 0; an Abelian variety is supersingular if isogenous to a product of supersingular
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elliptic curves. For [ # p, the [-adic Tate module 7;(A) = lim A[l¥] is a Z;-module
isomorphic to Z?g )

The Galois group G = Gal (F/F) acts on A[n], yielding a representation
pan : G — GLog(Z/nZ), extending to the [-adic representation p4; : Gr —
GLgy(Q;) on Ty(A) ® Q;. Endomorphisms ¢ € End (.A) induce ¢; : Tj(A) —
T;(\A), and the map 7; : End (A) ® Q; — GL2y(Q;) is injective (see [95, Theorem
3, p. 176]), bounding dimg End 9(A) < 4g¢. For a generic A in characteristic 0,
End (A) = Z; over finite fields, the Frobenius endomorphism enriches this ring.

For A/F, (¢ = p?), the Frobenius automorphism 7 : = — 9 induces
¢q € End (A), with deg¢p, = ¢9. Its characteristic polynomial x 44(7) =
X(p.a,(m)) is a monic polynomial in Z[T'| of degree 2g, independent of [, satis-
fying x.4,4(¢4) = 0. Tate’s theorem states that A and B over F, are isogenous
if and only if x 44(T) = xB,4(T), their zeta functions match, or 7j(A) ® Q =
T;(B) @ Q. Moreover, #A(F;) = x.4,4(1), and Weil’s theorem bounds the roots
Ai of x4,4(T): each is an algebraic integer, |\;| = /¢, and paired as A\;A\i14 = ¢,
yielding [#A(F,) — ¢ = O(¢?~'/?).

Example 9.8. For X : 2 = (z + 1)(z — 1)(z — 2) over Fs, Jac (X) has g = 2.
Compute X jac (1) (1) and estimate #Jac (X)(Fs).

Exercises

9.5. Verify that Jac (X) for a superelliptic curve X : y* = 2° — x is an ordinary
Abelian variety over Fs.






Chapter 10

Complex multiplication

Curves with rich automorphism groups, a recurring theme from hyperelliptic loci
(Section 8.4) to superelliptic Jacobians (Section 9.3), often exhibit Jacobians with
complex multiplication (CM)—where End (Jac (X')) embeds as an order in a num-
ber field beyond Z. This chapter explores CM in the context of such curves,
strengthening Section 9.4’s endomorphism discussion by assuming Jac (X') has
CM and arises as the reduction of a curve over a number field. We build on the pro-
gression from hyperelliptic to superelliptic frameworks, spotlighting Pink’s classi-
fication of hyperelliptic curves with large automorphism groups and CM, general-
ized by Obus and Shaska to superelliptic cases ([100]), as a pinnacle of this philoso-
phy. This not only deepens our understanding of automorphism-induced arithmetic
but also leverages class field theory to classify and construct such curves.

A number field K is a CM-field if it is a quadratic extension K/Kj, where
Ky is totally real (all embeddings into C are real) and K is totally imaginary
(no embedding into R). For a curve X’ over F whose Jacobian Jac (X’) has CM,
End (Jac (X)) embeds as an order O in a CM-field K. The arithmetic of X" and
Jac (X) mirrors that of O: the Frobenius endomorphism of reductions modulo
primes p of K lies in O, enabling point counting, while class field theory classi-
fies isomorphism classes and aids in computing period matrices and equations (see
Section 9.4°s Tate modules).

We strengthen the condition on End (Jac ) and assume that Jac has complex
multiplication and thus is the reduction of a curve defined over a number field.
Recall that this means that there is an embedding of End (Jac ) as order O into a
CM-field K. A number field K is a CM-field if it is a quadratic extension K /Ky
where the base field K is totally real but K is totally imaginary, i.e., every em-
bedding of K int C lies entirely within R, but there is no embedding of K into
R.

249
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The arithmetic of X and Jac is reflected by the arithmetic of orders in K. In
particular, one finds the Frobenius endomorphism of reductions of X modulo prime
ideals p of K as element in O. This solves the problem of point counting on X
modulo p immediately. Moreover, class field theory of K gives both a classification
of isomorphism classes of curves X with CM-field K and methods to find period
matrices of Jac and thus equations of X'.

But trying to find examples for hyperelliptic curves attached to CM fields of
degree 6 one runs into trouble since these examples seem to be very rare (recall
that the hyperelliptic locus in M3 has codimension 1).

If Jac has an automorphism of order 4 the curve X has an automorphism of
order at least 2 and if Jac is simple the quotient of X" by this automorphism has
to be P!, and so X is hyperelliptic and has an automorphism of order 4. The
existence of J with automorphism ¢ of order 4 is obtained by a special choice of
the CM-field K:

Let K be a totally real field of degree 3 with class number 1 (there are many
fields with these properties) and take K = K(y/—1), and for O take the maximal
order of K. In [132] one finds in detail how these choices lead to many examples
of hyperelliptic curves over finite fields suitable for cryptography.

1. CM curves

We further specialize to curves of genus 2 whose Jacobians have complex multi-
plication. We shall use class field theory and the theory of Taniyama-Shimura of
CM-fields to find such curves over number fields. By reduction, we find curves
with CM over finite fields; class field theory of CM-fields reduces point counting
modulo p to the computation of the trace of an element in the CM-field with norm
.

Choose a square-free integer d € N such that K := Q(+/d) has class number
one. Let & = a + bv/d be square-free and o > 0. Thus K = Kg(iy/a) is a CM
field of degree 4. We choose d and « such that K/Q is Galois with group V} (i.e.
Klein four-group). Since [K : Q] = 4 and K is a CM field we have four distinct
embeddings ¢;, ¢ = 1,...,4 of K into C. A tuple (K,®) = (K, {p1,p2}) is
called CM-type. For an ideal I C Ok we define

®(I) = {(1(x), p2(2))",x € I}

Then C2/®(I) is an Abelian variety with complex multiplication by Of. Con-
versely every abelian variety .4 of CM-type (K, ®) with complex multiplication
by Ok is isomorphic to an abelian variety A; ¢; see Shimura-Taniyama (1961)
[118].

The period matrix of A; o lies in the Siegel upper half plane H and therefore
we can equip Ay ¢ with a principal polarization determined by an element y € K.
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1.1. Class polynomials. For elliptic curves with complex multiplication by O
the j-invariant lies in the Hilbert class field of the imaginary quadratic field K. The
case of g = 1 is simpler due to the fact that the reflex CM-field K is equal to K;
see [117]. This is not true for higher genus.

Theorem 10.1. Let K be a CM-field such that [K : Q] = 4.

i) For every genus 2 curve X with CM-type by O, the absolute invariants
X1,X2,X3 are algebraic numbers that lie in a class field over the reflex
CM-field K.

ii) For two genus-2 curves X and X' with CM-type by Ok we have that
x;(X) and x;(X') are Galois conjugates fori = 1,2, 3.

iii) Let {X1,Xo, ..., Xs} be a set of representatives of isomorphism classes
of genus 2 curves whose Jacobians are CM with endomorphism ring Ok.

)

Denote by x;’, the i-th absolute invariant of X;. The polynomials

S
Hica(X) = [J(X = x),
j=1
have coefficients in Q fori =1,2, 3.

Polynomials H 1, Hg 2, Hi 3, are called the class polynomials.

Theorem 10.2. Let K be a CM-field of degree 4 and p > T a prime which does not
divide the denominators of the class polynomials H;(X) := Hg ;(X), 1 =1,2,3.
Then, the following statements hold:

e Forall w € Ok with ww = p, class polynomials H;(X) have a linear
factor over F,, corresponding to w.

o For each o € F), there are two F-isomorphism classes A, 1 and Ay 2 of
principally polarized abelian varieties over JF, with absolute invariants
X; =, fori=1,2,3.

o The principally polarized abelian varieties Ay, 1 and Ap o have CM by
Ok.

o The number of F,-rational points of A j, j = 1,2, is given by

4
IIa+ 0w, .
r=1

o The equation ww = p for w € Ok has (up to conjugacy and sign) at
most two different solutions. Hence, for every C' M -field of degree 4 there
are at most four different possible orders of groups of Fp-rational points
of principally polarized abelian varieties defined over F, with CM by
Ok.
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Once we compute the class polynomials Hg ; we can reduce them module p
(for large enough p) and get Hg ;(X) mod p. The roots of Hg ;(X) mod p
are the absolute invariants of genus-two curves X modulo p. Now we can then
determine the equation of the curve with these invariants as in [83]. Then the
reduced curve is defined over F, or a quadratic extension.

For example, if we are in the first case of the above theorem, say we find
elements w1, w1 € Ok such that wiw; = p then there exists at most one second
solution (up to conjugation) such that wewy = p. We set W := {£w;, twa}.
Then the order of Jac (X mod p), over Fp, is {xw (1) |w € W}, where x.,(T) is
the characteristic polynomial of w.

2. Curves with many automorphisms

Let X be a curve of genus g > 2 defined over C, p € M, its corresponding moduli
point, and G := Aut ¢ (X).

We say that X has many automorphisms if p € M, has a neighborhood U
(in the complex topology) such that all curves corresponding to points in U \ {p}
have automorphism group strictly smaller than p.

Lemma 10.1. The following statements are equivalent:

o X has many automorphisms.
e There exists a subgroup H < G such that g (X /H) =0and X — X /H
has at most 3 branch points.

o The quotient X /G has genus 0 and X — X /G has at most three points.

Question 10.1 (F. Oort). If X has many automorphisms, does End (Jac X) admit
complex multiplication?

Wolfart answered this question for all curves of genus g < 4. We now deter-
mine all superelliptic curves with many automorphisms with genus 5 < g < 10.

Theorem 10.3 (Sa-sh). The automorphism groups of superelliptic curves, the ram-
ification structure of X — X /G, and the moduli dimension of each family are
determined in [104, Table 1] for every characteristic p > 5.

Corollary 10.1. A curve X with automorphism group G and signature o has many
automorphisms if and only if g(X /G) = 0 and the moduli dimension of the Hur-
witz space H(g, G, o) is 0.
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Nr. [ G [ G [ n [ m [ sig. [ 0 [ Equation y™ = f(z)
Genus 5

2 c Cao 2 [11]11,22 0f2zT+1

2 m Cao 11|12 |22 0] 22+1

5 Do, 2 1212412 [o|z2-1

8 2 [ 102,420 |0 | x(2'0-1)

20 | S4 2 [0 |3,42 0| 212 —3328 —33zT+ 1

25 | As 2 2,3,10 0| 220 + 112 — 1)
Genus 6

2 e Cas 2 [131]13,26 0] 2 +1

2 m™ | Coy 317 | 7,21 0] z"+1

2 Cao 4 |5 |5,20 0| z®+1

2 Cao 5 14 ]4,2 0] azt+1

2 Co1 7 |3 |3,21 0| z3+1

2 Cas 1312 |2,26 0] a2+1

5 Gs 2 [ 141]2,4,14 [0z -1

5 D DigxCo |5 |5 [2,510 |0] -1

8 ol G 2 | 12]2424 | 0] x@=2-1)

8 Di2xC3 |3 |6 [2618 | 0| z(xf—-1)

8 Gs 4 |4 12,816 [0 z(@t-1)

8 DexCs |5 |3 [210,15]0 | z(z®—1)

8 DyxCq; |7 |2 |2,142 0| z(x?—1)

18 | Sy Gis 4 [0 [2316 [0]z@?-1)

19 G1g 2 |0 |26,8 0| z(z* —1)(2® 4+ 142* + 1)
Genus 7

2 c C3o 2 [15] 15,30 0]z +1

2 ™ | Cag 3 |8 |8,24 0] a8+1

2 Cs30 1512 |230 0] 22+1

5 Gs 2 [16]2,416 [0]20—-1

5 Do, | Di1gxC3 |3 |9 |26,9 0] a%-1

8 Gs 2 | 142,428 |0 z(z*—1)

8 DiaxCs |3 |7 2,621 |0 a(x”—1)

8 Gs 8 |2 |2162 0| z(z?—1)
Genus 8

2 Cm | Caq 2 [17] 17,34 0] 2T"+1

2 Cs34 17 |2 |234 0] 22+1

5 D Gs 2 [18]2,4,18 [0 2®—-1

8 M Gy 2 |16]24,32 | 0] z@=-1)

22 | Sy Gaa 2 [0 [3,4,8 0 [ z(z? —1)(2™ — 3328 — 3327 4 1)
Genus 9

2 C3s 2 [19]19.38 [0]a®+1

2 c C3o 3 |10 | 10,30 0] 29+1

2 ™ | Cas 4 |7 17,28 0] 2"+1

2 Cag 7 |4 |4,28 0fazt+1

2 C30 10 |3 |3,30 0] 23+1

2 Css 192 |2738 0] a2+1

5 Gs 2 (202,420 [0 220-1

5 D Gs 4 |8 |282 0| z8—1

8 mo Gy 2 | 18] 24,36 |0 z@=8—1)

8 DigxCs |3 |9 [2,627 |0 x(x®—1)

8 Gs 4 |6 |2,824 |0 z(=b-1)

8 DexCr |7 |3 [2,1421 |0 | z(z®-1)

8 Gs 10 |2 | 2202 0| z(z? - 1)

17 | Sy G17 4 10 [2,412 [0]2a8+142%+1

21 Go1 2 [0 | 426 0| (28 + 142* + 1)(2'2 — 3328 — 33z* + 1)

27 | As 2 2,56 0 [ 220 —22821% 4+ 494210 + 22825 + 1
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Table 0. (Cont.)

l Nr. [ G [ G [ n [ m [ sig. [ ) [ Equation y" = f(z) ]
Genus 10
2 Clo 2 [21]21,42 0] z2T+1
2 c C33 3 11| 11,33 0|zt +1
2 ™| C30 5 16 ]6,30 0] a8+1
2 C3o 6 |5 1530 0] a8+1
2 Cs3 113 |3,33 0] a3+1
2 Cao 21 |2 | 2,42 0] a2+1
5 Gs 2 2212422 [0]a®2—-1
5 Doy xCs3 |3 | 12]2,6,12 |0 ] z2—-1
5 Gs 6 |6 2612 |0]z8—1
8 Gs 2 2012440 |0 :c(x —1)
8 DogxCs |3 | 102,630 |0 xx®—-1)
8 DioxCs |5 |5 [210,25]0 | z(z®—1)
8 Gs 6 |4 212,24 0| z(z*-1)
8 DyxCip | 112 |2,222 0| x(z?—1)
18 | Sy | Gis 6 [0 [2324 [0]2@*-1)
20 S4 x C3 3 10 |3,4,6 0| x'2 —332% — 3324 +1
25 | As [AsxCs [3 [0 [23,15 [0] (™0 +112®> —1)

Table 1. Superelliptic curves for genus 5 < g < 10

Lemma 10.2. Various superelliptic curves of genus 5 < g < 10 which are not
hyperelliptic and with many automorphisms are presented in Table 1.

Proof. From [104, Table 1] we picked all cases such that 6 = 0. These cases
are exactly superelliptic curves with many automorphisms. Since the hyperelliptic
curves with many automorphisms and CM were already studied in [88], we delete
the cases for which n = 2. The rest of the cases are presented below.

O

10.1. Determine which curves from the above list have Jacobians with complex
multiplication.

A complete solution to this problem is intended in [100].

Exercises
10.2.
10.3.
10.4.



Chapter 11

Obstruction in the moduli
space

1. The field of moduli and fields of definition

Let X be a genus g projective, irreducible, algebraic curve defined over F, say
given as the common zeroes of the polynomials P, ..., P, and let us denote by
G = Aut (X) the full automorphism group of X'. If o € Gal(F), then X will
denote the curve defined as the common zeroes of the polynomials Py, ..., PZ,
where P7 is obtained from P; by applying o to its coefficients. In particular, if 7 is
also a field automorphism of F, then X7? = (X7)7. For details we refer to [59].

1.1. Field of definition. A subfield ky of F is called a field of definition of X’
if there is a curve ), defined over kg, which is isomorphic to X'. It is clear that
every subfield of F containing ko is also a field of definition of it. In the other
direction, a subfield of ky might not be a field of definition of X'. Weil’s descent
theorem [131] provides sufficient conditions for a subfield ky of F to be a field
of definition. Let us denote by Gal(k/Fy) the group of field automorphisms of F
acting as the identity on k.

Theorem 11.1 (Weil’s descent theorem [131]). Assume that for every o € Gal(k/Fy)
there is an isomorphism f, : X — X7 so that

fro = faofr, Vo, € Gal(k/Foy).

Then there is a curve Y, defined over kg, and there is an isomorphism R : X — ),
defined over a finite extension of ko, so that R = R° o f,, for every o € Gal(k/Fy).

255
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Clearly, the sufficient conditions in Weil’s descent theorem are trivially satis-
fied if X has non-trivial automorphisms (a generic situation for X’ of genus at least
three).

Corollary 11.1. If X has trivial group of automorphisms and for every o € Gal(k/Fo)
there is an isomorphism f, : X — X9, then X can be defined over k.

1.2. Field of moduli. The notion of field of moduli was originally introduced by
Shimura for the case of abelian varieties and later extended to more general alge-
braic varieties by Koizumi. If G y is the subgroup of Gal(F) consisting of those o
so that X7 is isomorphic to A&, then the fixed field My of G x is called the field of
moduli of X'. As we are assuming that F is algebraically closed and of character-
istic zero, we have that G y consists of all automorphisms of Gal(F) acting as the
identity on M y.

Every curve of genus g < 1 can be defined over its field of moduli. If g > 2,
then there are known examples of curves which cannot be defined over their field
of moduli. A direct consequence of Cor. 11.1 is the following.

Corollary 11.2. Every curve with trivial group of automorphisms can be defined
over its field of moduli.

As a consequence of Belyi’s theorem [12], every quasiplatonic curve X' can be
defined over QQ (so over a finite extension of Q).

Theorem 11.2 (Wolfart [133]). Every quasiplatonic curve can be defined over its
field of moduli (which is a number field).

1.3. Two practical sufficient conditions. When the curve X has a non-trivial
group of automorphisms, then Weil’s conditions (in Weil’s descent theorem) are
in general not easy to check. Next we consider certain cases for which it is possi-
ble to check for X to be definable over its field of moduli.

Sufficient condition 1: unique subgroups Let H be a subgroup of Aut (X). In
general it might be another different subgroup K which is isomorphic to H and
with X' /K and X'/ H having the same signature. For instance, the genus two curve
X defined by y?> = z(z — 1/2)(x — 2)(x — 1/3)(z — 3) has two conformal in-
volutions, 71 and 79, whose product is the hyperelliptic involution. The quotient
X /(7;) has genus one and exactly two cone points (of order two). We say that H
is is unique in Aut (X) if it is the unique subgroup of Aut (') isomorphic to H
and with quotient orbifold of same signature as X'/ H. Typical examples are (i)
H = Aut (X) and (ii) H being the cyclic group generated by the hyperelliptic in-
volution for the case of hyperelliptic curves. If H is unique in Aut (X), then it is a
normal subgroup; so we may consider the reduced group Aut(X) = Aut (X)/H,
which is a group of automorphisms of the quotient orbifold X'/ H.
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Theorem 11.3. Let X be a curve of genus g > 2 admitting a subgroup H which
is unique in Aut (X) and so that X /H has genus zero. If the reduced group of
automorphisms Aut(X) = Aut (X)/H is different from trivial or cyclic, then X is
definable over its field of moduli.

If X is a hyperelliptic curve, then a consequence of the above is the following
result.

Corollary 11.3. Let X be a hyperelliptic curve with extra automorphisms and
reduced automorphism group Aut(X') not isomorphic to a cyclic group. Then, the
field of moduli of X is a field of definition.

Sufficient condition 2: Odd signature Another sufficient condition of a curve X’
to be definable over its field of moduli, which in particular contains the case of
quasiplatonic curves. We say that X’ has odd signature if X'/ Aut (X') has genus
zero and in its signature one of the cone orders appears an odd number of times.

Theorem 11.4. Let X be a curve of genus g > 2. If X has odd signature, then it
can be defined over its field of moduli.

Moreover we have the following.

Theorem 11.5. If the moduli dimension §(g,G,C) = 0, then every curve in
H(g, G, C) is defined over its field of moduli.

The last part of the above is due to the fact that 6 = 0 ensures that the quotient
orbifold X' /G must be of genus zero and with exactly three conical points, that is,
X is a quasiplatonic curve.

2. Field of moduli of superelliptic curves

2.1. Automorphism groups of superelliptic curves. Let X be a superelliptic
curve of level n with G = Aut (X). By the definition, there is some 7 € G,
of order n and central, so that the quotient X'/(7) has genus zero, that is, it can be
identified with the projective line, and all its cone points have order n. As, in this
case, the cyclic group H = (1) = (), is normal subgroup of G, we may consider
the quotient group G := G/H, called the reduced automorphism group of X
with respect to H; so G is a degree n central extension of G.

In the particular case that n = p is a prime integer, Castelnuovo-Severi’s in-
equality [31] asserts that for g > (p — 1)? the cyclic group H is unique in Aut (X).
The following result shows that the superelliptic group of level n is unique.

Proposition 11.1. A superelliptic curve of level n and genus g > 2 has a unique
superelliptic group of level n.
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Proof. Let X be a superelliptic curve of level n and assume that (7) and (7) are
two different superelliptic groups of level n. The condition that the cone points
of both quotient orbifolds X' /() and X' /(r) are of order n asserts that a fixed
point of a non-trivial power of 7 (respectively, of 7) must also be a fixed point of
T (respectively, 7). In this way, our previous assumption asserts that no non-trivial
power of 7 has a common fixed point with a non-trivial power of 7. In this case,
the fact that 7 and 7 are central asserts that 77 = 77 and that (7,7) = C2 (see
also [104]). Let 7 : X — Plf be a regular branched cover with (7) as deck group.
Then the automorphism 7 induces a automorphism p € PGLy(F) (also of order
n) so that mm = pm. As p is conjugated to a rotation z — wy,z, where w]! = 1,
we observe that it has exactly two fixed points. This asserts that 7 must have either
n or 2n fixed points (forming two orbits under the action of (7)). As this is also
true by interchanging the roles of 7 and 7, the same holds for the fixed points of 7.
It follows that the cone points of 7 consists of (i) exactly two sets of cardinality n
each one or (ii) exactly one set of cardinality n, and each one being invariant under
the rotation p. Up to post-composition by a suitable transformation in PGLa(F),
we may assume these in case (i) the 2n cone points are given by the n roots of
unity and the n roots of unity of a point different from 1 and 0 and in case (ii) that
the n cone points are the n roots of unity. In other words, X" can be given either as

Xy =" -1 (2" -a"), a€F-{0,1}
or as the classical Fermat curve
Xo: gyt =a"—1
and, in these models,

T(z,y) = (v, wny), 7(7,y) = (Wa,y).
As the genus of A} is at least two, we must have that n > 3. But such a curve also
admits the order two automorphism
_/a ay
which does not commute with 7, a contradiction to the fact that = was assumed to
be central. In the Fermat case, the full group of automorphisms is C2 x S3 and it
may be checked that it is not superelliptic.

O

2.2. Most of superelliptic curves are definable over their field of moduli. The
group G is a subgroup of the group of automorphisms of a genus zero field, so
G < PGLy(F) and G is finite. It is a classical result that every finite subgroup
of PGL2(F) (since we are assuming F of characteristic zero) is either the trivial
group or isomorphic to one of the following: C,,, D,,, A4, Ss, As. All auto-
morphisms groups of superelliptic curves and their equations were determined in
[104] and [105]. Determining the automorphism groups G, the signature C of the
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covering X — X' /G, and the dimension of the locus M(g, G, C) for superelliptic
curves is known (see, for instance, [104]). We have seen in Prop. 11.1 that its su-
perelliptic group of level n is unique. As a consequence of Thm. 11.3, we obtain
the following fact concerning the field of moduli of superelliptic curves.

Theorem 11.6. Let X' be a superelliptic curve of genus g > 2 with superelliptic
group H = C,,. If the reduced group of automorphisms Aut(X) = Aut (X)/H is
different from trivial or cyclic, then X is definable over its field of moduli.

As a consequence of the above, we only need to take care of the case when
the reduced group G = G/H is either trivial or cyclic. As a consequence of
Thm. 13.15 we have the following fact.

Theorem 11.7. Let X' be a superelliptic curve of genus g > 2 with superelliptic
group H = C,, so that G = G/ H is either trivial or cyclic. If X has odd signature,
then it can be defined over its field of moduli.

As a consequence, the only cases we need to take care are those superelliptic
curves with reduced group G = G/ H being either trivial or cyclic and with X /G
having not an odd signature.

2.3. Superelliptic curves of genus at most 10. We proceed, in each genus 2 <
g < 10, to describe those superelliptic curves which are definable over their field
of moduli. Observe that in the left cases (which might or might not be definable
over their field of moduli) the last column provides an algebraic model y" = f(x),
where f(z) is defined over the algebraic closure and not necessarily over a min-
imal field of definition. The branched regular covering 7 : X — IP’}_- defined by
m(x,y) = x as deck group H = (7(x,y) = (z, €,y)) = Cp,.

Genus 2 The case of genus g = 2 is well known since in this case every curve
A such that | Aut (X')| > 2 the field of moduli is a field of definition. There
are examples of genus two curves, whose reduced group is trivial, which are not
definable over their field of moduli.

2.3.1. Genus 3. There are 21 signatures for genus g = 3 from which 12 of them
are hyperelliptic and 3 are trigonal.

Lemma 11.1. Every superelliptic curve of genus 3, other than Nr. 1 and 2 in
Table 1, is definable over its field of moduli.

Proof. If Aut(X) is isomorphic to A4 or Sy then the corresponding locus consists
of the curves y* = z* + 222 + % and y2 = 2% + 142* 4 1 which are both defined
over their field of moduli. If Aut(X) is isomorphic to a dihedral group and X’ is
not hyperelliptic, then Aut (X) is isomorphic to V3 x Cy, G5, Dg x Cs, and Gs.
These cases G5, Dg x C3, and Gy correspond to y* = z* — 1, 32 = z(23 — 1),
and y* = x(22 — 1), which are all defined over the field of moduli. If Aut(X) is
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Table 1. Genus 3 curves No. 1 and 2 are the only one whose field of moduli is
not necessarily a field of definition

INt. |G |G | n|m]|sig. |0 ]Equationy” = f(x) |
1 [ {0 o 21 |28 5 m<x6+2?:1aixi+l>

2 Cy | V4 212 |26 3 2% +a122 + asx* + azab + 1
3 Cy | C4 212 23,42 |2 |z (xﬁ + a122 + agz* + 1)

4 | Oy | Cs 312 12,3261z +az®+1

5 | Vi | VaxCy|4|2 [224 [1]|2*+a2®+1

isomorphic to a cyclic group, then in the cases when it is isomorphic to C4, Ci2
there are two cases which correspond to the curves y> = 27 + 1 and 3 = 2% + 1.
The left cases are given in Table 1. The curve No. 5 is definable over its field
of moduli by Thm. 11.6. All the other cases, with the exception of Nr. 1 and 2,
the curves are of odd signature, so they are definable over their field of moduli by
Thm. 11.7. (]

2.3.2. Genus 4. Let us consider now superelliptic curves of genus 4. We have the
following.

Lemma 11.2. Every superelliptic curve of genus 4, other than Nr. 1, 3 and 5 in
Table 2, is definable over its field of moduli.

Proof. There is only one case when the reduced automorphism group Aut(X) is
not isomorphic to a cyclic or a dihedral group, namely G =2 S,. In this case, the
curve is y> = x(x* — 1) and is defined over the field of moduli. If G is isomorphic
to a dihedral group, then there are only 6 signatures which give the groups Dg x C's,
D4 X C3, D12 X C3, D4 X Cg, Dg X Cg, and D4 X C5. The groups D12 X Cg,
Dg x Cs, and Dy x Cs correspond to curves 3° = 26 — 1, % = 2(2* — 1), and
y° = (2% — 1) respectively. The remaining three cases are given by Nrs. 7, 8 and
9 in Table 2 which are definable over their field of moduli by Thm. 11.6.

If Aut(X) is isomorphic to a cyclic group, then there are two signatures for
each of the groups C'1g and C'5. In each case, both signatures give the same curve,
namely 4> = 2% +1 and 3y = x° + 1 respectively. The left cases are given by cases
1 to 6 in Table 2. As all cases, with the exception of cases 1, 3 and 5, the curves
are of odd signature; so definable over their field of moduli by Thm. 11.7. (]

3. Curves of genus 2
Exercises

11.1.
11.2.
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Table 2. Genus 4 curves No. 1, 3 and 5 are the only ones whose field of moduli
is not necessarily a field of definition

INt. |G |G | n|m|sig. |0 | Equationy" = f(x)
1 Cy 201 |20 7| x (CL‘S + 21‘7:1 a;xt + 1)
2 Vi 212 |27 4120430 a1
3 |Cy | Oy 212 | 2442 | 3| 2(2® + azab + agx? + ayx? + 1)
4 Cs 213 [2336(2|2°+ar2®+axb+1
5 Cs 301 |35 3| z(z* + a1z + agx? + azzd + 1)
6 CoyxCz [3]2 1223 |22 +axt +a122+1
7 DgxCs |33 22,32 [1]a+a123+1
8 | Doy |VaxCs [3]2 243,61 (2?2 —1)(z* +a12®+1)
9 VixCs [31]2 243,61 z(z*+a12®+1)







Chapter 12

Theory of heights

1. Heights on the projective space

In this section we define the heights on the projective space over a number field K
and give some basic properties of the heights function.

Let K be an algebraic number field and [K : Q] = n. With Mg we will denote
the set of all absolute values in K. For v € Mk, the local degree at v, denoted
Ny 1S

Ny = [Kv : Qv]
where K, QQ, are the completions with respect to v. The following are true for any
number field K, see [62, pg. 171-172] for proofs.

i) Degree formula. Let L/K be an extension of number fields, and let v €
M be an absolute value on K. Then

> [Lw: K] =[L:K]

weM,
wlv

ii) Product formula. Let K be a number field, and let z € K*. Then we say that
M satisfies the product formula if

IT 1zl =1

vEME
Throughout this paper with Q we will denote the algebraic closure of Q and with
Gg = Gal(Q/Q).
Given a point P € P"(Q) with homogenous coordinates [z, . . ., Z,], the field
of definition of P is

Q(P) = Q(zo/zj, ..., xn/xj)

263
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for any j such that z; # 0.

Let K be a number field, P"(K) the projective space, and P € P"(K) a point
with homogenous coordinates P = [xg : ... : xy), for z; € K. The multiplicative
height of P is defined as follows

Hi(P)i= T max{ Jaoli,..., eali }

veEMK

The logarithmic height of the point P is defined as follows

veMgk

Example 12.1. Let P = [z : ... : x,] € P*(Q). It is clear that P will have
a representative [yo, . . ., Y] such that y; € 7 for all i and ged(yo, . .., yn) = 1.
With such representative for the coordinates of P, the non-Archimedean absolute
values give no contribution to the height, and we obtain

Hg(P) = max { \xj\oo}

0<j<n
Next we will give some basic properties of heights functions.

Lemma 12.1. Let K be a number field and P € P"(K). Then the following are
true:

i) The height H (P) is well defined, in other words it does not depend on the
choice of homogenous coordinates of P

ii) Hic(P) > 1.

Proof. i) Let P = [xp : ... : x,] € P*(K). Since P is a point in the pro-
jective space, any other choice of homogenous coordinates for P has the form
[Azg, ..., A\x,|, where A € K*. Then

Hic (oo, Aaal) = T e { Daalie } = T 182 amax { sl }
vEME == vEMK =1=sn
= | II i)+ Org%{lwilﬁ”}
vEME vEMK

Applying the product formula we have

Hic (Do, ) = [T max {faifi } = Hic(P)
ve My <i<n

And this completes the proof of the first part.

ii) For every point P € P"(K) we can find a representative of P with ho-
mogenous coordinates such that one of the coordinates is 1. Let us reorder the
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coordinates of P = [1,x1,..., 2, and calculate the height.

Hi(P) = [T max{laol®, ... ol } = TT max {1 jaafi,... loali }
vEMK vEMK

Hence, every factor in the product is at least 1. Therefore, Hx (P) > 1. O

Lemma 12.2. Let P € P"(K) and L/ K be a finite extension. Then,
Hp(P) = H (P)IFE].

Proof. Let L be a finite extension of K and M, the corresponding set of absolute
values. Then,

Hp(P) = max { ]mzmw} = H max { \xzm“f}, since z; € K
0<i<n 0<i<n
weMfp, vEMK wEf\/[L
wv
= max { |xi]Z“'[L:K]} , (product formula)
0<i<n
veMg

This completes the proof. U

Using Prop. 12.3, part ii), we can define the height on P"(Q). The height of a

point on P"*(Q) is called the absolute (multiplicative) height and is the function

H:P"(Q) - [1,00)
H(P) = Hg (P)"/1F9,

where P € P"(K), for any K. The absolute (logarithmic) height on P"(Q) is
the function

h:P*"(Q) — [0,00)
h(P)=log H(P) = —=

Example 12.2. Let o € K be an algebraic number. The height of o € K is the
height of the corresponding projective point (a, 1) € P*(K). Thus,

Hg(a) = H max{ 1, \a\ﬁ“}
vEME

and similarly for hi (a), H (&), h(a).

Lemma 12.3. The height is invariant under Galois conjugation. In other words,

for P € P*"(Q) and o € Gg we have H(P?) = H(P).
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Proof. Let P = [zg,...,x,] € P*"(Q). Let K be a finite Galois extension of Q
such that P € P"(K). Let 0 € Ggq. Then o gives an isomorphism

o: K — K°
and also identifies the sets My, and Mo as follows

o: Mg — Mgo

v — V7

Hence, for every € K and v € M, we have |27 |, = |z|,. Obviously o gives
as well an isomorphism

o: Ky, — K,
Therefore n, = nyo, where nye = [K% : Q,]. Then
Hygo (P?) = ma; {x"”w}
K ( ) OSiS)% | i |w
wEM o
O | Nyo n
= ma; ;|8 ¢ = ma; z;|vv = Hyg (P
OSigxn{‘ g } ogz‘g)%{‘ ilo } K (P)
vEME vEMK
This completes the proof. (]

The following is known in the literature as Northcott’s theorem.

Theorem 12.1 (Northcott). Let ¢y and dy be constants. Then the set

(P e P"(Q) : H(P) < co and [Q(P) : Q] < do}
contains only finitely many points. In particular for any number field K
{PeP"(K): Hg(P) < ¢}

is a finite set.

Proof. Let P = [zg,...,x,] € P"(Q) be a point such that some z;, = 1. Then
for any absolute value v, and for all 0 < ¢ < n we have

max{ lzoln?, ...y ‘ﬂUn‘Z”} > max{ 1, \leﬁ”} .
Let Q(P) be the field of definition of P. Let us first estimate Hgp)(P).

Howy(P)= T max{ famolte, ..l }
vEMy(p)

> H max{ 1, ‘:L'lm”}, forall0 < i <n.
vEMg(p)
= Ho(p)(zi), forall0 <i<n.
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Taking the [Q(P) : Q]-th root we have H (z;) < H(P), forall 0 < i < n. Clearly,
Q(z;) € Q(P), forall 0 < i < n and therefore [Q(x;) : Q] < [Q(P) : Q]. Then
for all 0 < 7 < n we have,

H(ZL‘Z) S Co and [Q(xz) : @] S do.
It suffices to show that for each 1 < d < dj the set
{r€Q: H(z) < cpand [Q(x) : Q] = d}

is finite (i.e we are considering the case when n = 1).

Assume, for some z € Q, we have [Q(z) : Q] = d. Let a1, ..., 14 be the d
conjugates of z in Q. Then the minimal polynomial of x over Q is

d
fx(t) l’IllIl :E Q t - H t - x] Z(_l)Tsr(l‘)td_r.

Then for any absolute value v € M@(x) we have

sr@lo=| 3 waew| <lendly max {feg il <
1< << <d »

()l max { [zl } < |e(r d)\vf[{ @il }

=1

IN

Where, ¢(r,d) represents the number of terms in a symmetric polynomial with
degree r and d variables, and is ( ) Then,

d
e(r. )| < ) if v is Archimedean
c(r,d)|, = T

1 if v in non-Archimedean

Hence, c(r,d) = (%) < 2¢ when v is Archimedean, and 1 if v in non-Archimedean.
Now let us take the maximum over all symmetric polynomials. We have

max { [so(@)lo,- - [sa@)]o } < |si(@)]s  (forsome 1 < i < d)

d d
d)|UHmax{ 1,|:1;Z-\1,} ,
i=1

where, as above |c(d)|, = (ﬁ) when v is Archimedean and 1 otherwise. Now we
can calculate the height of (so(x), ..., sq(x)).

d d
Hogey(s0(@), - sa(x)) = max { i@} < T le@lee T max { ol 1}
- =1

veMg(x) veEMg(x)
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Using the degree formula

II le@i= [ le@l = c(@@@e < od?

UEMQ(w> ’UGM&QC)

we have

d
How)(s0(), ..., sa(@)) < 2% [[ How) (@)
=1

Taking, [Q(z) : Q]-th root of both sides we have

d

H(so(x),...,sq(x)) < QdHH(xi)d
i=1

But the x;’s are conjugates and by Lem. 12.22 they all have the same height. Hence,
H(so(x), ..., s4(x)) < 2¢H (z)" < (2¢h)?  since H(z) < ¢o

Since the s;’s are in Q, is clear that for a given ¢ and d there are only finitely many
possibilities for the polynomial f,(¢), and therefore only finitely many possibilities
for z. Hence the set

{z€Q: H(z) <cpand [Q(x) : Q] = d}
is finite. [l

Lemma 12.4 (Kronecker’s theorem). Let K be a number field, and let P = [x :
: xy] € PY(K). Fix any ig with x;, # 0. Then H(P) = 1 if and only if the
ratio xj/x;, is a root of unity or zero for every 0 < j < n.

Proof. Let P = [z¢ : ... : x,] € P"(K). Without loss of generality we can divide
the coordinates of P by z;, and then reorder them. Assume, P = [1,y1,..., Yn]
where y1, ..., yp are of the form x; /z;,. If y; is aroot of unity forevery 1 <[ <n
then |y;|, = 1 for every v € M. Hence, H(P) = 1.

Assume H(P) = 1. Let P" = [xf,...,a}], forr = 1,2,3.... Then, from

the definition of the height is clear that H(P") = H(P)", for every r > 1. But
P" € P*(K) and by Thm. 12.9 we have that

(P" e PY(K) : Hi(P") < ¢}

is a finite set. In this case ¢ = 1 and therefore the sequence P, P2, P3, ... contains
only finitely many distinct points. Choose integers s > r > 1 such that P° = P".
This implies that for each 1 < j < n we have =3 = :L'; Therefore, :Uj” =1,

J
where s — r > 0. Therefore, each x; is a root of unity or is zero. ([
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1.1. Segre map and d-uple embedding. Letm,n > landlet N = (n+1)(m+
1) — 1. The Segre map is the map

Snm © P(Q) x P™(Q) — PY(Q)
(P, Q) = [ToY0, ToY1s - - - TilYjs - - - > TnYm]

where P = [zo,...,2,] € P"(Q) and Q@ = [yo,-..,ym] € P"(Q). The Segre
maps are morphisms and give embeddings of the product P"(Q) x P™(Q) into
PV (Q). Next we will see how some of the properties of the heights are carried

over through Segre embeddings.

Lemma 12.5. Let S, ., be the Segre embedding, P € P"(Q), and Q) € P"(Q).
Then,

H(Sn,m(Pa Q)) = H(P) X H(Q)
Proof. Let K be some number field such that P € P"(K), and Q € P"(K), and

R=[20,...,28] = Sum(P,Q) € PV (K). For every absolute value v € M the
following is true

= m by definition of S
o?z?fv{ \Zzlv} Loax. { !wzyglv} (by definition of Segre map)
0<j<m

= max { |y - |yj\v} (by absolute value properties)
0<i<n
0<j<m

(o) o)

Let us calculate

Hic(Sun(Po@) = TT g {Jaterh = TT (g (Tt} ) - (e { sl })

veEMg vEMK
_ .| . | — .
=TT (gu (o} ) - T (s { e }) = o) @)
vEMK vEMK
Taking [K : Q]-root of both sides we obtain the desired result. O
Let P = [xg,...,2,) € P*(Q). Let My(z),..., My(x) be the complete
collection of monomials of degree d in the variable x = (xq, ..., x,). Note that

N is the number of monomials of degree d in n + 1 variables minus 1, hence
N = ("F) 1.

n

Then, the map

¢q: P"(Q) — PV (Q)
P — [My(x),..., Myn(z)]
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is called the d-uple embedding of P"(Q). This is a morphism, and in fact is an
embedding of P"(Q) into PV (Q). Next we describe a formula for the height under
a d-uple embedding.

Lemma 12.6. Let ¢g : P*(Q) — PN (Q) be the d-uple embedding. Then for all

P € P"(Q) we have
H(¢a(P)) = H(P)™.

Proof. Let P, and ¢4(P) = [My(z),..., My(x)] be as above. By definition
M;(z) are all monomials of degree d in n + 1 variables. It is clear that

[Mi(@)|o < max { Jifs |

and since xg, ..., x% appear in the list we have
. _ 1d
e { | M; (:v)!v} [max { \rczlv}
Let K be a number field such that P € P"(K), and ¢4(P) € P™(K). Then,
_ . Ny — . d-ny
Hi(0a(P)) = [ max { M)} max { [l }
UEMK UEMK
d
_ |nw _ d
=TT gax {llie} | = Hx(P)
vEME
Taking [K : Q]-th root of both sides we obtain the desired result. O
For P = [xg,...,%,] and m > 1, let P(™) be the point whose projective
coordinates are all the monomials of degree m in the z;, and P™ = [z, ..., x})].

Let K be a number field such that P™ € P"(K). Then,
Hi(P™) = T waoc{ la i Jo e, ol b = T ma { Jofi }

UGMK ’UGMK

= H mzax{ \azzm”}m = Hg(P)™

UGJV[K

Then, H(P™) = H(P™) = H(P)™.

1.2. Heights and change of coordinates on P". In the next few paragraphs we
will consider what happens to the height of a point after a transformation ¢. Let

¢ P"(K) — P'(K)
[0 : ...t xp] = [@oy ...y Or)

be a rational map such that ¢; are rational functions of degree m. Define the height
of the map ¢ , denoted by H(¢), to be the height of a point P in the projective
space, where P is the sequence of coefficients of all the ¢;’s.
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Denote by Z be the set of common zeroes for all ¢;’s. Then ¢ is defined on
P*(Q) \ Z. We have the following:

Lemma 12.7 (Formula for changing coordinates). The following are true:

i) Let ¢ be as above, and ¢; homogenous polynomials of degree m. Then for

each point P = [z : ... : zp] € P*(Q) \ Z we have
H(¢(P)) <||Nlleo H(¢) H(P)™

where N is the maximum number of monomials appearing in any one of the ¢;,
and
INlloo = T IVl
veEME
ii) Let X be a closed subvariety of P" (Q) with the property that X N Z = .

Thus ¢ defines a morphism X — P"(Q). Then for every P = [xg : ...:zp] € X
we have

H(¢(P)) = co - H(P)™.

fOl" some constant c.

Proof. Fix a field of definition K for ¢, so ¢y, ..., ¢, € K[Xy,...,X,]. We can
write ¢;’s as follows

i(X) = Z ainj forall0 <i<r

3=(j0s-gn) €L
Jot-+in=m

where X = X X1 -+ X,, and X7 = XgO-Xfl ... X" Forsome P = [0y .-, Znl,
we want to estimate H (¢(P)) where ¢(P) = (¢o(P), ..., o (P)).

Hi(0(P) = [T max{go(P)li, .. lor(P)v } = TT max { lou(P)li }
vEME veEMg — T
Ny
= I g g 2 ewsdloed oo
veMg J=(jo,--,jn) €L
]0++]n:m v
. . . Uzl
< H Ny - max {‘az‘jle)o‘w{l"'ﬂf%" ) }
veMk 0<i<n
n n n m
< IT a0 ma {low, o} g {1t}
vEMEK 0<i<n

= |INlleo - Hr (¢) - Hr(P)™

where IV is the maximum number of monomials appearing in any one of the ¢;.
Taking [K : Q]-th root of both sides we obtain the desired result.
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ii) In part (i) we proved that
H(p(P)) < cr- H(P)™
where ¢; = ||N|| - H(¢), and it depends on ¢ but does not depend on the point

P € P*"(Q). Now we want to show that for a point P = [z, ..., z,] € X (K) and
a morphism ¢ = (¢, . .., ¢,) on X the following holds

H($(P)) > c2- H(P)™
Let f1,..., fi be homogenous polynomials generating the ideal of X. Then, f1,..., fi,
®0, - - . , ¢ have no common zeros in P". Let J = (f1,..., fi,¢0,...,¢r) and
J = (Xo,...,X,). From Nullstellensatz theorem we have that J has a radical

equal to J. Hence, for some polynomials p; j,q; ; and an exponent ¢ > m the
following is true

Pojdo+ b +qijh+ - Fafi=X;  for0<j<n

Note that, since ¢;’s have degree m then p; ;’s have degree t — m. Extending K
if necessary we can assume that p; ;’s, and g; ;’s have coefficients in K. Since
P € X(K), then f;(P) = 0, for all 0 < i < [. Evaluating the above at the point P
we have

Poj(P)¢o(P) + -+ prj(P)¢r(P) =,  0<j<n

Hence,

[Pl = max { Jall | = max { lpoj(P)o(P) + - + prs (P)or(P)]: |
<trot 1l (max { s (P} ) (o { lecPlo
()| e} ) (e {0011 )

Denoting by c» the following
<t —m+ n>
'}
n

and multiplying the above over all v € My and then taking n, /[K : Q]-th root we
obtain

§|r+1|v<

co=|r+1f,-

- max { |pi,j

v b

H(P)' < cy- H(P)'"™™H(¢(P)).
This completes the proof. (]

Remark 12.1. [fthe change of coordinates is done by an automorphism of P" (K),
say M € PGLy+1(K), then

H/PM)y< (n+1)-H(M)-H(P),

where H (M) is
H(M) = max{ai,j},
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forl1<i<n+4+landl1 <j<n+1

2. Heights of polynomials

Throughout this paper a polynomial with n variables will be denoted as follows
fx1,...,2n) = Z aizlt - xin
i=(i1eeyin ) ED
where all a; € K, I C Z2°, and I is finite. Let deg f denote the total degree of f.
We will use lexicographic ordering to order the terms in a given polynomial, and
X1 > X9 >0 > Ty
The (affine) multiplicative height of f is defined as follows
He(f) = T max{ 1,150}
vEMK
where

7o = max { Jajl. }

is called the Gauss norm for any absolute value v. The (affine) logarithmic height
of f is defined to be

hie(f) = hic (L, g, jen)-
Hence, the affine height of a polynomial is defined to be the height of its coeffi-
cients taken as affine coordinates. While, the (projective) multiplicative height of
a polynomial is the height of its coefficients taken as coordinates in the projective
space. Thus,

Hi(f)= ] £l

vEME
and the (projective) logarithmic height is

hie(f) = nulog|fl,

vEM
The (projective) absolute multiplicative height is defined as follows
H:P*"(Q) — [1,00)
H(f) = Hr(f)'/9,
and in the same way h(f), H*(f), h*(f).
Example 12.3. Let
f(z,y) = 323 + 32% + 12zy + 6y + 3y + 6.

Since f(x,y) has integer coefficients the non-Archimedean absolute values give no
contribution to the height, the (affine) height is

HA(32% + 322 + 122y + 6y + 3y + 6) = H*([1,3,3,12,6,3,6]) = 12.
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The (projective) height is
H (323 + 322 + 122y + 6y + 3y + 6) = H([3,3,12,6,3,6]) = H(1,1,4,2,1,2) = 4.

Theorem 12.2. Let be given F(x,y) € K|z, y|. Then, there are only finitely many
polynomials G(z,y) € K[z,y] such that Hx (G) < Hg (F).

Proof. Let
Flz,y)= Y, aay?

i=(i1,in) €l
1=11+12

be a polynomial with coefficients in K and fix an ordering x > y. Let Hx (F') = c.
By definition

He(F)= T Il = 11 m?x{‘aimv}:HK[GO---yaia---]z‘eI-

vEME vEMK
But, P = [ag...,a;,...]icr is a point in P* where s is the number of monomials
of degree d in 2 variables. Hence, s = ( dji_ 1 ) .

From Thm. 12.9 we have that for any constant c the set
{PeP(K): Hg(P) < ¢}

is finite. Hence there are finitely many polynomials G(z,y) with content 1 corre-
sponding to points P with height Hx (G) < ¢ = Hg (F). O

Now we will study the height of the product of polynomials. At first we will
deal with the case when the polynomials are in different variables, and then con-
sider the case when they are polynomials in the same variable.

Proposition 12.1. Let f(xo,...,zy) and g(yo, - . . , Yn) be polynomials in different
variables. Then, the projective height has the following property

H(f-g)=H(f) H(g)

Proof. The height of a polynomial is equal to the height of its coefficients in ap-
propriate projective space. Let H(f) = H(P), where P € P*, and H(g) =
H(Q) for Q € P!, where s,1 is the number of monomials of f, g respectively.
Then, H(f - g) = H(Ss;(P,Q)) = H(P) - H(Q) from Lem. 12.5. Therefore,
H(f-g9)=H(f) H(g) O

Before considering the height of polynomials in the same variables, we will
consider | f - g|,. The following lemma is true for the product of a finite number of
polynomials.

Lemma 12.8 (Gauss’s lemma). Let K be a number field and f,g € K|z, ..., xy).
If v is not Archimedean, then |fgl, = | f|v]g|o-
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The proof can be found in [22, pg. 22].

Gauss’s lemma applies to all non-Archimedean absolute values but the Archimedean
case is more complicated. An analogous Archimedean estimate is given by the
following lemma. Gauss’s lemma and the following are used to give an esti-
mate of H(f1fo--- fr) in terms of H(f;) for 1 < ¢ < r and fi, fo,..., fr €
K[xl, PN ,.17n].

Lemma 12.9. Ler fi, fo,..., fr € Clx1,...,2,]. Denote by f = f1--- f, and
d; = deg(f,x;). Then, the following is true

(61) [T 15l < ettt f,.
=1

The proof of this can be found in [62, pg. 232] and uses the concept of Mahler
measure which is defined as follows.

Let f(x1,...,2y,) € C[z1,...,z,] be apolynomial in n variables. The Mahler
measure of this polynomial is defined as follows

M(f) :==exp (/Tn log‘f(ewl,...,ew")

where T is the unit circle {¢?®|0 < § < 27} equipped with the standard measure
dp = (1/2m)df One of the most important properties of the Mahler measure is the
multiplicative property.

M(fg) = M(f)M(g),
see [62, pg. 230] for proof.

The following is true for affine heights.

Lemma 12.10. Let K be a number field and f1, ..., fr € K[x1,...,zy]. Denote
with deg f; the total degree of f;. Then the following are true

i) The height of the product of f1,- - - , fr is bounded as follows

HA(fi far fo) < N-T] H(£5)

J=1

ii)The height of the sum of fi + - - - + f, is bounded as

HAfi+ fat -+ fo) < v - [T HA )

j=1
iii) Suppose that fi,..., f, € Og|x1,...,xz,] have coefficients in the ring of
integers Ok of K. Then

HA(fl +f2+"'+fr> < T'mJaX{HA<fj)}[K:Q].

This estimate is useful when K is fixed and r is large.
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Proof. i) Leti = (i1,...,1,) and write f;’s as follows
5= ajiay -ay
i

forall j =1,...,r. Then

f1f2”'f7’ — ( alixll x:?) . ( @2i$11 xnn> ( arixll xﬂn)
7
= g ( E A14y * A245 * - 'arir> x

i \di+etip=i

where ' = z* - - - 2. Then, for every v € M the Gauss norm is
1 n

E A1qy * Q245 * * * Arg,.

\fifo - frlo = max

v

Let N be an upper bound for the number of non-zero terms in the sums, and let

N N if v is Archimedean
Y )1 ifwvisnon-Archimedean

Then,

|fife- - frlv < max lati, - a2iy - - @i, |,
A

i etin=i

<max{ N, max { ’alil s am}«|v}
1 Zj
i1+t =1

< N, Hmiax{ 1, |ajz'j|v} <Ny Hmﬁx{ L, |fj|v} :
j=1 " j=1

Raising to the n, power and taking the product over all valuations v € Mg we
have the following

r

(g = T] mas{vlfe- gl p < TT § N T max {1150 f

veEMg vEME 7j=1
T
§N[K‘Q]HHK(fj), since Z n, = [K : Q]
7j=1 ’UGM%O

Taking [K : Q]-th root we obtain the desired result.
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ii) Let f; be as above. Then,
fitH b= > (@it +an)d
(10esin) =1
Thus, for every absolute value v € Mg,
|fl++fr|v :leaX{ |alz++am|v}

Letting,

r if v i1s Archimedean
Ty = . . .
v 1 if v is non-Archimedean

we have

|f1 4+t fr|v <1y max{ 1, ’aji‘v} (for j,7 as above)
75

T
<1y Hmlax{ 1, |aj2-|v} .
j=1

Raising to the n,/[K : Q] power and taking the product over all valuations v €
My we have the following

HA(fi 4+ f) < v [T HAS)-

j=1
And we are done.

iii) We have that f1, ..., f, have coefficients in the ring of integers Ok of K.
Then, f; + --- + f, will have integer coefficients as well. Hence, for any non-
Archimedean absolute value v, and any j we have that | f;|, < 1 and therefore the
following is true

max{1,|f1+~'+fr|v}:max{l,\fﬂv}:--~:max{1,|f7n]v}:1.

Hence the non-Archimedean absolute values do not contribute to H g (f1+- - -+ f),
and we have

Hy(fi+-+f)= ][ max{1,|f1+---+frlif“}

veMpe
< H r- 112?%2 { L 1f; |L‘“} , from absolute value properties
veEM®
[K:Q]
< K0 {1 "} ince # M < [K :
<r gjaécr vrenﬁ};io NSl , since # M < [K : Q)

[K:Q] . A \[K:Q
<r gg;g{HK(f]) }

Taking [K : Q]-th root of both sides we obtain the desired result. |
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The converse inequality for the inequality in part (i) is known as Gelfand’s
inequality. This inequality is true if we use projective polynomial heights.

Lemma 12.11 (Gelfand’s inequality). Let f1,..., f» € Q[x1,...,z,] be polyno-
mials, with degree d, ..., d, respectively, such that deg(fy--- fr,x;) < d; for
eachl < i <r. Then

r

HH(fi) < eld Tt (e f).

i=1
Proof. From Lem. 12.9 the following is true
T
(62) [Tl < el@t=td) g,

i=1
Then, assuming the above we have

[Tt =TT II 16l = T1 TTIeke = TT (1fdeisale - 150
=1

i=1veEMg veEM i=1 vEMK
< H [free frlme H ero(ditetdn) oL g o
veEMY, veEME®
< B QUdittdn) fr (o f,).
Taking [K : Q]-th root of both sides we obtain Gelfand’s inequality. U

Lemma 12.12. Let K be a number field, v an absolute value on K, and f €
K[zy,...,x,] a polynomial. Then,

of

< : .
5| < ldegflu-Ifl

v

Proof. Let the polynomial f be as follows
f($1,...,xn): Z aixill...x;n‘
’iz(il,...,in)EI

Then every coefficient of 0f/Ox; has the form ¢ - a; for some positive integer
¢ < deg f and some multi index 4. Therefore,

0
o, <o { e, {leail} | = 1des sl 111
This completes the proof. OLetb = (by,...,b,) € K™ Denote with

|bly = max { |biv} -

Lemma 12.13. Let K be a number field, f € Klx1,...,x,] a polynomial of
degree d, and b = (by,...,b,) € K™ Then,

O < min {[2]2, 214} - max{1, 6]} £,
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The prof can be found in [62, pg. 236].

Next we will consider bounds for the Gauss norm of a polynomial f(x) €

K[zy,...,zy], first when we shiftz = (x1,...,z,) withavectorb = (by,...,b,) €
K™, then when we multiply = with v = (uy,...,u,), and then when we combine
them.

Letb = (b1,...,b,) € K™, |b|, as above, and define a shifted polynomial as
follows

fb(l’) = f(.%’ + b) = f(.%'l +b1,...,xn + bn)

Lemma 12.14. Let K be a number field, f € K|x1,...,x,] such that deg f = d.
The following statements are true.

i) Let b = (by,...,b,) € K™ and |b|, as above. The height of the shifted
polynomial f,(z) is bounded by

(63) [ fo(@)lo < 1250 max{1, [l }* - |fo.

ii) Let u = (uy,...,uy) and define f,(x) = f(u-z) = f(uizy, ..., upxy).
Then,

[ful@)]o < max{L, [ulo}? - |fo.

iii) For b, and u as above define f(ux + b) = f(ujz1 + b1, ..., upxy + by).
Then,

|f (uz + b < 215987 - max{L, [ulu}? - max{L, [b[u}* - | flo-

Proof. 1) Let
flz1,...,zp) = Z a;xy -

and compute

fo(z) = zai($ +b)’

in

= Zai Zzl <i,1>x{1biljl Z (Z:">w£nbinjn

j1=0 Wil jn=0 n

l dn i i
1 o . . ,
:E E E ai<'>...<.”>xb111 ‘71...b;51n Jn xx]ll-"x{ln
1=0 =0 \ i1, in J1 Jn
Ji<i<d;
Then, for every v € Mg the Gauss norm is

i i\
= max E a;| . . ) bil JiL. b}rzn In
v J1s--5]n jl Jn

‘ fo(z)




280 CHAPTER 12. THEORY OF HEIGHTS

If we denote by N be number of the terms in the last sum, then IV is at most
[T (d +1) <[/, 2% = 2. Estimate the binomial coefficients we have,

<21> ... (’Ln) < 9i ... 9in — glitdin < gdidn _ od
J1 Jn) N

{N < 2% if v is Archimedean
v pr—

Letting

1 if v is non-Archimedean

and using the above estimates we have

11 ) L o
’ fb(x) = max Z a;il ) »” b211 J1 biln Jn
v J1se-dn . . ]1 ]’I’L
0<45;<d; 11,tn
Ji1<u<d; v
11 7 L o

SNv-maX{l, w(.)---(.")b? Tl n }

1,7 ]1 ]n v

< N, - 24 - max{1, (B b In ) max{| 4]}
< 224 max{1, by} - - - max{1, |b, """} - max{|a;|,}
< 224 max{1,|b1]|%} - - - max{1, |b,|?} - max{|a;|,}
= 230 - max{L, [b|7} - | f[o-
This completes the proof.

ii) Let us evaluate
ful@) = flur-x1, . Uy - xy)

- Z ai(uray)™ - (upy)™

i=(i1,..,in)EI
= Y e @lul) (@ eal)
i=(i1,...,in)EI

Then, for every v € M the Gauss norm is
[Ful@)lo = maxc { Jaguft iy, |
< max{ |ai|v} 'max{ 1, |ul? uf{’|v}
(2
< max{ |ai|v} -max{ 1, \uﬂff} . -max{ 1, |un|g}
7
= max{1, |ul,}? - [f]o.
iii) Combining part (i) and (ii) we have the following
|f(u- 2+ )]y < 23 max{L, [bo}* - |fu(2)lo
< 233 - max{1, [bo}? - max{L, ul,}* - | fl.,
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O

Remark 12.2. If we convert the above bounds into bounds for heights we have the
following.

i) H(fy(x))
ii) H(fu(x))
i) H(f(ux

< 4% H(b)*- H(f)
SH() -H(f)
+b)) <44 H(u)?- H(b)* - H(f)

Proof. We prove i) and then the rest follows in the same way. Raising Eq. (64) to
the n,, power and taking the product over all valuations we have

= 11 1@l

vEMK

< T (22 max{u i} - 171)"

vEMK
< 2% Hi(0)?- Hi(f)

Now, taking [K : Q]-th root of both sides we obtain

H(fy(x)) <4~ H(b) - H(f).
O

2.1. Homogenous polynomials. Next we focus on homogenous polynomials. The
following lemma gives a bound for the homogenous polynomial evaluated at a
point.

Lemma 12.15. Let K be a number field, f € K|z, ..., x,| a homogenous poly-
nomial of degree d, and o = (v, . .., Q) € B Then, the following hold:

. d . . .
i) f(a)l < le(d,n)|y - max; { |ajlo}* - |f c(d,n)|y is (";d) is v is
non-Archimedean and 1 otherwise.

i) H(f(a)) < co- H(e)® - H(f).

K%

Proof. Write f as follows

f(zo,...,zn) = Z a;xy - T
i=(’i0,...,in)
Let v be an absolute value on K, extended in some way to K. Since f is a ho-
mogenous polynomial in n variables of degree d, then the number of terms of f is
at most the number of monomials of degree d in n + 1 variables, and this is equal
to ("+9). We want to evaluate H(f(a)).
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Let
<n + d) if v is Archimedean
le(d, n)]y = n
1 if v is non-Archimedean

then, the Gauss’s norm is

g a;oy - apr

i

1f(a)]y = i = (ig,... in) andig + - - +ip = d

(2

< ’C(da n)’v : mzax{ ]aiaéo .. 'O‘iﬂv}

d
< le(d,n)|y mjax{ |ozj|v} -mlax{ |ai\v}
So we conclude,
|f(@)|o < le(d,n)lo - m]aX{|Oéj|v}d | flo-

Taking the product over all absolute values of K, and then [K : Q]-th root of both
sides we get the inequality

H(f(a)) < co- H(a)"- H(f)

and cg can be bounded as

co = <n:d> < min{(n+d)",2”+d} .

O

In the next session we will use Lem. 12.15 to determine the height of the
SLy(K) invariants of binary forms.

Corollary 12.1. Let K be a number field, f € K|z, z] a homogenous polynomial
of degree d as follows

d—1 d

y=f(z,2) = agz’ + ag12" 2 + -+ + apz?,

and let o = (o, 1) € K. Then,

H(f(a)) < min {d +1, 2d+1} CH(a)® - H(F).

2.2. Heights on binary forms. In this section we use some of the results of the
heights on polynomials to study heights on binary forms.

In this section we define the action of GL2(F) on the space of binary forms
and discuss the basic notions of their invariants. Most of this section is a summary
of section 2 in [72]. Throughout this section F denotes an algebraically closed
field.
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Let F[X, Z] be the polynomial ring in two variables and let V; denote the
(d+1)-dimensional subspace of F[X, Z] consisting of homogeneous polynomials.

(64) F(X,2)=ao X+ a1 X Z + -+ + agZ°

of degree d. Elements in V; are called binary forms of degree d.

Since F is algebraically closed, the binary form f(X, Z) can be factored as
X xI;
65  f(X,Z2)= (21X —a1Z) - (zaX —2qZ) = ][] det
VA Z5
1<i<d
The points with homogeneous coordinates (z;, 2;) € P!(F) are called the roots

of the binary form in Eq. (64).

2.3. Action of GLy(F) on binary forms.

a b X aX + b7
(66) M = (c > € GLy(F), then M (Z) = <cX+dZ>‘
This action of GLy(F) leaves V; invariant and acts irreducibly on V. Let Ay,
Ay, ..., Az be coordinate functions on V. Then the coordinate ring of V; can be

identified with F[Ao, ..., Ag]. For I € F[Ao,...,Aq) and M € GLy(F), define
M € F[Aq, ..., Ag) as follows

(67) IM(f) = T(M(f))

for all f € V. Then IMY = (IM)N and Eq. (67) defines an action of G Ly (F) on
FlAo, ., Ad].

=

Remark 12.3. I7 is well known that S Lo (F) leaves a bilinear form (unique up to
scalar multiples) on Vg invariant. This form is symmetric if d is even and skew
symmetric if d is odd.

Definition 12.1. Let Ry be the ring of SLo(F) invariants in F[Ay,. .., Ad), i.e.,
the ring of all I € F[Aq, ..., Aq with IM = I for all M € SLy(F).

Note that if [ is an invariant, so are all its homogeneous components. So R4
is graded by the usual degree function on F[Ay, ..., A4]. Thus, for M € GLo(F)
we have

M((X,Y)) = (det(M)X X — 0,2) - (X — a42).
where
@) ()= (2)

Theorem 12.3. [Hilbert’s Finiteness Theorem] R is finitely generated over F.
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A homogeneous polynomial I € F[Ay,...,Aq, X,Y]is called a covariant of
index s if

M(f)=6°1()
where 6 = det(M). The homogeneous degree in A1, ..., A, is called the degree

of I, and the homogeneous degree in X, Z is called the order of I. A covariant of
order zero is called invariant. An invariant is a S Lo (F)-invariant on V.

We will use the symbolic method of classical theory to construct covariants of
binary forms. Let

f(X,2) = Zn: <7Z> 4 X" 70,

=0

9(X,2) = i (T) b X" 7

=0

(69)

be binary forms of degree n and m respectively in F[X, Z]. We define the r-
transvection

r N (T oF Oy
(70) (fvg) = Ck kz_;)( 1) (k) OX ™k 9zk gXk §zr—k

where ¢, = % It is a homogeneous polynomial in F[X, Z| and there-

fore a covariant of order m +n — 27 and degree 2. In general, the r-transvection of
two covariants of order m, n (resp., degree p, ) is a covariant of order m +n — 2r
(resp., degree p + q).

For the rest of this paper F'(X, Z) denotes a binary form of order d := 2g + 2
as below

d d
. o n . s
(71) F(X,Z2)=) a X297 =" <Z> bi X'z
i=0 i=0
where b; = W - a;, fori = 0,...,d. We denote invariants (resp., covariants)

of binary forms .by I (resp., Js) where the subscript s denotes the degree (resp.,
the order). G Lao(F)-invariants are called absolute invariants. They are given as
ratios of SLy(F)-invariants where the numerator and denominator have the same
degree. Two binary forms f and f’ of the same degree d are called equivalent or
G Ly(F)-conjugate if there is an M € G'Lo(F) such that f = fM,

The main goal of this section is to determine how the height of f* changes
for any given M € GLa(F).

Lemma 12.16. Let f be a degree n binary form

n
flz,z) = Zaixiz"*i
i=0
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and a,b, c,d € K such that ad — bc # 0. Then the following is true

|

n
<2 e(n), - max{ 1, |M]v} 1flo-
v

Proof. Let us first evaluate f(ax + bz,cx + dz), where f(z,z) is given and
a,b,c,de K™

n

M= Z ai(az + bz)'(cx 4 dz)" "

i=0

- 3 (;) <n l_ Z> akpiklgn—i—t | | kel (k)
k+i<n \k<i<n-I

0<k<n
0<i<n

Now let us estimate the Gauss’s norm for this polynomial.

_ ] i W=\ ik | i
v—Ir]lﬁx Z az<]__>< / )ab cd

0<k<n |k<i<n—l
0<i<n

|

v

Let us denote the maximum number of terms in the sum with ¢(n). Then ¢(n) <
n + 1. Estimating the binomial coefficients we have

) n—1 . .
< 2’L . 2’”,71 — 2n

Denote by |M |, = max { |aly, |blv, |¢|v, |d|»}. Using these observations and no-
tation we obtain the following estimation
J

‘ £ o (;) <n l_ Z) dFp Rl gn—ic

< C(n)u . ZZ. max { |ai‘v} max { 1, |akbi_kcldn_i_l|v}
0<i<n 0<k,l<n

<e(n)y - max{ 1,
v i,k,l

< 23 - c(n), - max { Jail, | mavc { 1, lalJbl5*|elt dls '}
7 b
< 20 - en)y - max { Jaily f max { 1, laf} bl el al2 "}
n
<20 e(n)y - max { 1, [M], }" - | fl,

where ¢(n), and 2, are respectively n + 1 and 2 when v is Archimedean, and 1
otherwise. (]
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Theorem 12.4. Let M € GLo(K) and f(x,z) € K|z, z] be a degree d binary
form and H ( f) denote the absolute height of f. Then,

H(fM)<2" (n+1)- HM)" - H(f)

Proof. From Lem. 12.16 for each v € M), we have that

M n "
‘f §2v-c(n)v-max{1,|M]v} 1 flo-
v
Taking the product for all valuations we obtain
He (") = 1 ‘ ™
vEME v
n Ty

< IT (25 et max {1101} - 111,)

vEME

< onlk:Ql (n+ 1)[K:Q] -Hyg (M)" - Hi (f)

Taking [K : Q]-th root we obtain the desired result. [INext we follow a different
approach. First this technical lemma.

Lemma 12.17. Let K be an algebraic number field, and f € K|z, z] a degree d
binary form given as follows

and

foru,w € K. Then

and
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where @; = v’ lzk 0( )az W, Then,

A\ A\ i o
o= ()= () (3 )owwo

= ({)e Z(k)Mbikw = () 2T ek

k=0 i—k =0
U

Theorem 12.5. Let K be an algebraic number field, and f, f as above. The fol-
lowing are true:

i) For any valuation v € Mg we have

Flo <28 - (@) - ful? - fof} - max { bl }

H(f)<(d+1)-27 -’ - w? - H(f)

Proof. i) For any valuation v € Mg we have the following

|f(uz + w, 2)|, = max { \bi\v}

0<i<d

B d\ 4= il(d—i+k) 3

= Orgzagxd{ ‘(z>u 7]{:'& bz—kw
k=0 v
d\il(d—i+k)! i k

< . b,

< eld) - o | \( Y ek }
d

+k >d1wblk

J

< e(d)y- 2 - Juld - Jold - max { 1, Jbil, |

J

= ¢(d), - Jg?éiz{ K

Seldor 2 e {1 [u

where ¢(d) is the number of terms in the sum, and ¢(d),, is equal to d + 1 when v
is Archimedean and 1 otherwise.
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ii) Taking the product over all valuations v € Mg we have the following

Hi(fluz +w,2)) = [] [fluz+w,2)[

veEMp
Ny
< TT (2 ettt it - e {0 })
vEME
[K:Q] v
= (2d c(d+1) - ut- wd) max { \bi|v}n
0<i<d
veEMK
[K:Q]
:(Zd-(d+1)-ud-wd> - Hye(f)
Taking [K : Q]-th root of both sides gives the desired result. O

2.4. Minimal and moduli heights of forms. Let f(x,y) be a binary form and
Orb(f) its GLo(K)-orbit in V. Let H(f) be the height of f as defined in the
previous section.

Remark 12.4. There are only finitely many f' € Orb(f) suchthat H(f") < H(f).

Define the height of the binary form f(z,y) as follows
H(f) i=min { H(f)|f" € Orb(f), H(f) < H(f)}

we want to consider the following problem. For every f let f’ be the binary form
such that f' € Orb(f) and H(f) = H(f'). Determine a matrix M € GLy(K)
such that ' = M,

2.5. Moduli height of a binary form. Let B; be the moduli space of degree d
binary forms defined over an algebraically closed field . Then B, is a quasi-
projective variety with dimension d — 3. We denote the equivalence class of f by
f € Bg. The moduli height of f(z, z) is defined as

H(f) = H(J)

where f is considered as a point in the projective space P4=3. A natural question
would be to investigate if the minimal height H (f) has any relation to the moduli
height H(f).

Let {I; ; }jj be a basis of R4. Here the subscript ¢ denotes the degree of the

homogenous polynomial I; ;. The fixed field of invariants is the space VdGLQ(K)

and is generated by rational functions ¢1,...t,. where each of them is a ratio of
polynomials in I; ; such that the combined degree of the numerator is the same as
that of the denominator.

Lemma 12.18. For any SLo(F)-invariant I; of degree i we have that
H(Li(f)) < c-H(f)*- H(L)
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Proof. I;(f) is a homogenous polynomial of degree ¢ evaluated at f. Then the re-
sult follows from Lem. 12.15. The constant ¢ represents the number of monomials
of I;(f). O

Theorem 12.6. Let f be a binary form. Then,
H(f) <c-H(f),

for some constant c.

Proof. Let {I; ; };:‘i be a basis of R4. Here the subscript 7 denotes the degree of

the homogenous polynomial I; ;. The fixed field of invariants is the space VdGL2(K)

and is generated by rational functions ¢1,...t,. where each of them is a ratio of
polynomials in I; ; such that the combined degree of the numerator is the same
as that of the denominator. Without loss of generality we can assume that f has
minimal height. So H(f) = H(f). Let dy,...,d, denote the degrees of each
t1,...,t, respectively. Then,

H(f) = H[t:(f), .- te(f), 1] = [ [ max{|t:(f)],}i=]-

By reordering, we can assume that

H(f) = |t1(f)|v1 T ’tm(f)|vm

However, for each j = 1,...m, we have

(), < H(t;) - H(f),
where H (t;) is a fixed constant. This completes the proof. O
Remark 12.5. Notice that for a given degree d the constant c of the theorem can

be explicitly computed. See for example the case of binary sextics in Section 3.3.1,
where this constant is

c=2%.3%.55.7.11-13-17-43

3. Heights of algebraic curves

In this section we want to define heights on algebraic curves given by some affine
equation. For this we will use the heights of polynomials as in Section 2. As before
K denotes an algebraic number field and O its ring of integers.

Let X, be an irreducible algebraic curve with affine equation F'(z,y) = 0 for
F(z,y) € K[z,y]. We define the height of the curve over K to be

Hy(X,) == min {Hg(G) : Hx(G) < Hi(F)}.

where the curve G(z,y) = 0 is isomorphic to X, over K. If we consider the
equivalence over K then we get another height which we denote it as H g (Xy) and
call it the height over the algebraic closure. Namely,

Hg(X,) =min{Hk(G) : Hx(G) < Hg(F)},



290 CHAPTER 12. THEORY OF HEIGHTS

where the curve G(z,y) = 0 is isomorphic to X, over K.

In the case that K = Q we do not write the subscript K and use H(Xj) or
H(X,). Obviously, for any algebraic curve X, we have H i (X,) < Hg (X,).

Lemma 12.19. Let K be a number field such that [K : Q| = d. Then, H(Xy)
and H i (X,) are well defined.

Proof. Let X, be an algebraic curve with affine equation F'(z,y) = 0, for F'(x,y) €
Kz, y]. We want to show that H  (X;) does not depend on the choice of the poly-
nomial F(z,y) = 0. Let F'(z,y) = 0 be another polynomial representing our
algebraic curve X,. We can calculate Hg (F’) using the formula of height of a
polynomial and then we search for all polynomials G(x,y) = 0 which are isomor-
phic with F”(x,y) = 0 over K and such that Hx (G) < Hg (F"). Then,
Hp(Xy) =min {Hg(G) : Hx(G) < Hg(F')}, such that G(z,y) =0
is isomorphic over K with F'(z,y) =0
=min{Hk(G) : Hx(G) < Hg(F)}, such that G(z,y) =0

is isomorphic over K with F'(z,y) =0

This completes the proof. (]

Theorem 12.7. Let K be a number field such that [K : Q] < d. Given a constant
c there are only finitely many curves (up to isomorphism) such that Hi (Xy) < c.

Proof. Let C' be an algebraic curve with height Hx (C) = c. By definition, the
height of C' is equal to the height of a polynomial G(x,y) = 0, i.e Hx(G(x,y) =
0) = c¢. By Thm. 12.2 there are only finitely many polynomials with height less
then c. Therefore, there are at most finitely many algebraic curves X; correspond-
ing to such polynomials with height Hg (X,) < c. O

3.1. Computing the height H(X;) of a genus g > 2 curve X,
Algorithm 12.1. Input: algebraic curve X, : F(x,y) = 0 F has degree d and is
defined over K

Output: algebraic curve X : G(z,y) = 0 such that X;= kX, and X has
minimum height.

Step 1: Compute co = H (F')
Step 2: List all points P € P*(K) such that Hg (P) < co.

Note: s is the number of terms of F which is the number of monomials of
degree d in n variables, and this is equal to (dﬁcfl). From theorem (12.9) there
are only finitely many such points assume Py, ..., P,.

Step 3: fori=1tor do
Let Gi(x,y) = pi;
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if 9(Gi(x,y)) = g(Xy) then
ifGi(x,y) =02 g F(x,y) =0
then add G; to the list L
end if;
end if;
Step 4:Return all entries of L of minimum height , L has curves isomorphic
over K to X, of minimum height.

3.2. Moduli height of curves. In this section we define the height in the moduli
space of curves and investigate how this height can be used to study the curves.
Our main goal is to investigate if the height of the moduli point has any relation to
the height of the curve.

Let g be an integer g > 2 and M, denote the coarse moduli space of smooth,
irreducible algebraic curves of genus g. It is known that M, is a quasi projective
variety of dimension 3g — 3. Hence, M, is embedded in P392. Let p € M,. We
call the moduli height H(p) the usual height H (P) in the projective space P39~2,
Obviously, H(p) is an invariant of the curve.

Theorem 12.8. For any constant ¢ > 1, degree d > 1, and genus g > 2 there
are finitely many superelliptic curves X, defined over the ring of integers O of an
algebraic number field K such that [K : Q] < d and H(X,) < c.

Proof. Let X, be a genus g superelliptic curve with equation

y" =" f a4+ agx + ag,
defined over K, where [K : Q| < d. Then, H(X,;) = H (P), where P :=
[ag, . ..,as] € P5(K). From [62, Thm. B.2.3] we know that there are finitely such
points in the projective space.

To prove the result for the moduli height we consider the moduli point p = [X}]
in the corresponding moduli space of superelliptic curves of genus g > 2. This
point corresponds to a tuple p = [Jy, ..., J] € P"(K) of SLy(K) invariants in
the space of binary forms of degree s. Again from [62, Thm. B.2.3] there are only
finitely many such points. O

3.3. Applications to hyperelliptic and superelliptic curves. In this section we
apply some of the results above to genus 2 curves and genus 3 hyperelliptic curves.

3.3.1. Genus 2 case. Let C be a genus 2 curve defined over an algebraic number
field K. Then there is a degree 2 map 7 : C' — P!(K), which is called the
hyperelliptic projection. Let the equation of C' be given by

y2:a6x6+---+a0
where ag, ...,as € K. The isomorphism classes of genus 2 curves are on one to
one correspondence with the orbits of the G Lo(K)-action on the space of binary
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sextics. The invariant ring Rg is generated by the Igusa invariants Js, Jy, Jg, J10;
see Section 2.2 and [114] for details. Note that Igusa J-invariants {.J;} are ho-
mogenous polynomials of degree 7 in Flay, . . ., ag].

Let My, be the moduli space of genus 2 curves considered as a projective vari-
ety, and i1, 2, i3 be GLo(K)-invariants given as in [114]. A point in M, is given
by (i1,142,13) and as a projective point by

p = [JuJ3, (JoJy — 3J6)J2, Jio, J5).
Notice that each p[i] is a degree 10 polynomial evaluated at f, i.e degree 10 poly-

nomial given in Flao, - - - , ag]. Denote with F;(f) = p[i]. Then, from Lem. 12.15
we have

H(Fi(f)) < co- H(F;) - H(f)"

where ¢ = 27-32-5.7-11-13 - 17 is the number of monomials of a degree
10 homogenous polynomial in seven variables. Computations of H (F;) is done in
Maple and we get

H(F)) =2"3".5 H(Fy) =2%.37.5%43 H(F3) = 2°6.3°.5, H(F,) = 2%0.35.5°
The maximum is H (F»). The moduli height of f is computed as follows

H(F) = max{H(EL(f), .., HEL(F)} < co- H(Fy) - H(f)'".
Hence we have proved the following

Lemma 12.20. For a genus 2 curve with equation y*> = f(x) the moduli height is
bounded as follows

H(f) <2*.32.5°.7.11-13-17-43 - H(f)*

We denote the above constant by Ms. From now on we write that H(H) <
My H(f)!°. Since the above result holds for any binary form equivalent to f then
we have that
H(f) < My-H(f)"

While choosing this coordinate in My has benefits because the degree is 10, it
creates many issues also when Jo = 0. It is more convenient in many ways to use
the following absolute invariants:

_ S
Jio’

_ i T8

2
‘]10

tl - 73
‘]10

to

The moduli point p = (1, to, t3) is defined everywhere in M.

Remark 12.6. All our previous papers about genus 2 curves have used the invari-
ants i1,12,13. However, our genus 2 package in Sage and the tables of genus 2
curves are done using invariants t1,ts, ts.
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3.3.2. Genus 2 curves with height 1. Next we want to study genus 2 curves with
height 1. Such curves will have minimal equations with coefficients 0 or +£1. We
list all of such curves and then group them according to the moduli point. In this
paper we do not list all the twists of a given height. By the algorithm of the previ-
ous section we get 230 such curves listed in the Tables 1-4. The curves are labeled
1-230 and presented by the vector of their coefficients [ag, . .., ag]. They are or-
ganized in a dictionary in Sage, where the key is the triple (¢1, 2, t3). Indeed, our
database of curves in Sage has over one million curves and can easily be accessed.

Next, we briefly discuss all the cases according to their automorphism group.

3.3.3. Curves with automorphism group the Klein 4-group. In Table tab2 we dis-
play all genus 2 curves with automorphism group V4 and height 1. The curves
of genus 2 with automorphism group V; are uniquely determine by the pair of
Shaska-invariants (u,v) as defined in [115]. There are 28 of such curves (up to
isomorphism over C) which are displayed in Table 1. In the last column of the
Table 1 we display the moduli height of these curves. For all genus 2 curves with
automorphism group Vjy the field of moduli is a field of definition, which implies
that there exists an equation of the curve given in terms of the Shaska-invariants
u,v). Such equation is given explicitly in [114]. However, this equation does not
give a curve with minimal height, indeed far from it. For example, if we take curve
C1g7 and find it equation over Q based on ©u = —885 and v = —84266 we get a
curve with Weierstrass equation

y? =6656217643t° — 1147848127638528t° — 224255457441933127680t* + 53110079755708767288688640t>
— 2153046205567184961085196206080t> — 105804731365461509857731916760875008% + 5890586015659177610234918599810915237888

This equation is obviously far from the equation of height 1

y2:$6+x5—x4—x3—:p2+x+1

even though these two curves are isomorphic.

3.3.4. Curves with automorphism group the dihedral group of order 8. The Dg-
locus is 1-dimensional in M3, which implies that such curves can be described by
a single invariant s which we display in the last column of Table 2. The equations
of such curves for a given s is given by

y2:x5+x3+sx

There are 11 such curves as displayed in Table 2. It can be seen from the table that
only curves Cy1g and Ca9g have height 1 when we use the equation given from s
as above.

3.3.5. Curves with automorphism group of order > 10. The rest of the curves with
larger automorphism group are displayed in Table 3. In the form column we have
displayed the Gap identity of the group; see [114] for details. In the last column is
displayed the rational model of the curve obtained with methods in [114].

From the previous Lem. 12.20 when H(C) = 1 we get that for any curve C,
the moduli height is H(C') < M,. Indeed the biggest moduli height for all 230
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Table 1. Genus 2 curves with height 1 and automorphism group Vi

# curve sh-invariants (u, v) mod. height
187 [11-1-1-111 -855, -84266 2576

188 011-1-110 53/13 , -410/169 34.132.31°
189 101010-1 -1,0 25.113.199°
190 1110-11-1 281, 7430 27.325.135
1911 110-101-1 73, 201702/169 22.13%.375.435
192 1010001 0,1 24 .35.4999°
193] 011-1110 55, -8794/9 32.75.11°5
194 11-1011-1 221/5 , 12406/25 27.3.710.135
195 11-10-111 -231,-7930 796

196 1111111 105, 2198 3%.37°
197 [ 11-1-111-1|833/25,239414/625 35.415 . 467°
198 111-1111 41 ,74546/75 3.5%.977°
199 110101-1 | 1069/5, 112966/25 26.995 . 475
2001 1101011 -851/5, 10182/25 26.56.175.372
201 | 1111-11-1 1193, 75478 104021°
2020 0111110 9, -754/5 35.58
203 110-1011 731/3 , 94246/9 29.75.167°
204 | 11-1111-1 |953/17,118806/289 | 52.73.13%.23°
205 | 111-1-11-1| 1073/9,42322/27 313.1310.195
206 | 11-11-111 | -325/3,-43694/27 32.1076
207 | 1011-10-1 1033, -18378 437595
208 1011101 155/3 , 39166/45 52.7°.313°
209 | 10-1110-1 | 793/17, 155510/289 3%.14797°
210 1110111 57 ,9046/9 27.312. 435
2111 0110-110 13,-18 211 .79
212 101000-1 0,-1 24.35.75.23%.31°
2131 10-11-101 -1015, 18486 2292 . 337°
2141 0111-110 173/5 , -58/25 52.114.315

Table 2. Genus 2 curves with height 1 and automorphism group Ds

THEORY OF HEIGHTS

# curve mod. height S
215/ 0110-1-10 29. 37 -3
216 110001-1 |3%-5°-13%.233° 11?30
217 11000-1-1 51 5
218 0101010 24.3%2.23° 1
219 11-10-1-11 27 - 383° &
220 01010-10 2t . 54170 -1
221 01101-10 29.5.7° s
222 11101-11 2. 409° %
223| 1010101 21 . 97° 5
224 [ 1110-1-1-1 27.3.51% =
225] 11000-11 3%.5°.233° %
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Table 3. Genus 2 curves with height 1 and automorphism group |G| > 10

# curve mod. height | Aut (C) v =f(t)

226 [100100-1 33677 [12,6] | t5+1% —745849/194481
22711001001 3% . 89° [12, 6] % + 13 + 11389/2601
228 | 1000001 |2%.3%.5%.37°5 | [24,8] t5—1

229 0100010 DA [48, 5] o —t

230 | 1000010 1 [10, 1] 0 —t

curves of height 1 is
H(Cha6) =27 - 3%.52.1512-3863 < My =228 .3%.5°.7.11-13-17-43

which occurs for curve C16 on the table. The curve with smallest moduli height
is the curve Cy39 with H(C') = 1.

Remark 12.7. There are 96660 C-isomorphism classes of genus 2 curves defined
over 7. and height < 3. From those, 230 have height 1, 8830 have height 2, and
88600 have height 3.

3.4. Genus 3 case. Let C be a genus 3 curve defined over an algebraic number
field K. Then there is a degree 2 map 7 : C' — P!(K), which is called the
hyperelliptic projection. Let the equation of C be given by

y2 :a8$8+"'+a1(13+a0
where ag, . ..,ag € K, and A(f) # 0. The invariant ring Rg is generated by nine
SLo(K)-invariants Ja, . .., Jig.

Let M3 be the moduli space of genus 3 curves considered as a projective vari-
ety, and t1, ..., ts be GL(2, k)-invariants given as follows
B Jz2 Jy Js Je J7 Jg

ty i = —, t3:= , tyi=m—m, ty = —, tg = —,
2T BT g YT Lhed T heds TR

t]_ = Tg,

Let
p = [Jod5duds, J3 303 T5, J3Judz, JaJsdsds, J3Jsdadz, Jsduds s, JyJ3JsTs]

be a point in M3. Each p[i] is a degree 20 polynomial evaluated at f, i.e degree
20 polynomial given in Flag,...,as]. Denote with F;(f) = p[i]. Then, from
Lem. 12.15 we have

H(Fi(f)) < co- H(F;) - H(f)*

where cy = is the number of monomials of a degree 20 homogenous polynomial
in nine variables.

Lemma 12.21. For a genus 3 curve with equation y* = f(x), where f(z) is a
degree 8 polynomials the moduli height is bounded as follows

H(f) <c-H(f)*
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We denote the above constant by Ms. From now on we write that H(H) <
M3 - H(f)%. Since the above result holds for any binary form equivalent to f then
we have that H(f) < M3 - H(f)%.

4. Weighted heights

Let tv = (qo,-..,qn) be a set of heights and WP"(K) the weighted projective
space over a number field K. Let p € WP"(K) a point such thatp = [z : ... :
xy). We define the multiplicative height of P as

72) oae)i= TT mac{ ool . ol |
veEMg

The logarithmic height of the point p is defined as follows
n
)= loghicp) = Y- e {2 1oglosl, .

Next we will give some basic properties of heights functions.

Proposition 12.2. Let K be a number field and p € WP"(K) with weights w =
(qos - - -, qn)- Then the following are true:

i) The height b (p) is well defined, in other words it does not depend on the
choice of coordinates of p

ii) h(p) > L.
Moreover, we have the following (see [14] for details.
Proposition 12.3. Let p € WP"(K). Then the following are true:
)IfFK =Q,
— 1Y/
(73) bQ(p) = max 9 |Tjlco” ¢ -
ii) Let L/ K be a finite extension. Then,

(74) b (p) = b (p) L.

4.1. Absolute heights. Using Prop. 12.3, part ii), we can define the height on

WP"(Q). The height of a point on WP"(Q) is called the absolute (multiplicative)
weighted height and is the function

h: WP(Q) — [1,00)
b(p) = by (p)/ 1Y,
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where p € WP"(K), for any K. The absolute (logarithmic) weighted height on

WP"(Q) is the function
b WE™(Q@) — [0, 00)

b'(p) = log h(p) =

Lemma 12.22. The height is invariant under Galois conjugation. In other words,

forp € WP™(Q) and o € Gg we have h(p?) = h(p).

Proof. Let p = [z, ..., z,] € WP™(Q). Let K be a finite Galois extension of Q
such that p € WP"(K). Let 0 € Gg. Then o gives an isomorphism

c: K — K°?
and also identifies the sets My, and Mo as follows
o: Mg — Mgo

v — 07

Hence, for every z € K and v € M, we have |27 |, = |z|,. Obviously o gives
as well an isomorphism

o: K, — K
Therefore n, = nyo, where ny,e = [K% : Q,]. Then
«(P?%) = max { xd "w/Qi}
bK ( ) 0<i<n ’ 7 ’w
wEMgo
_ o nvv/qz} _ { . nU/qz'} -
= max { |x7], 2 = max 3 |z =
max { [27]; max { [z]; O (p)
UEMK ’UEMK
This completes the proof. U

The following is the equivalent of Northcott’s theorem for weighted projective
spaces.

Theorem 12.9. [14] Let ¢y and dy be constants and WP, (Q) the weighted pro-
Jective space with weights w = (qo, - . ., qn). Then the set

{p € WP, (Q) : H(p) < co and [Q(p) : Q] < do}

contains only finitely many points. In particular for any number field K

{p € WPL(K) : bx(p) < co}

is a finite set.

The next result is the analogue of what is called Kronecker’s theorem for
heights on projective spaces.
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Lemma 12.23. Let K be a number field, and let p = [zg : -+ - : x,] € WP (K),
where w = (qo, - - ., qn)- Fix any i with z; # 0. Then h(p) = 1 if the ratio x; /£,
where &; is the q;-th root of unity of x;, is a root of unity or zero for every ) < j < n
and j # 1.

Proof. Letp = [xg : -+t x; : -+ @ 2] € WP(K). Assume x; # 0. Adjoin the
g;-th root of unity to z;. Hence, let z; = &' so that wt(§;) = 1. Without loss of
generality we can divide the coordinates of p by ffj , for j # i, and then we have

o [®0 o
g b

For simplicity let p = [yp : -+ : 1 : -+ : yp]. If y; is a root of unity for every

0 <! <mnand! # ithen |y, = 1 forevery v € Mg. Hence, h(p) = 1. O

Exercises

12.1.

5. Moduli reduction: Reduction B

Next we want to focus on the stability of binary forms over number fields. As
above, we let k£ be a number field and Oy, its ring of integers. M}, denotes the set of
places of k, where M), are the Archimedean places and M, the non Archimedean
places of k. For any norm v € Mj, the completion of k at v is denoted by £, .

Historically, minimal models of binary forms or hyperelliptic curves have been
considered for obvious reasons. There are two main ways to consider minimality;
minimality in terms of the coefficients, and minimality in terms of invariants. Get-
ting sucha minimal models is normally refereed to as 2020-1. In [22]020-1 the
author calls them Type A and Type B reduction and points out that a similar ap-
proach was also considered in the seminal paper of Birch and Swinnerton-Dyer;
see [18,19].

In [29], Burnol proves that f is minimal if and only if its reduction is semistable
under the SLa(k)-action. In other words, minimality is equivalent to residual
semistability. It was this type of statement in terms of weighted moduli height

which was one of our main motivations for this paper.

5.1. Minimal models. Let f € Oglz,y] and x = £(f) € Py (Oy) its corre-
sponding weighted moduli point. The following terminology is commonly used for
algebraic curves, especially hyperelliptic and superelliptic curves; see [?2]020-1.

A local minimal model for a binary form f defined over a number field % at
a prime p of k is an equivalent binary form g all of whose coefficients are integral
at p, and whose moduli point {(g) has minimal valuation at p among all such
equivalent binary forms. A global minimal model for a binary form f defined
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over a number field k is an equivalent binary form g which is integral and is a local
minimal model at all primes p of k.

We define the weighted valuation of the tuple x = (zg,...x,) at the prime
p e Oy as
(75) val,(x) := max {j|p divides z{ foralli =0,...n},

We say that a binary form f(x,y) has a integral minimal model over £ if it is
integral (i.e. f € O[z,y]) and val,({(f)) is minimal for every prime p € O.

Lemma 12.24. A binary form f € Vg is a minimal model over Oy, if for every
prime p € Oy, such that p| weged (£(f)) the following holds

(76) val,(£(f)) < gqi, forall i=0,...,n.

Moreover, for every integral binary form f its minimal model exist; see [?2]020-1

Remark 12.8. Notice that an integral minimal model is not necessary semistable,
since its moduli point can have minimal evaluation and still can be zero.

5.2. Local and global stability. Take p = &(f) € Pl - We can assume that
E(f) =18 : - : &) has coordinates in O. Further assume that p is normalized
(i.e. wged (&, - - -, &) = 1). Let p be a prime in O, such that p | ged (&, ..., &n)-
Then f is unstable over the residue field Oy /pOy. Next we show how to determine
an equivalent binary form g(x,y) to f(x,y) which is semistable over the residue
field Ok / pok.

Lemma 12.25. Let f € Oy, y) and p = £(f) = [0, - ., €] € PR (O).

(i) f is a semistable binary form over the residue field Oy /pOy, if and only

ifptged(o, .-, &n)-
) Ifp | ged(&o, ..., &) let

ap = min{|z;|, | suchthat ; #0 and i=0,...,n.}.

1
= 0
Then M is semistable over the residue field Oy, | pOy, for M = [pop J ,

where
_ 20
d . q]' ’

forsome j € {0,1,--- ,n} such that i # 0.

77) rp

Proof. From Lem. 12.25, a binary form f is semistable if and only if there exists
some ; such that {; # 0 in Oy, /pOj,. Hence, the first claim of the theorem.
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Assume p | &;, forall i = 0, ...n. We can further assume that wged ({(f)) =
1 so f is minimal as in [14, Prop. 6]. Pick &; such that §; # 0. Let §; = p®f such
that ged(a, 5) = 1 and take

) B
M = |:IE; 1:| € GLQ(k‘)

forr = %. Then fM(x, y)=1f (ﬁ,y) and from Eq. (103) we have

1dqo Ldgn

and p 1 5. This completes the proof. U
A point p = £(f) € PP, is unstable if there is a prime p € O}, such that

p | ged(&o, - .., &). Assume there is such a p | ged (o, - - -, &n)-

Proposition 12.4. Let f € Oy[z,y| be a semistable binary form and {(f) =

[0 - - -, &n] € PR (Oy) its moduli point. Assume &(f) is normalized (i.e. multiply

§(f) by m)- Let
A= H p'P

plged(€o,--,En)
1

where 1), is as in Eq. (77) and take M = {8 (1)] Then fM is semistable over all

residue fields Oy, [pOy, for all primes p € O
Proof. If p is normalized then wged (§o(f),...,&n(f)) = 1. Let
ged (&o(f), - &) = [ [ pi",
i=1

where p; € Oy are primes. Then from the above Lemma, exists r; such that for

1
+~ 0
M; = [)‘i J the form £ is semistable over k,,. Let M = [[;_, M;. Then f

0
is semistable for every prime p; | ged(&o(f), ..., &n(f)), hence it is semistable
over all Oy, /pOy. O

A prime p € Oy is called a bad prime for f if p| gcd(§o(f), ..., &n(f)). In
this case f mod p is unstable. However, there might still exist a twist of f, say f
such that f mod p is semistable.

Proposition 12.5. Let f be a binary form which is semistable over k. Then for
each prime p € Oy, there exists a twist f of f which is semistable over Oy, /pOy,.

Proof. Let £(f) = [So(f),---,&n(f)] be the corresponding moduli point and p a
bad prime. Then p|&;(f) forall j = 1,...,n. Without loss of generality we can
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assume that wged (£(f)) = 1. There exists 1 < s < n such that

val,(&s(f)) = min{val,(&(f)) |j=1,...,n}

Denote by A = ﬁ, where r = qisvalp(ﬁs(f)). Consider f = f™. Then,

§(f) = Ax[6o(f) -2 &(f) s+ &nl(S)]
=[P &o(f) r ot AT L) o AT G ()]

where &( f) is not divisible by p and f is semistable over Oy, /pO},. O

A prime p € O is called a prime of good reduction for f if f is semistable
over Oy, /pOk.

6. Stability, weighted height, and invariant height

Let k be an algebraic number field of degree m = [k : Q], and k be an algebraically
closed field containing k. We denote by O, the ring of algebraic integers in k.

Denote by M, the set of all places of k, i.e., the equivalent classes of absolute
values on k. It is a disjoint union of M ,g, the set of all non-archimedian places,
and M *, the set of all Archimedean places of k. More precisely, if v € M, ,8 , then
v = v, for some prime ideal p C Oy, over a prime element p such that v4|q is the
p-adic absolute value. If v € Mp°, then v = v and vu|g is the usual absolute
value | - |o on Q.

The local degree n, at v € M is defined by n,, = [k, : Q,], where k, and
Q, are the completions with respect to v. For each v € My, we let | - |, be a
representative of the equivalence class which is the n,-th power of the one that
extends a normalized absolute value over Q. Since k is a number field, then for
every x € k™ we have the product formula [], ., |z|, = 1.

Given a finite field extension K /k, we denote by M the set of places w on
K such that w |= v, for some v € Mj,. Then, we have the degree formula as

> weMy [ Kw : k] = [K : K.

wlp=v

6.1. Heights. For z € £* multiplicative and logarithmic height are defined by

(78) Hy(x) = H max{1, |z|,} and hyg(x) =log Hy(x) = Z log |z|,.
veM;y, veMy

For Z = (wg,- -+ ,x,) € k"t and v € M, we let

|Z|, = max{|z;], : 0 <i < n}.
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One can extend such definitions to the projective space by defining the multiplica-

tive and logarithmic height of x = [x¢ : - - - : z,] € P"(k) by
Hy(x) = 1_]\[4 qmax {|zil, }
(79) e

he(o0) = log Hy(x) = 3" mas {log |zl
veM —

Note that such height functions are independent of the choice of the coordinates.

Let K be a number field containing k. For w € Mg, we normalize the absolute

value | - |,, such that its restriction | - |, on k satisfies | - [, = | - Kkl Thus, for
x € k* we have

. 1
(80) Hy(z) = Hg(2)VE* and hy(z) = mhK(a:),

and for x € P}/

H, (X) - Hy (X)l/[K:k}
(81) 1

hk(X) = ﬂh[((x)

The field of definition of x € P"(k) is k(x) = k (‘”0 e @>, for any 7 such

Ea ) 2y
that z; # 0. The absolute multiplicative and logarithmic global Weil heights of
x € k* are defined by

H(x) = Hg(x) and h(z) = hi(x),

and for x € P"(k) by
(82) H(x) = Hg(x) and h(x) = hi(x),

where K is a number field containing k(x). The absolute heights are independent

of the choice of K. We call h(x) as global Weil height on P" (k).

6.2. Heights on weighted projective spaces. In this section we briefly define
weighted heights (i.e. heights on weighted projective spaces), invariant heights'
and investigate how such heights behave on strictly semistable points.

The group action &* on A"*!(k) induces a group action of Oy on A" (k).
By Orb(p) we denote the Oy-orbit in A1 (O},).

For any point p = [2o : --- : x,] € P{ , we can assume, without loss of
generality, thatp = [zg : - - - : z,] € P} , (Oy). The height for weighted projective
spaces will be defined in the next section.

ISometimes called GIT heights



6. STABILITY, WEIGHTED HEIGHT, AND INVARIANT HEIGHT 303

Let w = (qo,...,qn) be a set of weights and IP{; , the weighted projective
space over a number field k. Let p € P} , a point such that p = [z, ..., z,]. We
define the weighted multiplicative height of p as
(83) o(9) =TT e { Jool ... o}

ve My,
The logarithmic height of the point p is defined as follows
n
(84) si(p) i=logh(p) = > max {qj og \lev} .
vEMjp,

bh(p) is well defined and h(p) > 1 for any p € P ,, see [14] or [22]022-1. The

,k°
absolute (multiplicative) weighted height of p € P\ , is the function

6:1@;@ — [1,00)
b(p) = b(p)"/ 1+,

where p € P} ., for any k& which contains Q(wgcd (p)). The absolute (logarith-

mic) weighted height on IP’Z 0] is the function

5 : IP’:]@ — [0, 00)
1 -
s(p) =log h(p) =

) br(p)-

where again p € Py, ., for any & which contains Q(wgcd (p)). For more details on

the theory of weighted heights see [14] and [?2]022-1.

6.3. Invariant height. Let v € M, be a place and &(f) the set of invariants of a
degree d binary form f € V;. We define the norm

[6(/) | = max {Hw }

0<i<n

and

€)'

t =27
1€, (f) - max;{| f; |5}

see [109] or [101] for details.

Let D be the divisor determined by the roots of f(x,y) via the Chow coordi-
nates as in ??. The invariant height of the divisor D is defined

1

[k:Q]
o - t (MYt
(85) h(D) = UelMlkMelsrifzm(”f”“ (#)
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The logarithmic invariant height of D is defined as

; 1 . —log|l¢[l, (£
(86) D) =gy 2 M;sfiim( = )>

veEMj,

as defined in [136] or [109].

Remark 12.9. In [109, Thm.4.4.2] it is claimed that if f is a degree deg f = d
semi-stable binary form then h(f) > 0. Moreover, if Ay # 0 then

. d. 4
h(F) > Slog =
(f)_2 0g 3

If f is a stable binary form then ﬂ(f) > 0.

In our comparison between the weighted height and invariant height for binary
forms f(x,y) = 2% — y¢ we will use repeatedly the following theorem.

Theorem 12.10 (Them. 4.3.3 [109]). Let d > 3. Then if d = p” for some prime p
then
~ d P
h(z? —y?) = =1log2 — ———1
(2% —y%) = 5 log 20— 1) 08P

otherwise h(z® — y?) = glog 2.

6.4. Weighted height of semistable binary forms. On contrary to the invariant
height in [136] the weighted moduli height is very easily computed once the set of
invariants is known. While the generators &, . . ., &, of the invariant ring R are
chosen as primitive polynomials (see ??), then weighted height b is smaller than
the invariant height as we will see next. First we determine the heights of strictly
semistable and semistable points in Py} ..

Theorem 12.11. Let d > 3, k be a number field, f € V; an integral form defined
over k, and p = £(f) € ]P’Z,,k the moduli point in the corresponding weighted
projective space. If f is semistable, then s((f)) > 0. Moreover, for every d > 4,
there exist an integral binary form g € Vy, defined over k, such that s (£(g)) = 0.

Proof. Let f be semistable and p = £( f) the corresponding moduli pointp € P}! , .
Then at least one of the coordinates of p is nonzero. Without loss of generality we
can assume that p € P? , (Oy). Then, h(p) > 1. Hence, 5({(f)) > 0.

To prove the second statement we take p with all coordinates O or &1, but not
all coordinates zero. All such points have weighted moduli height ﬁ(p) = 1land
s(p) = 0. Since a generic form has no automorphisms, from a theorem of Shimura
such binary forms are defined over k. O

Remark 12.10. It is interesting to know some statistical evidence on the number
of moduli points of height s(f) = 0 which are defined over their field of moduli.
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A natural question is to understand what happens to the lower bound of the

weighted height as d increases. There is no known estimate for W asd — o0.
We compute such heights for some small values of d for strictly semistable binary
forms.

Lemma 12.26. If f is stricily semistable then d = deg [ is even and its absolute
weighted moduli height Y (&(f) and absolute logarithmic weighted height s(£(f)),
ford = 4,6, 8,10 are determined in Table 4.

Proof. Let f be a binary form which is strictly semistable. Then f can be written
as in Eq. (52). Without loss of generality we can further assume that ag = 1. Then,
computing invariants for d = 4 we get

1 1

() =16 &l = [12 : _36] =[3:—6].

Its weighted height is
h([3:—6]) = max{\/iﬁ%} — 65 ~1.817

Let f be a sextic with a root of multiplicity 3. Invariants of f with weights to =
(2,4,6,10) are given by

1 1 1 1
o666~ [-on 5 G A T
=[-3-5:2%.3:20.3:210.3%.5]
Its weighted height is

b(£(f)) ~ 3.872

An octavic f(x,y) is strictly semistable if and only if the basic invariants with
weights w = (2, 3,4, 5,6, 7) take the form

§(f)=[60:&:&:83: 841 5]

T 1 1 1 1 1
T 2257 22523 21371 235575 T 26.32.76 7 23.3.5. 77
=[3%.5.7:2.3°.5:3%.54:22.3°.50:3%.50:2%.30. 5]

Its weighted height is
B(E(f)) = 3VE -7~ 17.748

For the decimic binary form

fla,y) = 2° (2° + 2'yas + 2%y%as + 2*yPas + 2 y'ar + y°)
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the strictly semistable point is given below:

E(f)=10:61:&:63:8a:85: 86 &r 0 &8

1 1 5 1 1
B 933277 943772 B 94310747 B 9738747 9431475’ 0,
1 1 1

96316777 9213155 . 714 91032479
=[-2-3.5.7:2.3.5%.7%: —2%.32 .50 . 7. 20 .30 . 5. 7%
2!2.3%.50. 730 —2M.31.55. 73, 2731356, 2183 . 57 . 75]

Its weighted height is
h(£(f)) = 3V70 ~ 25.099

This completes the proof. U

Table 4. Strictly semistable points and their weighted heights

[ d] £(f) ERGIEEGINGE
4 [3: —6] 1.817 [ 0.259 [ 0.249
6 [-3-5:2%.3:20.3:210.3%. 5] 3.872 [ 0.588 | 0.375
8 [3%.5.7:2-3%.5:3%.5%:2%.3% .5

3% .50 :22.36.56] 17.748 | 1.249 | 0.499
10| [-2-3%.5.7:2%.3.52.72: —2%.32.50. 72
—25.34.54.72:212.32. 54 73 25.099 | 1.399 | 0.625
_214‘34.55'73:_27'313'56:_218‘34.57'75]

In the fourth column of Table 4 we have presented the logarithmic weighted
height. It seems that such logarithmic height increases steadily as d increases. It
would be interesting to determine how fast the logarithmic height increases and
how does it compare to the invariant height (which is also a logarithmic height) as
defined in [136].

One obvious observation from Thm. 12.11 and Table 4 seems that the weighted
height s(£(f)) seems to be growing fast as d increases. This seems to be different
from the behavior of the invariant height and the results in [109]. In order to com-
pare in more detail the weighted height with the invariant height, we consider the
family of binary forms

f<x7y) = xd - yd7
for which we have a lower bound for the height, see Thm. 12.10.
Lemma 12.27. Let f(x,y) = 2% — y® and s(f) its absolute logarithmic weighted

height obtained by the choice of invariants § = [y : -+ : &,], as in ?2. Then, for
3 <d <10, s(f) is computed in Table 5
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Table 5. Weighted heights for f(z% — y%)
d ro E() =) : &) [DEW) | s(f) | h(f)
3 (4) [-1] 1 0 | 0.09
4 (2,3) [-1,0] 1 0 |0.301
5 (4,8,12) [-1,0, 0] 1 0 |[0315
6 (2,4,6,10) [-1,1,4,0] V3 10.239 | 0.903
7| (4,8,12,12,20) | [~1,0, —gkgs, 0, —gmsmzz] | 75 | 0469 | 0.56
8 (2,3,4,5,6,7) [-1,0,%,0,5,0] V3 10.239 | 0.903
9 | (4,8,10,12,12,14,16) |  [~1,0,0, — 15055, 0,0, 0] 751 | 0.469 | 0.996
10 (2,4,6,6,8,9, [-1:3:0:0:0:0: V105 | 1.011 | 1.505
10, 14, 14) 0+ — oga37z5 © 0]

Proof. Computing the weighted height of cases d = 3,...,5 is quite easy. We

illustrate with d = 6. The weights are o = (2,4, 6, 10) and

(=) =p= [—1 1-;:0]

Take A = v/3 and we have

Then

h(p)

§

Axp=[-3:3:3:0]

— max{32,31,35,0} = /3

Hence, we have s(2% — 4®) = 0.239. Computation for the rest of the cases goes
similarly. All results are presented in Table 5. In the 4-th and 5-th column of the

table are displayed logarithmic weighted height and logarithmic invariant height.
O






Chapter 13

Reduction theory of binary
forms

1. Fundamental domains

Basics about fundamental domains can be found in [30,37,107,129]. We start with
the classical fundamental domain which we denote by F and is obtained from the
action of the classical modular group on the upper half plane. Then we explore how
one can generalize this notion when we go to three dimensional space, and consider
the action of a discrete subgroup of C in the upper half space. We generalize the
concept of fundamental domain for any number field K as in [30] and [37].

1.1. Fundamental domain of SL(Z). Let P! be the Riemann sphere and GL3(C)
the group of 2 x 2 matrices with entries in C. The group GLy(C) acts on P! by
linear fractional transformations as follows

a Bl az+p
&7 [7 5}2_ vz + 0

d
action. Recall that if a group G acts on a set S, we say that G acts transitively if
for each z,y € S there exists some g € G such that g(z) = y.

where [: b } € GL2(C) and z € P! It is easy to check that this is a group

Lemma 13.1. The GL2(C) action on P is a transitive action, i.e. has only one
orbit. Moreover, the action of SLa(C) on P! is also transitive.

Proof. Forevery z € C,

z z—1
[1 1 ]oo—z and

309
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So the orbit of infinity passes through all points. ([
For the rest of this section we will consider the action of SLa(R) on the Rie-
mann sphere. Notice that this action is not transitive, because as we will see below

for M = [: ﬁ € GLy(R) we have

(ad — By) .

im (Mz) = im z.

vz + 612

This action has three orbits, as we will prove below. Therefore we restrict this

action to the upper half-plane. Let H2 be the complex upper half plane, i.e.
sz{z:x—i-iyeC’ y>0}C(C.

The group SL2(RR) acts on #5 via linear fractional transformations. In the follow-
ing lemma we prove that this action is transitive.
Lemma 13.2. i) The group SLo(R) preserves Ha and acts transitively on it, further
for g € SLa(R) and z € Ho we have
. ( ) im z
im(g2) = ———
g |vz + 012

ii) The action of SLa(R) on P! has three orbits, namely R U oo, the upper half
plane, and the lower-half plane.

Proof. Let us first prove that 7 is preserved under an SLa(IR) action. Consider

a B _az+f
v &)

°T vz 40

Butyz+06 = yx+iyy+0 = yxr+Jd+-yiy, therefore its conjugate is (yr+9)—iyy =
vz + 6 and

(2 4+ 6) (72 +0) = |[yz 4+ 612 = (yz + 0)* + (yy)2.

Hence,
az+f _az+B yz+d6  (az+B)(v2+0)  ayzZ+adz+ PByz+ B
vz4+6  yz4+06 yzZ+0 |vz + 412 |vz + 412
B ay|z|? 4+ BS + adx + adiy + Byx — Bryiy
|vz + 012
_aylzP 4 B6 + bz + Byx | i(ad — By)y
|yz + 612 vz + 62

Therefore we see that
(awd — B6)im = im z

i = = 0.
m (g2) |yz + 412 vz + 612 ”
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To show that SLy(R) action on Hy is transitive, pick any a + ib € Ha. Then if
g € SLa(RR) such that

—ab-—>+b
gf01.zaz

we have ¢g(i) = a + ib. Thus the orbit of 7 passes through all points in H5 and so
SLa(R) is transitive in Ho.
ii) The result is obvious from above. O

Recall that a group action G x X — X is called faithful if there are no group
elements g, except the identity element, such that gr = «x for all x € X. The
group SLy(R) does not act faithfully on #; since the elements 1 act trivially on
. Hence, consider the above action as PSLy(R) = SLa(R)/{£1I} action. This
group acts faithfully on Hs.

1.2. The fundamental domain. Let .S be a set and G a group acting on it. Two
points s1, so are said to be G-equivalent if so = gs; for some g € G.

Definition 13.1. For any group G acting on a set S we call a fundamental domain,
if one exists, a subset of F C S such that any point in S is G-equivalent to some
point in F, and no two points in the interior of F are G-equivalent.

The group I' = SLo(Z)/{+£I} is called the modular group. It is easy to prove
that the I" action on H3 via linear fractional transformations is a group action. This
action has a fundamental domain F

F={zeta| 1o > 1 and [Re()] < 1/2)

as proven in the following theorem, as well as [107], and displayed in Fig. 1.

ST ST

o+

Figure 1. The action of the modular group on the upper half plane.

Theorem 13.1. i) Every z € Hs is I'-equivalent to a point in F.

ii) No two points in the interior of F are equivalent under I'. If two distinct
points z1, z3 of F are equivalent under T then Re(z1) = +1/2and z1 = zo + 1 or
|z1] = 1and zo = —1/2.
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iii) Let z € Fand I(z) = {g|g € T, gz = z} the stabilizer of z € T. One
has I(z) = {1} except in the following cases:

z =1, in which case I(z) is the group of order 2 generated by S;

2mi/3 in which case T (z) is the group of order 3 generated by ST

/3

z=p=ce
z = —p = €™, in which case 1(z) is the group of order 3 generated by T'S.
Proof. i) We want to show that for every z € Hs, there exists g € I' such that
gz € F. LetI" be a subgroup of I generated by

0 —1 1 1 1
S—[l O].z—>—z and T—{O 1].z—>z+1.
Note that when we apply an appropriate 77 to z then we can get a point equivalent

to z inside the strip —% < Re(z) < % If the point lands outside the unit circle

then we are done, otherwise we can apply S to get it outside the unit circle and
then apply again an appropriate 1™ to get it inside the strip —% < Re(z) < %

Let g € T". We have seen that im(gz) = |CL“;CZI|2. Since, ¢ and d are integers,
the number of pairs (c, d) such that |cz + d| is less then a given number is finite.

Hence, there is some g = € T such that im(gz) is maximal (|cz + d| is

b
d
minimal).

Without loss of generality, replacing g by 17" g for some n we can assume that
gz is inside the strip —3 < Re(z) < 3. If |gz| > 1 we are done, otherwise we can
apply S. Then

im(gz)  im(gz)
gz + 012 [gz|?

But this contradicts our choice of g € IV so that im(gz) is maximal.

im(Sgz) = > im(gz).

The proof of ii) and iii) is an easy exercise. (]

Corollary 13.1. The canonical map F — Hso /T is surjective and its restriction to
the interior of F is injective.

The following theorem determines the generator of the modular group and their
relations.

Theorem 13.2. The modular group 1 is generated by S = [? _01] and T =

[(1) ﬂ, where S* = 1 and (ST)3 = 1.

Proof. Let I be a subgroup of I" generated by

1 1

0 -1 1
S—[l O].z—>—z and T—[O 1}.z—>z+1.
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We want to show that I" is a subgroup of I". Assume g € I'. Choose a point 27 in
the interior of F, and let 25 = gz; € Ha. From the definition of the fundamental
domain we have that there exists a ¢’ € I such that g'zo € F. But 21 and ¢'29 of
F are I'-equivalent, and one of them is in the interior of F, hence from Thm. 13.1

these points coincide and ¢'g = 1. Thus, g € T". O
1

Note that S? = 1, so S has order 2, while T* = [0 llf] for any k € Z, so

T has infinite order. For more details on the modular group and related arithmetic
questions the reader can see [107] among others.

1.3. Gaussian integers and the upper half space. The upper half space H3 is
defined as

(88)

Hsz:=Cx (0,00) ={(2,t) |z € C,t >0} ={(x,y,t)|x,y € R,t > 0}.
A point P € Hgis givenas P = (z,t) = (x,y,t) = z + tj, where z = = + iy and
j = (0,0,1). The group SL2(C) has a natural action on H3 by linear fractional
transformations. Let M = [3 ?] € SLy(C) and P = z +tj € Hs. Then

PM — »* 4 t*j € H3 where

. (az+B)(3Z +6) + avt? ond £ — t
vz + 6| + [ |7][*¢2 vz + 6| + [ |v][*¢2

The following theorem gives the generators of the group SLy(C) and holds if we
replace C with any number field K.

1 a
1

Theorem 13.3. The group SLo(C) is generated by [(1) _01] and [O

] , where

a € C. This generators act on (z,t), a point in Hs, as follows

F) ﬂ () — (2 4+ t)

0 —1 (et) -z t
1 0] |22+ 827 |22+ 12 )

Proof. Let M = [: g] € SLy(C). Let vy # 0, then we can factor M as follows

| | |

(89)
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Consider, [(g g] € SLo(C). Since, ad = 1 then there exist z,y € C* such that

1 =ad = zy(zy)~! then,

R R (O T A A I
and

A | I A |

If v = 0 then we have

[ R |

Hence, every matrix can be expressed in terms of 7" and S. U

In analogy with the previous section we consider the action of a discrete sub-
group of SLy(C) on H3. Let Q(i) C C and Z[i] be the set of Gaussian integers.
Then Gy ;) := SL2(Z[i])/{£1}. A representation of G'z;) is given as follows

Gz = (S, T, UW|T? =U? =W? =1,(SW)* = (SU)* = (ST)* = 1, (UW)* = (TW)? = 1)
where
11 1 1 0 0 -1
S 1l B e B |
see [30, pg. 58-59] for more details. The discrete group Gz[i] acts on Hs3. This
action has a fundamental domain denoted by F7 ;) which is given below

1 1 1
(90) fzm:{(z,t)lz:xﬂy, —~<z<-,0<y<

2 2
— — >1,.
S <e<s, ollll?+ 2> 1)

The proof of this fact will yield more than one theorem.

Theorem 13.4. Given a point w € Hs there exists M € C_}'Z[i] such that wM €
Fz(z)

Proof. Letw = z +1tj € Hs , we want to prove that there exists a M & GZ[z‘] such
that w € F ;). Let G’ZM be a subgroup of Gz;) generated by S, T, U, W such
that

S = (2,8) = (2 +1,1), T:[l Z] (2, 4) = (2 +i, 1)

11
0 1 0 1
0 0

U:[é Z] (2%, %) = (—2,1), W:[1 ‘01} (1) = ([ e ) -

Note that, if we apply an appropriate S7, T, U', to w then we can get a point

equivalent to w and such that —% < Re(z) < %, and 0 < im(z) < % If the

point lands outside the unit sphere we are done, otherwise we can apply W to get
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it outside the unit sphere and then apply again an appropriate S?, T, U to get it
inside —% < Re(z) < %, and 0 < im(z) < %

_ @ ﬁ al * . M _ _x - gk
Le‘[M—[7 5]€GZM.Den0tebyw = w" = 2* 4 jt*, then

t
[[vz 4+ 6]% + [|v] 22

*

and assume this is maximal. Such a matrix exists because for v, € Z + iZ the
number of pairs such that ||z + 6||2 +||||?#? is less then a given number is finite.
Hence, there is some M as above such that ||z + d||> + ||y||*¢? is minimal, than
t* is maximal.

Without loss of generality assume that w* is such that —% < Re(z*) < %, and
0 < im(2*) < 5. If ||w*||> = ||z*||* + ¢*2 > 1 we are done, otherwise we can act
on w* by W. Then

*
*k

P

*||2

> t*

since we are under assumption ||w < 1. But this contradicts our choice of M
such that t* is maximal. d

For the proof of the following see [69, pg.123].

Theorem 13.5. Suppose w, and ' are in the same G-orbit such that &' = Mw for

M = [?; ?] € Gz[i]- Assume t(w) < t(w'). Then we have one of the following
three cases
i)y =0.

i) 7] =1, < L
i) ||v||? = 2, t> = 1/2, wis in the boundary of Fpiy 72+ =0, = £1, +i.

As a first application of the previous we have the following result.

Theorem 13.6. The group Gz[z’] is generated by S, T, U, W.

Proof. It remains to prove that @'Z[i] = Gyj)» i.e. Gy is a subgroup of G"Z[Z.]. Let

M e C_}Z[i]. Choose a point w in the interior of F7 ;) and let w* = wM € Hs.

From above we have seen that there exists a N &€ G’F such that w*V € Fz(i)-

But w and w*V, both in the interior of Fr(i> are C_}Z[i]-equivalent. Since they are

both in the interior of the fundamental domain, they must coincide. Hence we have

w=wtN =MN andMeG’ZM. O
Graphically F7;) is presented in Fig. 2.
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Figure 2. The fundamental domain F7(;) in the upper half space

1.4. Other algebraic number fields. In this section we describe fundamental do-
mains of other algebraic number fields. The action described in Eq. (87) makes
sense when C is replaced by any number field K.

For analogues of SLy(Z) C SL2(R) we need to consider a discrete subring
of C. For any number field K with O its ring of integers the natural thing to
consider is SLa(Of), which is a discrete subgroup of SLs(C). In an analogues
way we can prove that the generators of SLo(Ok ) are

0 -1 1 a

b o)l
for a € Ok. Next we want to consider for which number fields K the group
SLo(Ok) acts transitively on P*(K).

Let us recall some basic definitions from number theory, [98]. A fractional
ideal is an Og-submodule a contained in K such that there exists an element
¢ # 01in Og satisfying ca C Op. Let 3 be the subset of fractional ideals, then we
write a ~ b if there exists an element A € K* such that a = (\)b, i.e. ab~lisa
principal fractional ideal. The equivalence classes of fractional ideals form a finite
group which we call the ideal class group. Its order is usually denoted by hx and
is called the class number of K. Then the following theorem holds.

Theorem 13.7. For a number field K, the number of orbits for SLa (O ) on P (K)
is the class number of K.



1. FUNDAMENTAL DOMAINS 317

Proof. Let P = [z,y] € P!(K), and we will denote a fractional ideal generated by
s, r as follows (s, ) = sOx + rOk. We want to prove that if [z, y] and [z, w] are
in the same SLy(Ox ) orbit, then a = (z,y) and b = (z, w) (the fractional ideals
generated respectively from x, y and z, w) are in the same ideal class. By definition
we have to prove that there exists an element A € K* such that a = (\)b.

The fact that [z, y] and [z, w] are in the same SLy (O ) orbit means that there

™ az] and A € K™ such that

as Qy
o o =)
az Q4] |y w

1T + oy = Az

exists an M =

Hence,

Q3T + aqy = Aw

and we have (\z, \w) C (z, y). Multiplying both sides of the above with M ~! we
get the other inclusion

T = QuA\Z — Qo \W

Y = Q1AW — a3z

and we conclude that [z, y] and [z, w] are in the same SLa(Of)-orbit. Hence,
they are equivalent as fractional ideals, (z,y) = A(z,w). Let us prove the other
direction. Let (x,y) and (z,w) be in the same ideal class, then there exists an
element A € K* such that (z,y) = \(z, w). We want to prove that the points [z, y]
and [z, w] are in the same SLo (O )-orbit. Since points [z, w] lie in P}(K), i.e.
[Az, \w] = [z, w], without loss of generality we can assume A to be one. Under
this assumption (z,y) and (z,w) are the same as fractional ideals.

Let a = (z,y), then a~! is a fractional ideal and hence has two generators
assume a~! = (m,n). Then aa™! = 1 = (z,y){(m,n) = (xm,zn,ym,yn).

There exist a, as, ag, ay € O such that

1 = ajzm + agxn + azym + agyn = x(aym + agn) + y(agm + asn).

1 1

If welet 2’ = aym + aon € a~tand vy = azm + ayn € a~! we can form a

/
matrix M = [y y'} with determinant 1 and entries in Of.

!/
In the same way we can show that there exists a matrix M’ = [w w’} with

determinant 1 and entries in Q. Consider the matrix M M’ 71,

/ ! /
-1 |z w —z
M= [@/ y] [w z ]
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which has determinant 1 and entries in O, i.e. is a matrix in SL2(O) and
- z | W =2z x | [z — 2w
Rl ] e | o e o]
y Y| |~w oz | |w y Y| 2w—wz

=l Vb=

Therefore, [z, y] and [z, w] are SL2(Ok ) equivalent. O

Note that from above theorem we can conclude that there is a bijection be-
tween the set of orbits of SLa (O ) on P*(K) and the ideal class group of K. An
immediate corollary of the theorem is the following.

Corollary 13.2. SLy(Og) acts transitively on P*(K) if and only if K has class
number 1.

Next we see how these results apply to imaginary quadratic number fields.

Let K = Q(v/A) C C be an imaginary quadratic number field where A < 0
a square-free integer, dy the discriminant of K, and Ok its ring of integers. The
group G = PSLy(Of) is called the “Bianchi group" and is a discrete subgroup
of PSLy(C). It is easy to show that the Bianchi group acts on 3. This action has
a fundamental domain, which we will denote as Fx and depends on K. For small
discriminant this was determined by Bianchi and others in the 19" century.

Consider the PSLy(Of ) action on #H3, and define the following:
B = { z+1rj € Hs ‘ lez +d)? + |d|?r? > 1, forall ¢,d € O : (c,d) = OK}

Pi={ze cc) 0<Re() <1, 0<im(2) < v/ldxl/2}
Frx =Pk, for A#-3,—1

1 1
Fay = {zec| 0<|Re@) <3, 0 <imia) < 5}

Fo/=3) = { z€ C| 0<Re(z), \/gRe(z) <im(z), im(z) <

U{ze@ OSRe(z)S%,—

fK:{z+Tj€BK ‘ ZEFK}.
Then the following theorem is true and see [37, pg 319] for the proof.
Theorem 13.8. The set Fi is a fundamental domain for PSLa(O).
Assume (z,7r) € Fg, from the definition of the fundamental domain Fx we

get obvious bounds for z. The following proposition gives a lower bound on 7. The
proof can be found in [37, pg. 316].
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Proposition 13.1. There is a constant k € R>° only depending on the number
field K so that for any z € C \ K there are infinitely many X\, p € O with

R giz
i~ |l

and (\, p) = Ok.

Hence for big enough p we have ﬁ < 1 and therefore ‘z — %‘ < 1. But from

the definition of By, as given above, for all A\, u € Ok such that (\, u) = Og
we have |1z — A|? + |u|?*r? > 1, and we can conclude that 7 > 7, for some 7
depending on the number field K. Consider the set

SK:{ZEK\ |zpe+ Al > 1 for all ()\,m:@;(}.

This is the set of singular points. In [37] it is proved that z + rj € Fx for z € Sk
are the only points in the fundamental domain such that 7 is not bounded from be-
low. But when the number field K has class number one this set is empty. Hence,
for an imaginary number field K, hx = 1, there exists a constant rx, only de-
pending on K, such that r > rg forevery (z,r) € Fk.

In [86] it is shown that when K = Q(v/—D) and D is one of 1, 2, ,3, 7, 11,
19, 43, 67, 163, then the value of r%( is as given in Table 1.

Table 1. The value of 7% for some number fields K

D |1]2]|3]|7|11|19]|43]|67]163
2 TITIT273SZ 121212 2
"k 12 lal317 177179133167 | 763

This will be used in the following chapters when we will introduce reduction
theory of binary quadratics, as well as degree n binary forms. We can get bounds
on the coefficients of a binary form depending only on the number field K, c.f.
Section 2.

Lastly, let K be a number field. K is called totally real if for each em-
bedding of K into the complex numbers the image lies inside the real numbers.
Equivalently, K is generated over Q by one root of an integer polynomial P, all of
the roots of P are real. If K is a totally real algebraic number field the group

G = PSLy(Ox) = SLa (O )/ {1}

is called the Hilbert modular group of K. If [K : Q] = n then the n-embeddings
of K into R define an embedding of PSLy(K) into PSLy(R)™. When n = 1, we
have the classical modular group described in Section 1.

The group G'i acts properly discontinuously on H" which is contained in

PY(C) x --- x P}(C), n-times. This generalizes the well known action of the
classical modular group on the upper-half space . The orbits of P!(K) under
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G or any group G C PGLy(K)* which is discrete in PSLy(R) " are called the
cusps of G or GG. For more details see [129].

Remark 13.1. In the coming chapters we will develop a reduction theory and study
the minimal heights of binary forms defined over a field K such that G is defined.
Hence, our results will hold for all totally real fields.

Exercises

13.1. Let G be a group and X, Y be G-sets. Amap f : X — Y is called covariant
if for every g € G and x € X we have

gz = gf(x)
Let V5 be the space of binary quadratics and A the discriminant. Is the discrimi-

nant a covariant or invariant map? Can you generalize this to the binary forms of
arbitrary degree.
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2. Reduction theory of binary quadratics

In this section we give reduction theory for binary quadratics, first with coefficients
over R and then binary quadratic Hermitian forms. Most of the material can be
found in [?2]020-1.

2.1. Binary quadratic forms over R. First we present some basics about binary
quadratic forms, see [73] for more details.

A quadratic form over R is a function ) : R” — R that has the form Q(x) =
x” Ax where A is a symmetric n x n matrix called the matrix of the quadratic
form.

Two quadratic form F'(X, Z) and G(X, Z) are said to be equivalent over R
if one can be obtained from the other by linear substitutions. In other words,

G(X,Z)=F(aX +bZ,cX +dZ),
for some a, b, c,d € R.

Lemma 13.3. Let F, G be quadratic forms and Ap, Ag their corresponding ma-
trices. Then F' ~ G if and only if A is similar to Ag.

From now on the terms quadratic form and a symmetric matrix will be used
interchangeably.

Definition 13.2. Let Q(x) = xT Ax be a quadratic form.

i) The binary quadratic form Q) is positive definite if Q)(x) > 0 for all nonzero
vectors x € R"™, and Q) is positive semidefinite if Q(x) > 0 for all x € R™.

ii) The binary quadratic form Q) is said to be negative definite if QQ(x) < 0 for
all nonzero vectors x € R", and Q) is negative semidefinite if Q(x) < 0 for all
x eR™

iii) Q is indefinite if QQ(x) is positive for some x’s in R", and negative for
others.

The above definitions of positive definite carry over to matrices and they are
found everywhere in the linear algebra literature.

Definition 13.3. A symmetric n X n matrix A is positive definite if the correspond-
ing quadratic form Q(x) = x* Ax is positive definite. Analogous definitions apply
for negative definite and indefinite.

Next we will develop some of the main concepts needed to discuss the reduc-
tion of quadratic forms which will lead us to the general theory of the reduction of
binary forms of any degree.

Let Q(X, Z) = aX?+bX Z + cZ? be a binary quadratic in R[X, Z]. We will
use the following notation to represent the equivalence class of binary quadratics up
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to a scalar multiple, Q(X, Z) = [a, b, ¢] . The discriminant of Q is A = b — 4ac
and Q(X, Z) is positive definite if « > 0 and A < 0. Denote the set of positive
definite binary quadratics with V2+R, i.e.

V;R = {Q(X, Z) e RIX, Z] ‘ Q(X, Z) is positive definite } .

Let SLo(IR) act as usual on the set of positive definite binary quadratic forms

SLa(R) x VQTR — V;R

o] o« X
|:Oé; 04421:| X |:Z:| —>Q(O&1X+OQZ,CK3X—|-OJ4Z)

We will denote this new form with QM (X, Z) = o/ X? + ¥ X Z + ¢/ Z? where
a = aa% + bajag + ca§
91) b = 2(acias + cagay) + blajay + asas)
¢ = aad + bagay + ca’
and
A" =b? —4d/¢ = (det M)?A.

Obviously A is fixed under the SL2(R) action and the leading coefficient of the
new form Q will be Q™ (1,0) = Q(a,c) > 0. Hence, V;R is preserved under
this action.

Now, consider the following map which is called the zero map

f : VZR — Ho
(92) —
b o> (@) = VB
2a
where Re(£(Q)) = —%, and im(£(Q)) = @. This map is a bijection since

given z = x + iy, we can find a, b, ¢ such that Q(X, Z) is positive definite given
as [1, —2z, 2% + y?].

Remark 13.2. Note that this map gives us a one-to-one correspondence between
positive definite quadratic forms and points in Ho.

Definition 13.4. Let G be a group and X, Y two G-sets. A function f : X — Y is
said to be G-equivariant if f(gz) = gf(z), forall g € G and all x € X. This can
be illustrated with the following diagram.

X 9 x
1f Lf
y L v
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Note that if one or both of the actions are right actions the G-equivariant condition
must be suitably modified

flz-g9)=f(x)-g, (right-right)
flx-g)=g " f(z), (right-left)
flg-z)=f(x)-g7", (left-right)

Let I" be the modular group acting on Hs, and on V;R as described above.
Then the following theorem is true.

Lemma 13.4. The zero map € : V;R — Ha is a I'-equivariant map. In other

words, €(QM) = M~¢(Q).

Proof. Let Q(X, Z) = aX2+bX +cZ with discriminant A, and M = [Zl 32] c
3 4

I" a matrix acting on it. We will prove the equivariance property only for the gen-
erators of I'. From the zero map, Eq. (92), and using the fact that the discriminant
is fixed we get

£(QM) Y+ VA _ —(2(aa10z + cazay) + b(aroy + azas)) + VA
2 2(aa? + bajag + ca?)

On the other side M ~1£(Q) is as follows

1 |as (@) —ag @4% —ay
M—E(Q) = [—ag 041] £(Q) = a1 —azé(Q) a1 —ag%

Ifwelet M =T = [(1) ﬂ we get £(QM) = M~(Q) = (—(2a+b) +VA)/2a,

and if we let M equal the other generator of I',i.e. M = S = [(1) _01] , we get

EQY) = ME(Q) = (b+ VA)/2c.
This completes the proof. ]

Note that the zero zq in the upper half-plane transforms via M ~! into (a4z9 —
a2) /(a1 — a3zp), which is also in the upper half-plane, since

: -1 -1 im(z9)
im(M ™" (z0)) = det(M ™) o1 —azol2
2.2. Reduction theory for binary quadratics. We denoted with V;R the set of
positive definite quadratics and we have defined an equivalence relation in this set.
Define Q = [a,b, ] to be reduced if {(Q)) € F. The following theorem gives
an arithmetic condition on the coefficients of a reduced positive definite binary
quadratic.
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Proposition 13.2. A positive definite quadratic form Q) € V;R is reduced if and
onlyif|b| <a<e.

Proof. Let () be a positive definite quadratic form with coefficients [a, b, ¢|. From
the zero map £(Q) = %. By assumption, {(Q) € F, i.e.
-1 1
5 SRe€(@) <5 and Q) =1
Since, %1 < Re(§(Q)) < %we have that %1 < 5—; < % Hence, |b| < a. On the
other side since [£(Q)]? > 1
1< Q) = (@) - §Q) = VP ZVR) o8 dee_ ¢
- N B 2a - 2a © 4a? 4a?  a
b <a<e. O
For the rest of this section we will assume that our binary quadratic forms have
integer coefficients.

Therefore,

Theorem 13.9. i) Let Q) be a reduced form with fixed discriminant A = —D. Then
b<./D/3.

ii) The number of reduced forms of a fixed discriminant A = — D is finite.

Proof. Since () is reduced from Prop. 13.2 we have that |b| < a < c. Hence,
4* < dac=b*+D
ie 302 < Dandb < ./D/3.

From part i) there are only finitely many possible b’s and each of them deter-
mines a finite set of factorings b? 4 D into 4ac. Hence, there are only finitely many
candidates for reduced forms of fixed discriminant. U

Theorem 13.10. Every positive definite quadratic form Q) with fixed discriminant
is equivalent to a reduced form of the same discriminant.

Proof. Let Q = [a, b, ¢| be a positive definite binary quadratic form with discrimi-
nant A. If this form is not reduced then choose an integer ¢ such that |b+ 2¢d| < a
(choose § to be the nearest integer to — %) and replace [a, b, ¢] with [a/,V/,c] =
[a, b+ 2ad, ad? + b + c|. The reduction transformation in this case is given by the

matrix
1 46
0 1

which gives us [a, b, | ~ [a, b+ 2ad, ad® + bd + ¢].
Then, if ¢ < o replace [a, b, c| by [d’, b, ¢] = [¢, —b, a]. Since a,c are positive
integers the process will terminate giving us the desired reduced form. ]
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Note that two reduced binary quadratics are equivalent only in the following
two cases [a, b, a] ~ [a, —b, a], and [a, a, c] ~ [a, —a, c]. The proof of this fact can
be found in [27, pg. 15 ].

The following is an immediate consequence of all the above.

Corollary 13.3. Let A < 0 be fixed. Then the class number h(A) is equal to the
number of primitive reduced forms of discriminant A.

The following theorem gives a connection between the concept of a reduced
form and the height of the SLo(Z)-equivalence class [f] of a binary quadratic form

3

Theorem 13.11. Let (X, Z) = aX? +bX Z + cZ? be reduced (i.e. |b| < a < c).
Then b([f]) = c.

aq
as
f(X, Z) we have that max{|a1|, |b1|, |c1|} > ¢, where a1, b1, c; are the coefficients
of the new form f™. From Eq. (91) we have

Proof. We want to show that given any M = { 32] € SLy(Z) acting on
4

a1 = aaj + bajaz + ca3
b1 = 2(acie + casay) + blajay + aoas)
c = aa% + basay + cai.

0 -1

We will prove it only for the generators of SLa(Z), S = [1 0

}andT—

0 1
then [a1, b1, c1] = [a,2a + b,a + b+ ¢] and the result is obvious. O

[1 1} First, let M = S, then we have [a1,b1,c¢1] = [¢,—b,a] and if M = T

Corollary 13.4. If f is reduced quadratic then f has minimal height b(f) in its
T-orbit.

Proof. Above it is proved that f(z,y) = ax? + bxy + cy? being reduced is equiv-
alent to |b] < a < ¢. Moreover, b(f) = c. This shows that f has minimal height in
its I'-orbit. U

In Thm. 13.9 we prove that for a fixed discriminant A < 0 there are finitely
many reduced forms with discriminant A. Next, we give an algorithm to list such
reduced forms with given discriminant.

Algorithm 13.1. Input: A binary quadratic form F(X,7) = aX?+bX Z +cZ?,
where a,b € Z.

Output: A binary quadratic form G equivalent to F', such that G has minimum
height.
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Step 1: Compute A = b* — 4dac for given F(X, Z)
Step 2: Choose b such that b < \/A/3.
Step 3: For each b find a, c € Z such that

ac = i(bQ—A) and |b] < a < c.

Step 4: Return the reduced quadratic forms |a, b, c|.

From the equivalence classes of reduced quadratics there is one which has the
smallest height. We call this class the special class and the corresponding height
the minimal absolute height.

Exercises
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3. Reduction theory of Hermitian forms

3.1. Binary Hermitian forms. In this section first we give some basics from lin-
ear algebra about Hermitian matrices and Hermitian binary forms. Then we de-
scribe the P SLo(C) action on the 3-dimensional hyperbolic space, denoted by
‘Hs and define the “zero" map which gives a one-to-one correspondence between
positive definite Hermitian forms and points in H3. At the end of the section we
will define reduction of Hermitian forms and give an algorithm how to perform
reduction.

Definition 13.5. An n X n matrix A with complex entries is called Hermitian if
A* = A, where A* = AT,

Recall that A is obtained from A by applying complex conjugation to all ele-
ments and A’ is the transpose of A. By the definition we see that an Hermitian
matrix is unchanged by taking its conjugate transpose. Note that any Hermitian
matrix must have real diagonal entries.

Let R be a subring of C with R = R, denote by H (R) the set of 2 x 2 Hermitian
matrices, i.e.

H(R) = {A € My(R)| A* = A}

A 2 x 2 matrix is in H (R) if it is of the form A = [ b] where a,d € RNR and

a
b d
b € R. Every matrix A € H(R) defines a binary Hermitian form with entries in
R. If A € H(R) then the associated binary Hermitian form is the semi-quadratic

map
Q:CxC—R
defined as

QX,2) = [XT [“ b] [X} = aXX +bXZ +bXZ+dZZ
’ Z| b d||Z '

The discriminant A(Q) of Q € H(R) is defined as A(Q) = det (Q) = ad — |b]>.

A binary Hermitian form ) € H(R) is positive definite if Q(X, Z) > 0 for every

(X,Z) € CxC\{0,0}. Q is called negative definite if —() is positive definite and

indefinite if A(Q) < 0. Denote by H(R)™" the set of positive definite Hermitian

forms, i.e.

H(R)" ={Q € H(R) | Q is positive definite}

2
A 2
+5lz| )

If a # 0, then
bz

a

QX,Z)=a (‘X +
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Hence, @ € H*(R) if and only if a > 0 and A > 0. The group GL2(R), where
R C C, as in Section 3.1, acts on H(R) as follows
GL2(R) x H(R) — H(R)

2 (M, Q) = M*QM

for M € GL2(R) and QQ € H(R). We can define in an analogous way an SLa(R)-
action on H(R). Note that if A is the Hermitian matrix of ) then the Hermitian
matrix of the new form is M*AM. It is easy to show that

(94) A(M(Q)) = |det M[* - A(Q).

The group GL2(R) leaves HT(R) invariant since for M = [: ﬂ and Q €

H™(R), from Eq. (94) we have that A(M(Q)) > 0 and also it is easy to check
that the leading coefficient of Q = Q(a,v) > 0.

 The group R>? acts on H*(C) by scalar multiplication. We will denote by
H(C) the quotient space H*(C) /R>0, and [Q] the equivalence class of Q in
H*(C). The action of GL3(C) on H(C) induces an action of GL2(C) on H+(C).

The center of SLy(C) acts trivially on H(C), so we get an induced action of
PSLy(C) on H(C) and H*(C).

Definition 13.6. The map ¢ : H(C) — Hs defined by

e

95) “J
is called the “zero map"' for binary quadratic Hermitian forms. Clearly § induces
amap ¢ : HM(C) — Hs.

Since () is positive definite we have that ¢ > 0 and A > 0, hence £ is well
defined and continuous. This map is a bijection since given (z,t) € Hsz we can
find Q = [1, -2z, -2, |22 + %], ie.

Q: (u,v) = |ul* = zuv — zaw + (|z|* + t2)|v|?

Therefore, this map gives a one-to-one correspondence between equivalence classes
of positive definite binary quadratic Hermitian forms and points in H3. The fol-
lowing theorem holds.

Theorem 13.12. The map & : H(C) — H3 defined by

Q-2 VO

is a PSLy(C) equivariant, i.e. ¢ satisfies £(QM) = M~1E(Q) for every M €
PSLy(C) and Q € HT(C).
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Proof. We will prove the equivariance property only for the generators of PSLs(C).

LetQ € HT(C),and A = [% Z

A the discriminant of ). We want to show that £(Q™) = M~1£(Q).

_ |1 B
LetM—[0 1

be the Hermitian matrix of (), and denote by

] , where 3 € C. Denote by N the Hermitian matrix of Q*,
then

- |1 0 fa b 1 Bl a af +b
N_MAM_[B 1Hb dHo 1]_[aﬁ+b B(aB +b)+ b3 +d

and
§(N) = (—aﬁ”,ﬂ).

a a

Now let us compute M ~1¢(Q) and compare the two. We know that £(Q) =
(—9 @> € Hs and from Eq. (89) we have

wis@- [y 7] (52 - (-0 R).

We prove it the same way for M = [(1) _01} The Hermitian matrix of the form
QM is
. 10 1 a b 0 -1 | d —b
MAM_{—l 0 [b d |t 0] |-b a

E(M*AM) = (

and

b VA
d’

_= O
@)
| IS
]
=]
I
—~
O
N—
Il
/?
ISEIS
*[5
N—
m

On the other side if we consider the action of M = [

‘Hs from Eq. (89) we have

0 1].(_b @)Z - (=) ?2 :<b ¢z>.

@ = | gl (-0

We get the desired result by simplifying the above and the equivariance of £ fol-
lows. U

Remark 13.3. Note that Thm. 13.3, as well as Thm. 13.12 is true if we replace C
by any number field K and the proof in both cases follows through in exactly the
same way.
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3.2. Reduction theory of Hermitian forms. Reduction of real binary forms with
respect to the action of SLy(Z), as described in Section 2.2, may be extended to
a reduction theory for binary forms with complex coefficients (Hermitian binary
forms) under the action of certain discrete subgroups of C. In order to do that we
need a discrete subring of C and then define the fundamental domain of this action.

Let H(Of) denotes the space of binary Hermitian forms with coefficients in
Ok, let HY(Of) denote the set of positive definite Hermitian forms with coeffi-
cients in O, and let H~ (Of) the set of indefinite Hermitian forms with coeffi-
cients in Ok. It is easy to show that the “Bianchi group' TI' = PSLy(Of) acts
on HT(Of) preserving discriminants.

The following definition is analog to the one for positive definite binary qua-
dratic forms.

Definition 13.7. A positive definite Hermitian form f € H'(Ok) is called a
reduced Hermitian form if {(f) € Fi.

Let K be an imaginary quadratic number field and O its ring of integers.
Define
H(Ox.A) = {f € H(Og) | A(f) = A}
to be the subspace of H (O ) with fixed discriminant A and
H*(0g, A) = {f € H¥(Ox) | A(f) = A}
the subspace of H* (O ) of fixed discriminant. Then the following theorem holds.

Theorem 13.13. Given A # 0 € Z, the number of reduced forms of H(Ok, A) is
finite.

The proof can be found in [37, pg. 411].

Corollary 13.5. For any A € Z with A # 0 the set H(O, A) (and H*(Og, A))
splits into finitely many SLo (O )-orbits.

Proof. This is an immediate consequence of Thm. 13.15 and Thm. 13.12 which
says that every f € H(Og, A) is PSLa(Ok )-equivalent to a reduced form. O

For any A € Z with A # 0 define
H(Ok,A) = SLy(O )\H(Ok, A),

and denote by h(Of, A) := ’ H(Og,A) ‘ where the number h(Op, A) is called

the class number of binary Hermitian forms of discriminant A. We define in
the same way for positive definite Hermitian forms H* (O, A) = SL2(Ox)\H ' (Ok, A)

such that bt (O, A) = ‘ Ht (O, A) ‘, and h™ (O, A) is called the class num-

ber of positive definite binary Hermitian forms of discriminant A. Note that
for A > 0 we have that h(Of, A) = 2hT (O, A).
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Given Ok and the discriminant A it is always possible to compute the class
number of positive definite binary Hermitian forms with given discriminant A. For
areduced binary Hermitian form we can get bounds on the coefficients of the form
depending only on the number field K as proven in the following theorem.

Lemma 13.5. Let Q(X, Z) = aX X +bX Z+bX Z+cZ Z be a reduced Hermitian
form, with discriminant A and let D = |A|. We have

D
a < £, b]? < cpa®, and ac < (1 + Ck) D
Tk Tk
for constant cy, depending only on the number field K.
Let us now consider the case when K = Q(i). The fundamental domain

of this action is Fz(;), as shown in Eq.(90). We want to count the number of

reduced positive definite binary Hermitian forms with a fixed discriminant A, i.e.
T (Z[i], A).

Let f = be a positive definite binary quadratic Hermitian form with

a
b
coefficients in Z[i] and non-zero discriminant A. The binary quadratic Hermitian
form f is reduced if £(f) € Fz).

Proposition 13.3. Let f(x,y) = axZ + bTy + bxy + cyy be a binary quadratic
Hermitian form. Then f is reduced over F' if and only if

_g < Re(b) < g, 0 <im(b) < g, a <c.
Moreover, ||b]| < a <ec.

Proof. The binary quadratic Hermitian form f is reduced if {(f) € Fy;), i.e.,

b VA
() = —a+\aﬁ EAREOL

Denote by z = —% and t = @. By the description of fundamental domain F7;)
given in Eq. (90) we have —% < Re(b) < %,0 < im(b) < %, and ||2|]* +¢* > 1.
Since ||z||? + t? > 1 we have

1BI? A Bl +ac—|b[* _ ¢

1< om 2
- a? + a2 a2 u
i.e. a < c. Now consider
2 2 2
bl = Re(®)? +im(b)? < =+ % = 5

Hence, |[b|| < “T\/i < a < ¢, which proves the last part. O
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By discreteness of Z[i], the elements a and b may take on only finitely many
values. The discriminant A = ac—bb, hence c is determined by a and b. Therefore,
¢ may take on only finitely many values too.

In Appendix A we list (count) the number of reduced binary quadratic Her-
mitian forms with fixed discriminant. To each tuple [a, b, ¢|] corresponds a binary
quadratic Hermitian form

QX,Z)=aXX +bXZ +bXZ +cZZ.
In the first column is given the discriminant, in the second one the reduced forms

[a, b, c] with that given discriminant, and in the third column the number of reduced
forms.

Proposition 13.4. Let f € Her™ (Op). If f is reduced over F then f has minimal
height in its G p-orbit.

Proof. Since f is defined over the Gaussian integers, as shown in [?2, Example
11020-1, the height is just b(f) = max{ 2| }. Since f is reduced, from above
Prop. 13.3 we have that

br(f) = max {[[b]], al, |c|} = ¢.

We need to show that this is the minimal height on its G -orbit. In analogy with
the case of binary quadratic forms defined over the reals we will prove it only for
the generators of G'r. Let () be the matrix associated to the given binary quadratic
Hermitian form. Consider first the action of .S on f. We have

" |1 O fa b] |1 1] | a a+b
QS:SQS_[l 1] [b c} [0 1]_[a+b a—l—ZRe(b)—FC]

b7(f5) = max { |fall, |la +bl|, la + Bl lla + 2 Re(b) + ]l } .

Since a > 0, and —§ < Re(b) < g, then [|a + 2Re(b) + c|| > c. Therefore,
br(f%) > br(f).

Let T act on f. The associated matrix to f7 is as follows

oo =i Ofa 0][i 1] [ a —aith
QT:TQT—[l z] [l_) c] [O —i]_[b-l-ic a+2im(b)+c]

and

and

br(47) = max { llall, || = i + bll 16+ icll, lla + 2im(®) + ||} .

But ¢ > 0, and 0 < im(b) < g, hence ||a 4+ 2im(b) + ¢|| > c. Therefore,
br(f7) > b(f).

Let U act on f. The associated matrix to the form fU is

e P | R R



3. REDUCTION THEORY OF HERMITIAN FORMS 333

Hence, br(fY) = br(f).
Lastly, let W act on f. The matrix associated to the new form f" is

W_*_Olqu—l_c—B

@ _WQW_[l O} [b C:| [1 0| |-b al’

and the height of the new form does not change. Hence, we conclude b r(fM) >
bp(f) forany M € Gp. Therefore, f has minimal height in its G p-orbit. ]
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4. Julia quadratic and Julia invariant for binary forms

In this section we introduce the Julia quadratic of binary forms. The Julia quadratic
was introduced in 1917 by Gaston Julia in his PhD thesis; see [70]. It did not get
the attention that it deserved. Indeed Julia became known for most of his other
work on Julia sets and fractals. However, in 1999 Cremona [34] used ideas of Julia
to explore the reduction for cubic binary forms. More recently Cremona and Stoll
in [125] gave a generalization of Julia’s work for binary forms defined over C.

4.1. Julia quadratic of binary forms with real coefficients. We will motivate
and define the Julia quadratic of a binary form of degree n > 2 with real coeffi-
cients. We will try to follow as closely as possible the approach and notation used
in Julia’s original paper [70].

Let f(z,y) € R[x,y| be a degree n binary form given as follows:
f(z,y) = apz™ + arz" ty 4+ apy”

and suppose that ag # 0. Let the real roots of f(z,y) be o, for 1 <i < r and the
pair of complex roots 3;, 8; for 1 < j < s, where r 4+ 2s = n. The form can be
factored as

s S

(96) fa1) =@ —a) - [[= - B = Ba).-

i=1 i=1
The ordered pair (7, s) of numbers r and s is called the signature of the form f.

We associate to f the two quadratics 7,.(x, 1) and Sg(x, 1) of degree r and s
respectively given by the formulas

T S
O Tp(z,1) =) t(z—a)?, and Si(z,1) =Y 2ui(z—B;)(z - B)),
i=1 j=1
where t;, u; are to be determined. Then

(98)

e = ()2 () oo (St
=1 i—1 1

74'7
S S S
Ss(z,1) =2 Zu? z?—4 Zu?Re(ﬁj) x4+ 2 Zu?HBJHQ
j=1 j=1 j=1

For a binary form f of signature (7, s) the quadratic @ is defined as

(99) Qf(x,1) =Tp(x,1) + Ss(x, 1).
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Let 8; = a; +b; - I,fori =1,...,s. Then Q; can be written as

T S
Qr = Zt?(mQ — 20z + a?) +22u3 (2 = 2a; -+ (a +13)),
i=1 j=1

T S T S
ao0) = (B2 ui)a® =2} ati+2) e
i=1 Jj=1 i=1 j=1

T S
+ (D otaf +2> ui-(aF+1b3)
1 j=1

i=

The discriminant of Qs is a degree 4 homogenous polynomialint1, ... %, u1, ..., Us.
We would like to pick values for ¢1,...¢,,u1, ..., us such that this discriminant is
square free and minimal. Then we can use the reduction theory of quadratics (with
square free, minimal discriminant) to determine the reduced form for ).

For quadratics 7" and S in Eq. (97) we define

a? - Arp ag'Ag
(101) Op = -2 =L fg = —0 75
2.2 uf - ud

Notice that 7). and S, are given recursively as
T, =T, 1+ t3(x — a,)?, Sy =S, 14 ul (mz — 2a,x + (a? + bg))
The next lemma gives formulas computing the discriminants of 7" and S.

Lemma 13.6. Let T, and S be quadratics given by
(102) T, (z,1) ZtQ T — ;) 2, and  Ss( Z2u Bj),

where B; = a; +1-b;, fori =1,...,s. Then'l,. € V >R and S, € V2R Moreover,

(103)
- (@i — aj)?
_ 2 2 i Yy 2 2
ATy) = -4ty 1) Z 242 g2 _4Zt £ ’
i,j=1 ni ny Nr—2 i<j

1)
ny #ivnl 75]

A(Ss) = =16 | > wjuf [(ai — a;)* + (b] +b7)] +Zu4b2

1<J j=1
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Remark 13.4. Notice that A(T,) and A(Ss) can be given recursively as follows

A(Try) = 42 7 tr+1 — ar1)”

A(Ss11) =A(Ss) — 16 (Z uiul g [(a1 — ag1)® + 07 + b2 4] + uﬁﬂbgH) .
i=1

Proposition 13.5. Let f € V,, g with signature (r, s) and equation as in Eq. (96).
Then Qy is a positive definite quadratic form with discriminant ® ; given by the
formula

(104) D =A(T;) + A(Ss) —8Zt3u§ (i —aj)® +b2).

Remark 13.5. From the above formula it can be seen that ® y is expressed in terms
of the root differences. Hence, Dy is fixed by all the transpositions of the roots.
However, it is not an invariant of the binary form. In order to get an invariant we
need to fix it by all symmetries of the roots, hence by an element of order n. It will
be seen later that @}L is an invariant of the binary form f.

The above remark motivates the following definition. We define the 6y of a
binary form as follows
ag - | D"/
[[= % HJ 1 “;L

The next couple of examples are given as a motivation for this definition.

(105) bo(f) =

Example 13.1. Let f € Vor. Assume that f has signature (2,0), say f(z,1) =
ao(z — o) (z — az) and discriminant Ay = a3 (o, — a2)?. Then

Qf(x,1) =To(x,1) = (t% + t2) x‘—2 (tloq + tQOéQ) x+ (t%a% + tga%)
and its discriminant,
Dp=—4 (a1 — a2)2t22t12 < 0.
Since t% + t% >0and Dy <0, then Qf € VQJ,FR‘ Moreover,

2, /@ 2
Qf:uzél 2 (051—042)2:4‘Af.

213 o
Assume now that f has signature (0, 1) (i.e. with no real roots). Then
f(@,1) = ao(z — B)(z — B)
for some 3 = a + bi € Ha and discriminant Ay = f4a(2)b2. Then,
Qf(x,1) = Si(z,1) = 2uf (z° — 2az + (a* + b?))
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and its discriminant Ag is given by
D= —16uib* < 0.
Thus, since QU% >0and Dy < 0then Qy € V{R. Then,
2, D 2
0y = 0NV ST V4|f| = 16a2b> = —4- Ay
uq

Next we continue with the general theory. Consider 6y(t1,. .., &y, u1, ..., us)
as a multivariable function in the variables ¢4, ..., ¢, uq,...,us. We would like
to pick these variables such that () is a reduced quadratic, hence Dy is minimal.
This is equivalent to 0y(¢1,...,t, u1, ..., us) obtaining a minimal value.

Proposition 13.6. The function 0y : R™* — R obtains a minimum at a unique
point (7?1, . ,Zr,ﬂl, - ,ﬁs).

Proof. Julia in his thesis [70] proves existence and Stoll, and Cremona prove
uniqueness in [125]. O

Definition 13.8. Choosing (t1,...,t,, 1, .., Us) that make 6y minimal gives a

unique positive definite quadratic Q ¢ (X, Z). We call this unique quadratic Q ¢(X, Z)

for such a choice of (t1, ..., t,, U1, ..., us) the Julia quadratic of (X, Z), denote
it by J1(X, Z), and the quantity 0 := 0y(t1, ..., &, U1, ..., Us) the Julia invari-
ant. From the previous remarks, this is well defined.

The following lemma shows that # is an invariant of binary forms and J a
covariant of order 2.

Lemma 13.7. Consider GL2(C) acting on V,, g. Then 6 is an invariant of binary
forms and J is a covariant of order 2.

We will prove this lemma in the next section for the general case, i.e. for
binary forms over C. Next, we make the necessary adjustments such that the above
construction will work for binary forms with complex coefficients as well.

4.2. Julia’s quadratic for binary forms with complex coefficients. Suppose we
are given a binary form f € V,, ¢ with f(z,y) = >, 2" %" and assume that
ap # 0. Then f(x,y) can be factored as

(106) f(@,y) = ao(yr@ — w1y)(y2x — x2y) - - (Y = Tny),
for [x;,y;] € P!,i =1,...n. Construct a quadratic form
(107)

n
Qz,y) =D 7 - |lyiw — iy
i—1

n n n n
= (Z t?\lyin) T — (Z t?w) vj — (Z t?wm) Ty + (Z t; -
=1 =1 =1 =1

Hwin) vy
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where t; are non-zero real numbers that have to be determined. Computing the
discriminant of the quadratic Q(X, Z) and simplifying it we get

108)  Dy= > 22|y —wyillP = Y 22|81
1=i<j=n 1=i<j=n

Note that |[3;;|| := ||yix; — x;y;||. Since the leading coefficient of () and D ; are
both positive then () is a positive definite quadratic Hermitian form. We define the

quantity 6g as
2
laol* - @7
t% 12

00(Qr) =

Consider 6 as a function
0o : P”_l\{((], 5,0} — P!
(t1y. . ytn) = Oo(t1, ... tn).
Since this is a function defined on P! then we take its domain to be
D= { (t1,.. . tn) €P": t%-t%--tfl:l}.

We would like to choose t1,...,t, such that Q) is a reduced quadratic, hence a
quadratic with minimal discriminant. Then 6 obtains a minimum exactly when
D obtains a minimum, under the assumption ¢% ---¢2 = 1. Our next task is to
determine in what values for (¢1,...,t,) this minimum occurs. For simplicity
denote by h = D ;. To find the critical points in the interior of D) we need to solve
Vi =0,1.e.

2,3 8 - llyiwy — vyl =0, i=1...n.
j=1
JF
Note that the only critical point in the interior D° is the tuple (0, ...,0), which is
not in the domain.

Next, determine the critical points on the boundary of D. Denote by g =
[T-, t? = 1. Using Lagrange multipliers we have to solve the system

i=1"
{ Vi =AY,

for A # 0. For convenience denote

Us :t?

? = llyix; — zay; |

and  a;j = ||Bi;

and we have

{ Z;}éluj "Qij = A 'Hi;éjuj, 1=1,...,n
Fa¥)
H?:1U1'21
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or equivalently

(109) i£g

[[ui=1

Summing up the first n-equations of the system in Eq. (109), we get

n
{ wi =1 Qi = A

n

(110) Z U Uy O 5 =n-A
,5=1
1<J

Then the left hand side of Eq. (110) is equal to 2 - © ¢. Therefore, 2- D¢ =n - A
and \ = 221
n

2
(111) A= 5 . Zuiujai’j.

i<j

Substituting A in the system in Eq. (109) we have

n-uy (ugoy 2 +uson 3 + -+ Uupoy ) =2 Z U
1<J

n-ug (uar2 +usee g + -+ upaay,) =2 - g U0
1<j

(112)

N Up (U102, + U3, + -+ + Up—10p—10) = 2 E Ui Q. j
i<j

ul-uQ--‘unzl.
Consider the first row. We have

ULU2001 2 T ULU3XL 3 + -+ F ULUROL n :E . (u1u2a172 + - Fujuparpt

UU3Q2. 3 + + + + + UgUpQ2 p+

+ un—lunan—l,n)
and combining like terms we have

(n — 2)(u1u2a1,2 +ujugar g+ -+ ulunal,n) =2 (UQU304273 + -+ ugupant

UULQZ 4 + + + + + U3UR Q2+

+ un—lunan—l,n) .
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The i’th row for¢ = 1, ..., n will look like
(113) (n—2)- Zuiujai,j =2 Z WULQY -
1<J <k

kA

Remark 13.6. We can make the substitution v; ; = u;u;; j, since in the formula
for the Julia invariant these are the terms that appear. Then the system becomes
a linear system with n equations and (g) variables. Obviously n = (Z), when
n = 3. Hence, the case of cubics is very easy.

Let V be the variety defined by the Eq. (112). We have the following result.

Theorem 13.14. V is a zero dimensional variety over C. Moreover, V has exactly
one real point given by
2 t2

U = — - ,
on ([lz - a4+ 12)

where t and z satisfy the following system

n

DL

Zle—alP+f "2
(114) n

= =yl + 2

Let (t1,...,%,) € R™ be the unique real point of V. From now on by 6

we will denote the function 6 evaluated at this unique point. The quadratic Q(f)
for the above values (%, ..., %,) will be denoted by J¢ and is called Julia’s qua-
dratic.

Lemma 13.8. Let GL2(C) act on V,, c. Then the following are true:
i) 0y is an invariant

ii) @? is an invariant.

Proof. Let f € V,, ¢ given by f(z,y) = [T\ (x — cuy). Let M = [i b] ©

d
S[Q ((C) act on f as follows
Yy c d 1 '

The roots of f* are respectively v; = M ~'o;. Assume first that none of the roots
of f go to infinity under M. Then the substitution for (x — a;y) is

ay; +b
cyi +d

axi + by, — (cx1 +dyr) = (a — cay) (1 — Yiy1)-
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Therefore, f(ax + byi, cx1 + dy1) = Ao [ (x1 — Yiy1), where
n

(115) Ag = ag [ J(a — aic).

i=1
Acting by the same matrix M on the positive definite binary quadratic () associ-
ated to f we get

s
QY =" ri (a1 — vim)®
where 77 is given as follows 77 = t2(a — a;c)?. Recall that D := A(Qy), and
when we act on a binary quadratic form by a matrix M, with det(M) = ), the
determinant is fixed. Then

y A2 CD}LM lao [Ti=,(a — aic)]” -, /’D” ao CD”
Oo(f") = =5 = ) 2
Hi:1 T Hz 1 tz (CL - Q4 C) Hz 1 7,

Now, assume the first p real roots of f(x,y) are equal to %, i.e. the first p-real roots

of f go to infinity under M. Then the substitution for (z — a;y) fori = 1,--- |p
becomes a
ary + by — E(C:El +dy1) = —%1

Hence, F(az1 + byi, cx1 + dy1) = Ao -y} [ 11— (x1 — viy1), where

agp H (a — a;c)

i=p+1

Ay =

The positive definite binary quadratic form associated to f(z1,y1) is

Q' = ZTny + Z —iy)?
i=p+1
where

G
7’2: 672 71_1 7p
! t2(a — a;c)? i=p+1,---,n

By calculating the Julia invariant of f(z1,y;) and simplifying it we get

AT (o w0) BB
- =

[[= 7 plcQHZ p+1tl( — ajc)? I[= &
Thus, 0o (f™) = 0y(f) and therefore 6 is an invariant.

Part ii) is a direct consequence of the definition of 6. (]
Corollary 13.6. Let f € V, c and FY its field of moduli. Then,

i)0; € Fy.

i) ag D'} € Fr(67).
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Proof. It is by definition that §; € F; and J; has coefficients in Fy[x, y]. Part iii)
is a consequence of the definition of ¢. ([

Remark 13.7. An open question is to express 0 in terms of generators of the rings
of invariants for degree n binary forms or absolute invariants of f which determine
the field of moduli of f.
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5. Reducing binary forms of higher degree

In this section we will describe reduction theory of higher degree binary forms.
First, we will explain the case of binary forms with real coefficients and then its
generalization to binary forms with complex coefficients.

5.1. Binary forms with real coefficients. To any form f € V,, g we associate a
positive definite quadratic Jy € V;R as showed above. In Section 2 we proved

that binary quadratic forms in V;’rR are in one-to-one correspondence with points
in the upper half plane H2. Hence, we have the following maps
C:Var = Vo = Ho
[ T5 = E(Tp)-
We call this map the zero map and denote it by ((f) := £(J7).

Proposition 13.7. The map ¢ : V;, x — H2 is SLa(R)-equivariant.

The proof of the above proposition is easy and it will be proved in the next
subsection for the more general case, i.e. binary forms with complex coefficients.
A binary form f € VR is reduced if ((f) € F». Next, we will adapt this to
binary forms with complex coefficients.

5.2. Binary forms with complex coefficients. For any form f € V,, ¢ the cor-
responding Julia quadratic is a positive definite Hermitian form. Previously we
proved that binary quadratic forms in Her (C) are in a one-to-one correspondence
with points in H3. Hence, we have the maps:

¢: Vue — Hert(C) — Hs
[ T = &(J5)
where ¢ is as defined in Eq. (95). Note that {(J) is the point in 3 associated to
the Hermitian form 7.

Lemma 13.9. The map j : V,,c — Her™ (C) is an SLa(C)-equivariant map, i.e.
for every f € Voo, H € Her™ (C) and M € SLy(C) we have j(fM) = j(f)M
which is equivalent to saying H pn = H}VI

Proof. We will prove it only for the generators of SLy(C), i.e. for S = [_01 (1)]

1

and T = [0

T] where m € C. First, for f € V,, ¢ such that

f=aole —ary)---(z — any)
and H € Her*(C) we want to prove that H ;s = H }q . We have

£ =A@ —my) (@ —Tmy)
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where Ay = apo and y; = — éz The binary quadratic Hermitian form associated
to f is
Hys =Y 2|z — vyl
On the other side,
Y
Hf = 3y et = o (- )
1
= el Pllz — vyl

Notice that for 72 = t2||;||?, we have that H}q = Hys. Now let us show Hr =

H? For f = ap(z — a1y) - - - (x — ay) and T as above we have

f1=Ao(e —my) - (& = my)
where Ay = ag and y; = «; — m. The binary quadratic Hermitian form associated
to f1 is
Hyr =Y 77 ||lv — vyl *
On the other side,
Hf =Y #lle+my —ayl? = e — (i —m)y|[> =D #]le — vyl >
Hence, for 72 = t? we have H¥ ¢ = Hyr and we are done. U

Proposition 13.8. The map ¢ : V,, c — H3 is SLa(C)-equivariant.

Proof. Let f € V,, c and M € SL3(C) be a matrix acting on the given binary form
f. We associate to f the Julia quadratic J¢ which is in Her™ (C). In Section 2
we proved that the zero map for binary quadratic Hermitian forms is an SLy(C)-
equivariant map. Then we have

C(fM) = §(Tpm) = §(j]£\4) from Lem. 13.9
= M~Y(Ty) from Thm. 13.12

= M¢(f).
Hence, ¢ is SLy(C)-equivariant. This is equivalent to saying that for any M €
SL2(C) the following diagram is commutative.

Voo L Her™(C) L. Hs
Ml \LM lM_l
Voo L Her™(C) LI Hs

0

Let K be a field of definition of f. Without loss of generality assume that f
has an integral model over Ok . We call f(x,y) to be reduced over K if (f) is in
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a fixed fundamental domain for the action of G i on A3, when such a fundamental
domain exists.

Definition 13.9. Let f € V,, ¢ be such that it has an integral model over some al-
gebraic number field K. We say f(x,y) is reduced if ((f) is in a fixed fundamental
domain for the action of SLa(Ok ) on Hs, when such a domain exists.

Let f be a given degree n binary form. To find the reduced form in its SLa (O )-
orbit we compute ((f). If ((f) is in the fundamental domain Fp, we are done,
the given form is the reduced one. Otherwise, compute M € G, such that
C(f)M € Fo, and fM " is the reduced form in its SLy (O )-orbit.

A natural question to ask is the following; Does the reduced binary form com-
puted this way have minimal height in its SLo(Ok )-orbit? We will address this
question in the remainder of this section.

Consider [ a degree n binary form and K its minimal field of definition. Let
M € SL(Of) be a matrix such that fM is reduced, i.e. £(f™) € Fx where Fg
is the fundamental domain of SLo (O ) acting on H3.

First we give a bound on the height of the reduced binary form with respect to
the Julia invariant.

Lemma 13.10. Ler f be a binary form with signature (n,0) factored as follows

fla, 1) =ao [J(x — v)
i=1
Then the height of this form can be bounded by Julia’s invariant as b(f) < c- 9}1/ 2

where
n(n—1)

n2
1\ ¢ 4 2 1
c=| = —
3 n—1 ag

Next we see that for binary cubics it is possible to express this bound in terms of
the discriminant of the cubic and then we compare this bound with bounds obtained
in [38].

Remark 13.8. Ifwe consider a binary cubic with signature (3,0) then from Lem. 13.10

we have .
1\4 1 3/2
bl <2 (=) = -0

Moreover, 05 = ag 32 |Ay %, (cf. Example 13.2). We can express the above bound
in terms of the discriminant of the binary form f

b(f) <2%af - AP
In [38, Thm 2, pg 162] it is proved that for a binary form f
21
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where C is some constant.

The results in [38] are in line with previous results of the author and his col-
laborators in bounding the height of the binary forms in terms of the discriminants.
There are many results comparing the height b(f) and A; by many authors, in-
cluding Mordell [85], Lewis [76], Mahler [81], Gyory [54], Birch [17], Bombieri
[21], and others.

We illustrate with an example for cubics.
Example 13.2 (Cubics). Let f, g € V3 g be cubic forms
f(z,y) = az® + bxy + cxy® + dy?
g(z,y) = arx® + biz’y + crzy® + dyy®
Assume that b(f) < b(g). How does b(Js) compares with b(J,)?
By the definition of the height we have that
max {a,b,c,d} < max{ai,bi,c1,dr}.
Julia quadratics Jy and J, for cubics are given by
Jt(x,y) = (b* — 3ac) 2 + (be — 9ad) vy + (¢* — 3bd)y?
Ty(z,y) = (01 — 3arc1) 22 + (bicr — 9ardy) zy + (¢f — 3bidr)y?,

see Example 13.2. Since the Julia quadratics are reduced quadratics by reduction
theory of binary quadratics, explained in Section 2, the height of Jy, respectively
Jyis | ? — 3bd|, and | ¢} — 3bydy |. We want to prove that | ¢} — 3bydy | > |¢® —
3bd|. This is an optimization problem. It would be interesting to see a geometrical
interpretation of it.

Finding a relation between the © y and A ; would give a formula for the Julia
invariant 6 in terms of A ;. That would give a bound for b( f) in terms of Ay.
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6. The minimal absolute height of binary forms

Let K be a number field and Of its ring of integers. We want to develop a re-
duction theory in the following sense: given a binary form f(x,y) over O we
determine its integral model with minimal height b( f) over K.

Lemma 13.11. Ler f and g be two binary forms of degree n and M a matrix in
SLo(Ox) such that g = fM. Associate to these binary forms f and g respectively
the Julia quadratics Jy and [J,. Then the following holds:

i) Ty = TN

i) Ay, = Ag,

Proof. The proof is trivial. Part i) follows directly from Lem. 13.9 and part ii) is
true since we are acting with a matrix of discriminant one. (]

Hence, the discriminant © ; of the Julia quadratic is an invariant of the binary
form. An interesting problem to consider would be to express © s in terms of the
generators of the invariant ring R,.

The following theorem gives us a method to find the form with minimal height
among all SLo (O )-orbits.

Theorem 13.15. Let f be a degree n binary form defined over K and J its Julia
quadratic, ® ¢ its discriminant, and L = K (D). Then [L : K] < n. Let r be the
class number of Jy over L and M, . . ., M, the matrices with entries in SLa(Of)
that send J¢ respectively to {Jy,...,J.}. The form fMi for some j = 1,...,r
has minimal height over SLa(Ok).

Proof. Let Dy = Ay, be the discriminant of the Julia quadratic associated to
the degree n binary form. From Cor. 13.5 for any A € O, with A # 0 the set
Va,0, (A), i.e. the set of binary quadratics with that fixed discriminant, splits into
finitely many SLy(Op)-orbits. Assume r is the class number of Jy over L and
{J1,...,J.} are representative reduced quadratics of each of these orbits. Let

{Mi, ..., M} € SLy(Oy) such that J}" = J;.

Act with the same matrices on the form f to get fM1, ..., fMr  these are well
defined from Lem. 13.11. The form with minimal height over all SLy (O, )-orbits
will be the one with smallest height among {1, ..., fMr}. This way we are
finding the “best" binary form amongst all SLo (O} )-orbits. O

Once we find the “best" binary form amongst all SL2(Op,)-orbits we can lower
the height of the reduced form if we consider diagonal matrices with entries in O
This is done as follows. Let f be a reduced form of degree n > 3 given by

f = ana" 4t any”,

where ag,...,a, € Ok. Consider M = diag (a, 3) the diagonal matrix with
a, 8 € Og. Hence, fM = (ax, By).
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Consider f(ax,y). The height b(f) can be lowered only if all coefficients of
f(ax,y) have a common factor. Hence, we must choose « such that « | ay.

By the same argument, we choose /3 such that 3 | a,,. Obviously there are only
finitely many choices for M = diag («, ). Among all such choices we choose M
that gives the smallest height. Obviously, M ¢ SLy(Of ) therefore acting with M
on the reduced form will lower the height. Hence, we have the following:

Theorem 13.16. Ler f =" a;x'y™ " be a reduced binary form. Choose M =
diag («, 8) such that o | ag and 3 | a,, and

b(F*) = min {b ( f4i98 (@) |

Then b(fM) < b(f).

Proof. Let f = >_' ;a;x'y" " be a reduced binary form. Pick v and /3 such that
a|ap and | a,. Then

n
flaz, By) =) aia!g" "oty
=0

The content of this new polynomial is ged(ag, a1aB" 1, ..., a,a™). We choose
the form with the smallest height among all primitives of f(«ax, Sy), where o, 3
are as above. U

6.1. An algorithm to find the minimum absolute height. We put everything
together in the following algorithm, which finds the form with minimal height
among all GLy(Of )-orbits is as follows.
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Algorithm 1 Computing the binary form with minimal absolute height

Input: A degree n binary form f(z,y) € V,, 0,

Output: A binary form F' € V), o, which is GL3(K)-equivalent to f and has

PSR S

10:

11:

minimal absolute height.

Compute the Julia quadratic J; associated with the binary form f, as explained
in Eq. (4.2).

Compute the zero map £(J) € H using Eq. (95).

Find the matrix A such that f(jf)frl € Foy,.

Assign f :=red(f) = f4 and J := J}‘rl.

Compute the discriminant A ; of the quadratic form J.

Let L := K(Ay) and hy(J) := r be the class number of .J over L.
Determine all quadratics {.Ji,...,J,} equivalent to J over L, and let
My, ..., M, € GLg(L) be the matrices such that J = JZML', fori=1,...,r.
Compute the set of forms

Jro= g = P
Foreachi = 1,...,r, repeat steps 1-4 to compute red(f;).
Foreach j = 1,...,rand f; = Y I, a;x'y" %, do the following: Choose
M = diag («, B) such that a| ag and 3| ay, and pick g; := pdiag (@.8) gych

that )
b(*) = min {b (74528 (7)) |
is minimal.
Pick the form F' € V;, o, with the smallest height among g1, ..., g,.
return F’

Next we highlight a few remarks about the efficiency of the algorithm.

Remark 13.9. For practical purposes computing (( f) numerically is satisfactory
since we can find A € G such that ((f )A € F. Hence, the algorithm can be made
rather efficient. The reduced form red(f) has smaller coefficients and expected
minimal height in its G-orbit.

Exercises

13.2.






Chapter 14

Minimal models

1. Preliminaries

Aring A ais called a discrete valuation ring if it is a principal ideal domain which
has a unique prime ideal. Let m be the prime ideal of A. Obviously m is maximal.
The field A/m is called the residue field of A. Since A is a principal domain then
m is principal, say m = (7). Then 7 is called the uniformizing element of A, or
the uniformizer of A.

Exercise 14.1. Let K be a field and v : K* — Z be a valuation. Then A = {x €
K :v(zx) > 0} is a discrete valuation ring (DVR).

Every non-zero element x € A can be written as = 7™« where n € N and u
is a unit in A.
Let A be a Notherian integral domain such that for all non-zero prime ideals p

of A, A, is an discrete valuation ring, then A is called a Dedekind domain. A is
a DD if and only if A is integrally closed and dim(A) = 1.

Let A be an integral domain and K its field of fractions. [ is a fractional
ideal of A if it is a sub-module of some A-module such that / C K and is finitely
generated. One says that I is invertible if there exists J C K such that IJ = A.
Every ideal of A is obviously an fractional ideal.

Exercise 14.2. A is a DD if and only if every non-zero fractional ideal is invertible.

The non-zero fractional ideals of a DD form a group under multiplication. This
group is called the ideal group of A.

Exercise 14.3. The lattice of all ideals of a DD is distributive.

The following theorem is the main ingredient in the theory of Dedekind do-
mains.

351
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Theorem 14.1. Every non-zero ideal of a DD can be written uniquely as a product
of prime ideals.

See [43] for the proof.

Exercise 14.4. Every fractional ideal of a DD can be generated by at most two
elements.

The following is of most importance feom our point of view.

Theorem 14.2. Let O be the ring of integers of a number field K. Then Oy is a
DD.

1.1. The ideal class group and the group of units. In this section A denotes a
Dedekind domain with field of fractions K. The set of fractional ideals of A forms
an abelian group which we denoted by 7 4. We will extend the notion of a principal
ideal to that of a fractional principal ideal. We say that b is a principal fractional
ideal of Aifb=0bA ={x € K : x = by for some y € A} for some b € A.
Denote the set of all fractional principal ideals of A by P4.

Proposition 14.1. The set Py is a subgroup of 1 4.

We call the quotient group

C Pa

the ideal class group of A. The elements of this group are called the ideal classes
of A and the order of CI(A) is called the class number of A. Cl(A) measures
how much A deviates from a PID. Show as an exercise that:

Exercise 14.5. CI(A) = 1 if and only if A is a PID.

Cl(A)

Proposition 14.2. Every ideal class contains an A-ideal, and two A-ideals I, and
I, lie in the same class if and only if [yx1 = Iyxo for some non-zero elements x|
and x9 in A.

(See Frohlich and Taylor; 1.18 pg. 46)

Proposition 14.3. Given finitely many distinct prime ideals Py, P», ...P,, of A and
an ideal class C € CI(A), there is an A-ideal I in C which is not divisible by any
of the P;’s.

(See Frohlich and Taylor; 1.18 pg. 46)
As an immediate consequence of the above prove the following:
Exercise 14.6. Prove that any ideal class C is of the form
C =11C;"

where C;’s are the ideal classes of prime ideals and o;’s are non-negative integers.
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Theorem 14.3. Let A be the ring of integers of an algebraic number field, then
every ideal class of A contains a prime ideal

Let us now follow a different path. Consider the map
¢: K" — Iy
a— (a)
Then the image of ¢ is P4. Notice that Ker(¢) is the set of invertible elements of
A, which we denote it by A* Thus, we can get an exact sequence of groups,
1 — A" =K' — 14— Cl(A) — 1
Let K = Q and A = Z, then we get,
1 — {1} - Q" — Iz — Cl(Z) — 1
but Cl(Z) = 1 since Z is a PID. Then we have,

1 —{+l} - Q" — Iz —1

Let A be a ring of algebraic integers of some number field K. We will show
that A* is a finitely generated abelian group and compute its torsion subgroup and
its rank.

1.2. Computing the class numbers for fields of low degree. The main purpose
of this section is to make the reader comfortable with some basic applications of
computing the class numbers. Most books in algebraic number theory will have
very few examples of this type. The best books that I know would be [Lo] and [FT].
This is an exiting area of algebraic number theory, often referred as "Computational
Algebraic Number Theory". An excellent introductory textbook would be [Co].

Exercises
14.1. Let A be a commutative ring. Show that A is a discrete valuation ring if and
only if A is a local Notherian ring such that the maximal ideal M is generated by
a non-nilpotent element.
14.2. Let A be a Notherian integral domain. Then the following are equivalent:

1. A is a discrete valuation ring

2. A is integrally closed.

3 A has a unique non-zero prime ideal
14.3. Let M be a fractional ideal of a commutative ring A. Then the following are
equivalent:

1. M is invertible

2. M is finitely generated and M, is invertible for every p, prime in A.

3. M is finitely generated and M, is invertible for every m, maximal in A.
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Exercise 14.7. Let A be a local ring. Show that A is a discrete valuation ring if
and only if every non-zero fractional ideal is invertible.

Exercise 14.8. Let A be an integral domain.

(b) Prove that a valuation ring A is discrete if and only if it is a principal ideal
domain.

(c) Prove that a valuation ring is discrete if and only if it is Notherian.

14.1. Let F be a field; prove that the ring of formal power series F[[T]] is a discrete
valuation ring.

14.2. Let R be a valuation ring with fraction field K. Show that R is integrally
closed in K.

14.4. Prove that if a Dedekind domain has only a finite number of prime ideals
then it is a PID.

14.5. Let A be a Dedekind domain and S a multiplicative set in A. Show that S~' A
is a Dedekind domain.

14.6. Is the subring of a Dedekind domain a Dedekind domain. Prove or give a
counterexample.

14.7. Among the following integral domains, decide which ones are Dedekind do-
mains, and give a brief explanation.

(a) Z|T), the polynomial ring over the integers, in one variable.

(b) Z[/—5] = {a+by/=5 : a,be Z}.

(c) The ring F[[T] of all formal power series in one variable, over the field F.
(d) F[T1,Ts)], the polynomial ring in two variables, over the field F.

(e) Z|v10] = {a+bV/10 : a,b e Z}.
14.8. Prove the Gauss lemma for the Dedekind domains.

14.9. Find a Dedekind domain which is not a PID, a UFD.

2. Minimal integral models

Let F be an algebraic number field and Oy, its ring of integers. The isomorphism
class of a smooth, irreducible algebraic curve C' defined over Oy, its determined by
its set invariants which are homogenous polynomials in terms of the coefficients
of X. When X is a superelliptic curve then these invariants are generators of the
invariant ring of binary forms of fixed degree.

If C is a hyperelliptic curve over JF, then the discriminant of C'is a polynomial

given in terms of the coefficients of the curve. Hence, it is an ideal in the ring of
integers Oy. The valuation of this ideal is a positive integer. A classical question is
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to find an equation of the curve such that this valuation is minimal, in other words
the discriminant is minimal.

The simplest example is for C' being an elliptic curve. There is an extensive
theory of the minimal discriminant ideal ©¢ /. Tate [126] devised an algorithm
how to determine the Weierstrass equation of an elliptic curve with minimal dis-
criminant as part of his larger project of determining Neron models for elliptic
curves. An implementation of this approach for elliptic curves was done by Laska
in [74]. Tate’s approach was extended to genus 2 curves by Liu [77] for genus 2,
and to all hyperelliptic curves by Lockhart [78].

2.1. Minimal discriminants over local fields. Let K be a local field, complete
with respect to a valuation v. Let O be the ring of integers of K, in other words
Ok = {z € K|v(z) > 0}. We denote by O}, the group of units of Ok and by m
the maximal ideal of Of. Let 7 be a generator for m and &k = O /m the residue
field. We assume that F is perfect and denote its algebraic closure by F.

Let X, be a superelliptic curve of genus g > 2 defined over K and PP a K-
rational point on X;. By a suitable change of coordinates we can assume that all
coefficients of & are in Of. Then, the discriminant A € O In this case we say
that the equation of X} is integral.

An equation for X is said to be a minimal equation if it is integral and v(A)
is minimal among all integral equations of X,;. The ideal I = m®(A) is called the
minimal discriminant of X,.

3. Minimal discriminants over global fields

Let us assume now that K is an algebraic number field with field of integers Ok
Let M be the set of all inequivalent absolute values on K and M?( the set of all
non-archimedean absolute values in Myg. We denote by K, te completion of K
foreach v € M?{ and by O, the valuation ring in K. Let p,, be the prime ideal in
Ok and m, the corresponding maximal ideal in K. Let (X, P) be a superelliptic
curve of genus g > 2 over K.

Ifo e M?( we say that X is integral at v if X is integral when viewed as a
curve over K,,. We say that X is minimal at v when it is minimal over K.

An equation of X over K is called integral (resp. minimal) over K if it is
integral (resp. minimal) over K, for each v € M.

Next we will define the minimal discriminant over K to be the product of all
the local minimal discriminants. For each v € M?( we denote by A, the minimal
discriminant for (X, P) over K,. The minimal discriminant of (X', P) over K is

the ideal
Ay
Ax/k = H mg( )

ve MY
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We denote by ay the ideal ay = HUEM?{ pg(Au).

Theorem 14.4. Let (X, P) be a superelliptic curve over Q. Then its global min-
imal discriminant A € 7. is unique (up to multiplication by a unit). There exists a
minimal Weierstrass equation corresponding to this A.

Next we briefly describe how this minimal Weierstrass equation is determined
for superelliptic curves.

Remark 14.1. In general (K an algebraic number field) with class number > 1,
then the curve may not have a minimal Weierstrass equation.

3.1. Elliptic curves and Tate’s algorithm. Let E be an elliptic curve defined over
a number field K with equation
(116) y2+a1xy—i—a3y:x3+a2x2+a4x+a6.
For simplicity we assume that F is defined over Q, the algorithm works exactly the
same for any algebraic number field K.

We would like to find an equation
(117) y? + dyxy + dyy = 23 + aha® + alx + ag,.
such that the discriminant A’ of the curve in Eq. (117) is minimal. Since we want
the new equation to have integer coefficients then the only transformations we can
have are

z =u?zr + T, Y = uBy’ +u?sz’ +t

for u,r,s,t € Z and u # 0. The coefficients of the two equations are related as
follows:

ual = aj + 2s, u4aﬁ1 = a4 — sag + 2rag — (t +rs)a; + 3r? — 2st
udaly = az + ray + 2t, ulay = ag + rag + rag +r® —taz — rtay —t*
u?al, = ay — say + 3r — 5%, u?A' = A

The version of the algorithm below is due to M. Laska; see [74].

STEP 1: Compute the following
cy = (a2 + 4as)? — 24(ara3 + 2a4),
ce = —(a? + 4as)® + 36(a? + 4az)(a1a3 + 2a4) — 216(a2 + 4ag)

STEP 2: Determine the set S of integers u € Z such that there exist x,, y, € Z
such that u* = z,c4 and uSy, = cg. Notice that S is a finite set.

STEP 3: Choose the largest u € S, say ug and factor it as ug = 2% 3 v, where v
is relatively prime to 6.
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STEP 4: Choose

n n
ay,ay € {Zaiwi|ai20 01‘1} and a), € {Zaiwi|ai:—1,0 01‘1}

i=1 i=1
subject to the following conditions:

(a'1)4 =z, mod 8, (alz)?’ = —(a/1)6 — 1y, mod 3.

STEP 5: Solve the following equations for @ and aj

oy = (a)” + 4ab)* — 24(adfy + 2d}),
yu = — (1" + 4a5)* + 36(a;” + 4aj) (@) a + 20}) — 216(a}” + dap)

STEP 6: Solve the equations for s, r, ¢ successively

ua) = ay +2s, u’dy=as —say +3r — 5%, ulay =az+ra; +2t

For these values of af, . .., ag the Eq. (117) is the desired result.
For a complete version of the algorithm see [74].

4. Superelliptic curves with minimal weighted moduli point

Now we will consider the minimal models of curves over Q. Let X be as in
Eq. (51) and p = [Z(f)] € WP}, (F). Let us assume that for a prime p € Oy, we
have v, (wged (p)) = a. If we use the transformation z — S5, for § < a, then
from Prop. 7.2 the set of invariants will become

1
= *Z(f)
p2”

To ensure that the moduli point p is still with integer coefficients we must pick

Bd .. . . . .
£ such that pz divides p*»(#) for i = 0,...,n. Hence, we must pick 3 as the
maximum integer such that 8 < %I/p(l’i), forall ¢ =0, ..., n. The transformation

(2,y) — (;B,y> :

1
= 0
has corresponding matrix M = [pg 1] with det M = piﬁ. Hence, from Prop. 7.2

the moduli point p changes as p — (#)dm * p, which is still an integer tuple.
We do this for all primes p dividing wged (p). Notice that the new point is not
necessarily normalized in WP}, (F) since [ is not necessarily equal to «. This
motivates the following definition.
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Definition 14.1. Let X be a superelliptic curve defined over an integer ring Oy,
and p € WP (Oy) its corresponding weighted moduli point. We say that X has a
minimal model over Oy, if for every prime p € Oy, the valuation of the tuple at p

val,(p) := max {v,(x;) foralli =0,...n},
is minimal, where v, (x;) is the valuation of x; at the prime p.

Theorem 14.5. Minimal models of superelliptic curves exist. An equation X :

2Myd=m = f(x,v) is a minimal model over Oy, if for every prime p € Oy which
divides p | wged (Z(f)), the valuation val, of Z(f) at p satisfies

d
(118) val,(Z(f)) < 5 &>

foralli=0,...,n. Moreover, then for A\ = wged (Z(f)) with respect the weights
<V7§10J Y L%J ), the transformation
(z,y,2) = (;y,/\%z)

gives the minimal model of X over Oy. If m|d then this isomorphism is defined
over F.

Let X be a superelliptic curve given by Eq. (51) over Oy and p = Z(f) €
WP (O) with weights to = (qo, ..., ¢n). Then p € WP (Oy) and exists M €
1

SLa(Of) such that M = [A O] and A as in the theorem’s hypothesis. Then

0 1
Eq. (118) holds.
Let us see how the equation of the curve X’ changes when we apply the trans-
formation by M. We have

d d—1
_ x x x T g
ZMydTm = f (X,y> = ddyg +adflwy+-~+alxyd Lt agy?

Hence,
(119) X" X2yt = qga? + Aag_1zTy + -+ A aizy® T 4+ Magy?

This equation has coefficients in Oy. Its weighted moduli point is

(/M) = L z(p),

A2
which satisfies Eq. (118). It is a twist of the curve X" since A¢ is not necessary a
m-th power in Of. The isomorphism of the curves over the field & (A%> is given
by

(x,y,2) = (;,y, )\%z>

If m|d then this isomorphism is defined over F and X’ has equation

X' - Zmyd—m — adl'd + )\ad_ll‘d_ly—F et )\d_lalxyd_l + /\daoyd
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Corollary 14.1. There exists a curve X' given in Eq. (119) isomorphic to X over
the field K = k (wgcd (p)%> with minimal SLy(Oy)-invariants. Moreover; if
m|d then X and X' are F-isomorphic.

A simple observation from the above is that in the case of hyperelliptic curves
we have m = 2 and d = 2g + 2. Hence, the curves X and X’ would always be
isomorphic over F. So we have the following.

Corollary 14.2. Given a hyperelliptic curve defined over a ring of integers O.
There exists a curve X' F-isomorphic to X with minimal SLo(Oy,)-invariants.

5. Stability of superelliptic curves

Exercises

14.3.






Appendix A

Quadratics with A < 163

A Reduced form representative of classes n

-3 [1,1, 1] 1
-7 [1,1,2] 1
11 [1,1, 3] 1
-15 [1,1,4], [2,1,2] 2
-19 [1,1,5] 1
-23 [1,1,6], [2,£1,3] 3
-27 [1,1,7] 1
-31 [1,1,8], [2,£1,4] 3
-35 [1,1,91,[3,1, 3] 2
-39 [1,1,10], [2, + 1, 5], [3, 3, 4] 4
-43 [1,1, 11] 1
-47 [1, 1, 12], [2, &1, 6], [3, 1, 4] 5
-51 [1,1,13],[3,3,5] 2
-55 [1,1,14],[2,+1,7], [4,3,4] 4
-59 [1,1,15], [3,£ 1, 5] 3
-63 [1,1,16],[2,+1,8],[4,1, 4] 4
-67 [1, 1, 17] 1
-71 [1,1,18],[2,+1,9], [3, + 1, 6], [4, = 3, 5] 7
-75 [1,1,19], [3,3,7] 2
-79 [1,1,20], [2, £ 1, 10], [4,+ 1, 5] 5
-83 [1,1,21], [3,£1,7] 3
-87 [1,1,22], [2, £ 1, 11], 3, 3, 8], [4,£ 3, 6] 6
91 [1,1,23],[5,3,5] 2
-95 [1,1,24],[2, = 1, 12], [3, £1, 8], [4, £ 1, 6], [5,5, 6] 8
-99 [1,1,25], [5,1,5] 2
-103 [1,1,26], [2, £1, 13], [4, 3, 7] 5
-107 [1, 1,271, [3, 1, 9] 3
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Table 1: Classes of quadratics with given discriminant

A Reduced form representative of classes n
-111 [1,1,28], [2, £ 1, 14], [4, £1, 7], [3, 3, 10], [5, 3, 6] 8
-115 [1,1,29],[5,5,7] 2
-119 [1,1,30], [2, £1, 15], [3, +1, 10], [5, 1, 6], 10

[4, £3, 8], [6, 5, 6]
-123 [1,1,31],[3,3,11] 2
-127 [1,1,32], [2, +1, 16], [4, £1, 8] 5
-131 [1,1,33], [3, £1, 11], [5, +3, 7] 5
-135 [1,1,34], [2, +1, 17], [4, £1, 9], [5, 5, 8] 6
-139 [1, 1, 35], [S, £1,7] 3
-143 | [1, 1, 36], [2, £1, 18], [3, +1, 12], [4, £1, 9], [6, 1, 6], [6, £5,7] | 10
-147 [1,1,37],[3,3,13] 2
-151 [1,1,38], [2, 1, 19], [4, £1, 10], [5, +1, 8] 7
-155 [1,1,39], [3, £1,13],[ 5,5, 9] 4
-159 [1, 1, 401, [2, 1, 20], [3, 3, 14], [4, £1, 10], 10

[5, £1, 8], [6, 3, 7]
-163 [1,1,41] 1
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Table 2. Classes of binary quadratic Hermitian forms with given discriminant

A | Reduced form representative of classes given by [a, b, c] | n
1 [1,0, 1] 1
2 [1,0,2],[2,0,2],[2, £ 1-3, 2] 4
3 [1,0,3],[2, £ 1,2],[2, -4, 2] 4
4 [1,0,4],[2,0,2],[2, £1-i, 3] 4
5 [1,0,5],[2, &1, 3], [2, -4, 3] 4
6 [1,0,6], [2,0, 3], [2, £1-i, 4] 4
7 [1,0,7], [2 +1, 4], [2, -, 4], [3, £1-4, 3] 6
8 [1,0,8],[2,0,4],[2, +1-,5], [3, £ 1, 3], 9
[3, -1, 31, [4,£ 2 -24, 4]
9 [1,0,9], [2, £1, 5], [2, -i, 5], [3, 0, 3] 5
10 [1,0,10], [2,0, 5], [2, £1-4, 6], [3, £1-i, 4] 6
11 [1,0, 111, [2, &1, 6], [2, -4, 6], [3, £ 1, 4], 11
[3, -7, 4], [4, £ 2 -i, 4], [4, £1-24, 4]
12 [1,0,12],[2,0, 6], [2, £1-4, 7], [3, 0, 4] 5
13 [1,0,13], [2, +£1, 7], [2, -4, 7], [3, £1-4, 5], 6
14 [1,0,14], [2,0, 7], [2, £1-4, 8], [3, £1, 5], 9
[3, -7, 5], [4, £1-4, 4]
15 [1,0,15], [2, £1, 8], [2, -4, 81, [3, O, 51, [4, £2, 4], 12
(4, -2i, 4], [4, £1-2i, 5], [4, +2-4, 5]
16 [1,0, 16],[2, 0, 8], [2, +1-7, 9], [2, £1-1, 6], 12
[4,0, 4], [4, £2, 5], [4, -2¢, 5]
17 [1,0,17], [2, 1, 9], [2, -4, 9], [3, £1, 6], 10
[3, £, 6], [5, £2-24, 5]
18 [1,0, 18], [2, 0, 9], [2, £1-4, 10], [3, O, 6], 10
[4, £1-4, 5], [4, £2, 5], [4, -2i, 5]
19 [1,0,19], [2, + 1, 10], [2, -¢, 10], [3, £1-2, 7], 13
[4, £1, 5], [4, -i, 5], [4, £1-2i, 6], [4, +2-1,6]
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Genus 4 superelliptic
curves
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CHAPTER B. GENUS 4 SUPERELLIPTIC CURVES

Table 1. Equations of genus 4 superelliptic curves

H # ‘ dim ‘ aut ‘ equation H
23] 1 5.1 v’ =x(x—1)(z — )
9 0 | (151 Y =23 -1
1] 0 | (10,2 v’ =z(2? - 1)
4| 3 (3.1) =z —1)(z - a1)(r — )z — a3)
2812 | (62 y? = (2* = 1)(2* — a1)(2? — ag)
15 1 | (183) y3 =20 + a3+ 1
171 1 | (12,5 Y3 = (2?2 — 1) (a* — X2? + 1)
21 0 | (7242 v =x(xt —1)
51 0 | (36,12) y? =28 -1
35 3 (3.1 y? = (2?2 — 2)(a* + ba® + cx + d)
29 2 (6,1) y3—1:m(ac5+(b—2)a:3+x3c—(2b—|—1/2)x—2c)
12| 1 | (36,10) P —1=a% 4+ 3 +17?
18] 1 | (124 1= (ac — 1)(x —a1)(2? — a3)
31 0 | (72,40) P —1=2a0 197
36| 3 3., 20 + 523 + axy® + b’y + ey +d =0
19 1 | (12.3)
39| 5 2,1) 28 + az* + ba? + ca®y? + day + fi? + 1
38| 4 (4.2)
25| 2 (8,3)
32| 3 (4.2)
30| 2 4.,1) =z ( —1)(x—ar)(z — ag)
10 0 | (12,2 =2%(z3 - 1)
40| 6 Q2.1 [0 +ayt +by? + ety +dytr +ade+ fat+gr+1=0
31| 3 (6,1)
221 1 (6,2) Yo =2(z - 1)(z —a)
24| 2 | (124)
200 1 | (10,1)
13| 1 | (24,12
1| 0 |(120,34) Y’ = (22 — 1) (2t + 1)?
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affine
n-space, 77
algebraic set, 77
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coordinates, 77
line, 77
patch, 87
planar curve, 77
plane, 77
points, 77
variety, 78
algebraic
curve, 89
extension of F/k, 50
function field, 41
surface, 86
analytic function, 26
associated ideal, 85

binary
forms, 83
quadratics, 82
branch
locus, 114
point, 114
branched coverings, 102
branched place, 50

canonical
divisor, 48
series, 125

Castelnuovo’s inequality, 57
chain rule, 47
change of coordinates, 25
compatible, 25
complete linear system, 121
complex
atlas, 25
chart, 25
structure, 25
conorm, 51
conorm map, 51
coordinate ring, 78
cover, 105
morphism, 105
covering, 5
curve
smooth, 91
cusp, 92, 102
cyclic n-gonal curve, 119

decomposition field, 58
decomposition group, 58, 114
Dedekind Different Theorem, 56
Dedekind domain, 351
defined

at P, 78
degree

map, 45

of a place p, 43
dehomogenization, 86
diagonal quadratic forms, 80
different, 56

divisor, 56
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exponent, 56
differential, 47
dimension, 78, 86
dimension of a general linear system, 121
dimension of the divisor D, 47
discrete valuation ring, 351
discrete valuation ring, 42
divisor

class group, 46

group, 44

of F/k, 44

prime, 44

field of constants, 41

field of definition, 81

field of rational functions, 78
form, 80

full constant field of F, 41
function field , 85

function field of X, 88
fundamental group, 5

gap number, 121

general linear system, 121
genus of F/k, 47
gonality, 108

graded ring, 80

graded rings, 84

Hausdorfft, 25

holomorphy ring, 53
homogenization, 86
homogenous coordinate ring, 80, 85, 88
homogenous coordinates, 80
homogenous ideal, 80, 84, 85
Homogenous Nullstellensatz, 85
homogenous polynomial, 82
homotopic, 5

homotopy, 5

homotopy class, 5

Hurwitz genus formula, 56, 105
hyperelliptic involution, 135
hypersurface, 77, 78

ideal of polynomials vanishing on X, 78
inertia field, 58

inertia group, 58

infinite place, 44

inflection point for the linear system, 122
inflectionary basis, 122

inflectionary weight, 124

integral closure of R in F, 53

integral over R, 53

integrally closed, 53

intersect properly, 95

intersection number, 95

inverse path, 5

irreducible, 85

irreducible algebraic set, 78
irreducible projective algebraic set, 85

Kummer extension, 58

Liickensatz, 126

lie over, 50

lift, 7

local complex coordinate, 25
local integral basis, 54

local parameter, 42

local ring of X" at P, 89
local ring of X at P, 79

manifold, 5
Max Noether’s theorem, 100
meromorphic, 26
global, 47
meromorphic n-fold differential, 123
minimal field of definition
of a projective point, 81
module
of Weil differentials, 47
multiplicity, 91
multiplicity of P, 93
multiplicity of point, 92

node, 92
non-singular point, 89, 91
non-singular variety, 78

order of vanishing, 102
ordinary point, 92

path, 5
place, 42
lie over, 50
ramification index, 50
ramified, 50
unramified, 50
pole divisor, 45, 46
pole of a rational function, 43
pole set, 78
positive divisor, 45
prime
relative degree, 50
prime ideal, 89
principal divisor, 45, 46
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product of paths, 5
projective
algebraic curve, 86
algebraic set, 80, 84, 85
algebraic variety, 80, 85
closure, 86, 87
line, 80
line over C, 80
line over R, 80
point smallest coordinates, 82
space, 80

quasi projective variety, 80, 86

ramification index, 50, 58, 103
ramified, 57, 103
rational

function, 78

function field, 41

places of a function field, 43
relative

degree, 58

degree of a prime, 50
residue

class field of p, 43

class map, 43
Riemann

surface, 86
Riemann Surface, 25
Riemann’s inequality, 57
Riemann’s Theorem, 47
Riemann-Roch

space, 46

Theorem, 48
rotation number, 119

second countable, 25
set
of k-integral points, 80

of k-rational points of P"(k), 80, 81

of all places, 42

of integral points of P"(k), 81

simple
cover, 109
point, 91
singular point, 92
smooth
at a point, 78
curve, 92
stabilizer at P, 114
subring of a function field, 53
support, 44

tame, 57

tamely ramified, 56, 57, 105
tangent lines, 91

ternary quadratic form, 80, 83
transition function , 25
transversal intersection, 95

uniformizing parameter, 42
unramified, 50

valuation ring, 41
of the place p, 42

Weierstrass
gap number, 126
gap theorem, 126
point, 125, 126, 135
weight, 125
wildly ramified, 56, 57, 105

Zariski topology, 86

zero divisor, 45, 46

zero of a rational function, 43
zero set, 77, 84
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